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Euclid's Erzurxxrs 


GEOMETRY, 


From the Latin 


1 To Wick f is added, | 
A TREATISE of the Nature and Aritlimenich 


of LoGARITHMS:; Likewiſe 


N With 


| | "of this Worx: 


aud late Profe flor of AST RONOMY in Oxtord. 


| . . Now done into ENG 11 5: 


| loſt or corrupted, reſtor'd. Alſo. 
Many Faults committed by Dr. Harris, Mr. Cafwel, 


ſhewyn; and in thoſe Caſes where They are miſtaken, 
here are given Solutions Geomerrically true. 


Mr .Caunn's PREFACE. 


— 
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L Mr. SAMUEL CNN 


L O N DON 


againſt St. Dunſtau's Church in Fleet- Street. MDCC XXIII. 


Tranſlation of 3 


J Another of the ELEMENTS of Plain and 
REFACE, TY the 1 f 8885 and e, 


PE Doctor 8 "OD F. R. F. 


The Whole . e e ſupplied; — 9 
Mr. Heynes, and other Trigonometrical Writers, are 


A more Ample Account of which may be ſeen in | 
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BOOKS printed for Tho. Woopwarp, at 


the Half-Moon, over - againſt St. Dunſtan's = 


Church in Fleet-Street. 


and Propagation, Variety, and Anomaly, in all Parts of 


Springs, Generation of Rain, and Production of Wind. With Fif- 
teen curious Maps. The Second Edition. To which is added, A clear 
and ſuccinct Deſcription of an Engine, which fetcheth Water out of 
the Deep, and raiſeth it to the Height deſign d, progreflively, by the 
ſame Motion. By E. Barlow, Gent. 5 


II. The Compleat Surveyor: Or, The whole Art of . 
in 


Land. By a new Inſtrument lately invented; as alſo by the 


= Table, Circumferentor, the Theodolite, as now improv'd, or by the 


Chain only. Containing plain and eaſy Directions in ſeveral Kinds 
of Menſuration, and other Things neceſſary to be known in a Work 
of this Nature. By William Leybourn. The Whole alter d and amended, 


and two entire Books added by the Author long before his Death. The 
Fifth Edition. In Nine Books. Every Operation, both Geometrical | 
| and Arithmetical, examin'd; and an Appendix added to the Whole, 
cConſiſting of Practical Obſervations in Land-Surveying. By S. Can. 
; e Elements of Phyſicks, prov'd by Experiments. 
Being an Introduction to Sir Iſaac Newton's Philoſophy. By Dr. Wil- 


q 


III. 


liam-Fames Graveſande, Profeſſor of Mathematicks and Aſtronomy 


in the Univerſity of Leyden, and Fellow of the Royal Society of 


London. Made Engliſh, and illuſtrated with 33 Copper-Plates. Re- 
visd and corrected by Dr. John Keil, F. R. S. Profeſſor of Aſtronomy 
ne TT TO ; os 
| The Second Edition of ( I 2 
IV. A new and ComeLear TREATISE of the Docrtrixe of 
 Fracrtions, Vulgar and Decimal: Containing not only all that hath 
hitherto been publiſh'd on this Subject ; but alſo many other com- 
dious Uſages and Applications of them. Never before extant. 
ogether wes. 
which is entirely new, .and abſolutely neceſlary to the right uſing of 


Fractions. To which is added, an Epitome of Duodecimals, and an 


Idea of Meaſuring. The Whole is adapted to the meaneſt Capacity, 
and very vſctul to Book-keepers, Gaugers, Surveyors, and all Perſons 


whoſe Buſineſs requires Skill in Arithmetick. By SAMUEL Cx x, 


Teacher of the Mathematicks in Litchfield-Street, near Newport-Market. 
Vi. Chriſtiani Hugenii Libellus de Ratiociniis in Ludo Alex : Or, the 
Value of all Chances in Games of Fortune, Cards, Dice, Wagers, 
Lotteries, cc. Mathematically demonſtrated, 


\ N exact Survey of the Tide; explicating its Production 


A. the World, eſpecially near the Coaſts of Great Britain 
and Ireland; with a Preliminary Treatiſe concerning the Origine of 


a Compleat Management of Circulating Numbers, 
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HOMAS HEATH, at the Hercules, next Door to the 
| Fountain Tavern in the Strand, Makes and Sells, wholeſale and 
= retale, all Sorts of Mathematical Inſtruments in Silver, Brafs, 

FE 
Fer form d according to the lateſt Obſervations of Philoſophers, and 
Practiſers of the ſeveral Mathematical Arts; whereby they are render d 
moſt neat, portable, accurate, and expeditious. s. 
Whether they be for Geometry, Surveying, Navigation, Gauging, 
Meaſuring, (of Timber, Stone, Workmanſhip, c.) Dialling, Geogra- 
„ Een On: 
As Sectors, Scales, Compaſſes, Drawing-Pens, Land-Quadrants, 
= Theodolites, Semicircles, Circumferentors, Plane Tables, Water-Levels, 
„ Meafuring-Wheels, Dials (Portable, or to be fix d,) Sea-Quadrants, - 
Foreſtaffs, Nocturnals, Gunter's, Sea-Compaſſes (Meridian, or Azi- 
muth ones, ) Charts, Maps, Spheres, Weather-Glaſſes, Load - Stones, 
Teleſcopes, Reading-Glaſſes, Burning-Glaſſes, Priſms, Sky-Opticks, 
Drawing-Boards, Siding-Rules of all Sorts, Parallel-Rulers, G'c. "oge- 
ther with Books of their Uſes. , - ES rad e 
Alſo Globes moſt neatly fitted up in Braſs, Frames, and Horizens 
moved by two Wrack- Works; the one elevating the Poles; the other 
carrying the whole Body horizontally; with Levels and Needles in 
Boxes Divided and fitted to the Frames, for the placi readily and 
ſpeedily their Horizons parallel to the real one, and their Meridians 
in the Plane of the Celeſtial one: Alſo Quadrants for taking the Al- 
ſtttudes of celeſtial Phænomena contriv'd to move round on the Ho- 
krixon. Together with Quadrants of Altitude, and other Appurte- 
nances neceſſary to render them moſt Compleat, t. 
Hie likewiſe: makes the new Invented Architectonick Sector, and 
Sliding-Plates; whereby Scales of all Sizes are more readily and uni- 
verſally obtain d, for Fluting Pillaſters and Columns, and drawing the 
Geometrical Planes and Uprights, in any of the five Orders, INT | 
to the given Diameter of a Column. With ſeveral other Scales very 
convenient and ready for the Ingenious Deſigners of Buildings. 
By T. CarwiTHAM Painter of Twickenham. Together with a 
Trac of their Uſes. © © OTE RS 
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*. 


— 20 N G Mathematician . 
r be ſurprized, to ſee 


” SS :% © £F 


er fo many new Ele- 
ments of Geometry, as have been lately 
publiſh d,; eſpecially ſince thoſe who gave 
as the Elements of Geometry, in a new 
Manner, would have us believe they have 
detected a great many Faults in Euclid. 
Theſe acute Phi loſophers, : pretend 70 have 
diſcover'd that Euclid's Definitions are 
not per ſpicuous enough ; that hisDemonſtra. 
= #lons are ſtarcely evident; that his whole 
hs 7 CEL Elements 


Dr. Keil's PREFACE. 
Elements are ill ds bo caſh 5 and that they 
rs "4 


Fu KA 
e For 5 


Na, are 5 3 
Aiubt and clear, as being taken from firſs i 
Princi ples, and our mpſt ea) and ſmple 
Conceptions 5 ; and his Demon ſtrations ele- 
ent, pes icugus and concſſe 3 carry gg 
_whth then ſuch. E vidence, ys 72 muph 
= rength « 0 of Reaſon, that * am eaſii iy 1 u- 
Auced to believe the Otte Scala 7 = 
often, accuſed Euclid with, "Fs. rather = 


than 70 the Demonſtratio bemfoboes. | 
And bywever ſome. May 125 Poa wi = 
the. D. Hofe tron and Order 8 of his Ele» | 
ments , Yer. notwithſtanding Il yo. do. no” 
771 a Method, 6 \ all . > Oy pity 5 


* is ut my | Buſ neſs here 70 PR: 
Hera, every one of theſe Cavellers 
but it will eaſt ly appear to any one, mo- 
art verſed in . Elements, that 


they 


| Dy. Kells PREFA CB. 

they rather ſhew their own Tdleneſ5, than 
ny real Faults in Euclid: "Nay, I dave 
wiewy ro ay, there is not one of theſe 
= New Syſtems, wherein there are not 
more Faults, nay, grofer. Paralog; ms, 
W than NT, r 
Euclid. 


Alder fob many un farce ft Seu, 6 
in the Reformations of Geometry, ſome 
= very good Geometicians ; not daring to 
male new Elements, have deſervedly 
preferr®d Euclid to all others; and havg 
= accordingly made it their Buſineſs to gab. 
ui tiuſe of Euclid Bur they, for 

= what Reaſon I know not, have entirely 3 

omitted ſome Propoſitions, and have al. 
tered the Demonſtrations of others far 
worſe. Among whom are chiefly Tacquet 
and Dechalles, both of "which have un. 
happily rejected ſome elegant Propoſitions 
the Elements, (which ought to have 
been vetain'd, ) as imagining them tri- 
Ving and uſeleſs ; ſich , for Example, 
= 2s Prop. 27, 28, and 29. of the Sixth 
Bool, and ſome others, whoſe Uſes they 
might not know. Farther, wherever 
the uſe Demonſtrations of their 0wn, in: 


* e 


Pr. Keils PREFACE. 
feead of Euclid*s, in thoſe Demonſtrations 
they are faulty in their Reaſoning ; and 
deviate very much from the ne Nene 5 of 
the Antients.. 

In the fifth Book, "they. hive coholly 
rejected Euclid's Demonſtrati ns and 
Have given a Definition of Proportion 
different from Euclid's; and which com 
prehends but. one of the two Species of 
Proportion, taking in only commenſurable | 

Quantities. Which great Fault no Logi- | 
cian or Geometrician would have ever 
pardoned, had not thoſe Authors done laud- 
ä hinge in their other Mathematical 

. 7 ritings. Indeed, this Fault, of theirs 
1 common to all. Modern IWriters of | 
Elements, who all ſplit on the ſame 
Rock; and to ſhew their Skill, blamy 
Euclid, for what, on the contrary, he || 
ought to be commended ; I mean, the De- 
Anition of Proportional Quantities, where- | 
in he ſhews an eaſy Property of thoſe 
Quantities, taking in both Commen ſurable 
aud Incommenſurable . ores, and from 
which, all the other Properties . be an 4 
tonals 45 ea/uly follow. 


Some Geometricians, forth, want a 


Demonſtration dh this P roperty 2 Euclid ; > 


and 


Dr. Keils PREFACE. 
aud undertake to Furph the Deficiency 
by one of their own. Here, again, 
they ſhew- ther Skill in Logick, 


» requiring 2 Demonſtration for the 
Definition of a Term that Definition 


| of Euclid being ſuch as determines thoſe 


Quantities Proportionals which have the 
Conditions ſpecified in the ſaid Definition. 
And why might not the Author of the 
Elements give what Names he thought 
fit to Quantities having ſuch Requiſites ; | 
fſurely he might uſe his own Liberty, and 
accordin 2 has called them Rach, aatie 

nals, e | 


8 ut it may be proper kere to examine 
the Method whereby they endeavour to 
Demonſtrate that Property : Which is by © 
ft aſſuming a certain Affection, agree- 
ing only to one kind of Proportionals, viz, 
Commenſurables; and thence, by a long 
Circuit, and a perplex'd. Series of Con- 
elu er, do deduce that univerſal Property 
of Proportionals which Euclid affirms; a 
Procedure foreign enough to the juſt Me- 
thods and Rules of Reaſoning. They 
would certainly have done much better, 


if 250 had 4 jr laid down that univerſal 
A 3 - | 4'roper . 


Dr. Reibe BRE EA CE. 


Property aſſigu d by Euclid, and thence 
 bave deduc'd that particular Property 
agreeing toonlyoneSpeciesof Proportionats. 
But rejecting this Method, they have talen 
the Liberty of adding their Demonſtra- 

tion to this Definition of the fifth Book. 
_ . Thoſe who: have à mind ta'ſee-a further 


| Defence of Euclid, may confult the Ma- 
. thematical. Lectures of 1 leur 4 Dr. 
ae 


As £ Tg . 70 mention a 0 


great Geometrician, I muſt not paſs by the 
Elements publiſſhd by him, wherein gene- 
rally he has retaiu'd the C onſtruftions and ⁵ 


Demonſtrations of Euclid himſelf, not ha- 


wing. omitted ſo much as. one Propoſition. 
Hence, his Demonſirations. became more 
" firong aud neruous, his Conſiruttion more 
neat and elegant, and the Genius of the 
autient Geomets icians more conſpicuons, 


than is uſually, found in other Books of this 


hind. To this he has added, ſeveral: Co- 


rollaries and Scholias, which ſerve not 


only to ſhorten the Demonſtrations of what 


follows, but ars mi N uſe in other 
| Matters, 


Not. 


1 * 


D. KeiPs PREPA CE. 
© Aorirhfionding hir, Ba rrow*s "- 
onen art lo very 7 Hort., and are b 
in bold in fs many Notes and Symboles,- 
that they are render d obſcure aid di Heul. 
70 one not verc'd in Geometry. There are 
many Propoſitions which appear conſpicu- 
ons in reading Euclid himſelf, are made 
= #ntty and ſtarcely intelligible to Leatners 
= »» this  Atgebra ical Way 0 of Demonſtrations : 
as ir, for Example, Prop. 13, Book 1. 
Aud the Demonſtrations which he lays 
down in Book 2. are ſtill more d. Meult 
Euclid himſelf. has done much 4better, in 
ſhewing their Evidence by the Contempla- S 
tions of Figures, as in Geometry ſhould 
always be done. The Elements of ali 
Sciences ought to be handled after the moſt 
 ſemple Method, and not ro be involved in 
Symboles, Notes, or ob ſecure e 
traben elſewhere; 


4 Barrow s E Jements are too /. ort 5 
ſo are thoſe of Clavius too prolix, abound. 
ing in ſuper fluous Scholiums and Comments : 
Hor in my Opinion, Euclid is not fo oh. 
ſcure as to want ſuch attuntiber of Notes, 
neither do ] doubt but a Learner will fed 

Euclid himſelf, eaſier than any of his Com- 


A 4  mentators 


Dr. Keil; % REF ACE. 
memtators... 9 1 tao much Brevity in Geo- 
metrical Demonſtrations begets Obſcurity, | 
fo too much P rolixity fe T ediou as fo 1 
| * Confuſion, 


On theſe Accounts « principally, it was 
that F undertook- to publ. h the firſt ſox 8 
B ooks of Euclid, - with the 11th and 12th, 
accor 5 to Commandinusꝰ Edition; the a 
f reſt .. "4 fare bore, becauſe thoſe firſt men. 
tion d are ' ſufficient for under landing of 


moſt N > the Mathematics O Wt 
died, | 


why arther, for the V V of FR /e ak are 
4 rous to apply the Elements of Geometry 
to Uſes in Life, we have added a Com- 


Pendium ＋ Plain aud Spherical Trigono- 


metry , by means whereof Geometrical 
Magnitudes are mea ſured, and their Di- 
men en ons expreſſed : in N. umbers. 25 


* Kun, 


She doing the UskPUINESS 
and E XCELLENCY of this 


WORK. 


R. KE I FA in | his ate | 
hath ſufficiently declar'd 
how much eaſier, plainer, 
and eleganter, the Elements 
of Geometry written by 
Euclid are, than thoſe writ- 
| ten b. others; and = the Elements 
| themſe elves, are fitter for a Learner, than 


"thoſe 


\ . 


Mr. Cunn' s PREFACE, 
thoſe publiſh'd 10 ſuch as have pretended to 
Comment on, Symbolize, or Tranſpoſe 
aa of his — of ſuch Pro- 
poſitions as they intended to treat of, 


ama d, when he meets witha Tract * of 
tlie iſt 24, 3d, 4th, 5th,6thy 1 xth;and 12th 
Bool of the Sem in which are omit- 
ted the Demonſtrations of all the Pro- 
poſitions of that moſt noble univerſal Ma- 
ttheſis, the 5th; on which the 6th, 11th, 
and rath fo much depend, that the De- 
monſtration of not ſo much as one Propo- 
ſition in them can Tx N ie 
1 hole in the zt. | 


. — 


The 7th, geh, and 9th Books treat of | 


ſuch Properties of Numbers which are 


neceflary-i for the 
Toth, Which treats of Incommenſurahles; 
and the 13th, 14th, and; 1 5th, of the 


hen how muſt a Geometrician he 


naten of tlie 


five Platonick Bodies. But though the 


Doctrine of Incommenſttrables, becauſe ex- 
pounded in one and the ſame Plane, as the 
firſt ſx Elements Were, olam d by a Right 
of Order, to be handled before Planes in- 


terſected by Planes, O the more COM»! 3 ; 
pounded- Boctrine of Solid; and. the 1 


Properties: of Numbers were neceſſary to 


the ROE» about Incommenſurables: : 
2 * 110 yet 1 


. 


* . 


* Fi the laſt Edition of the Engliſh Tacquet. 
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Ar. Cunb PREFACE. 


Let becauſe only. one Propoſition of theſe 
four Books, vi. the 1ſt of the 1cth is quo 
ted in the Iith and 12th Books; and that 
only once, vi. in the Demonſtration of 
the 2d of the 12th, and that 1{t Propoſi- 
tion of the 10th, is ſupplied by a Lemma in 
the rzth: And becauſe the 7th, Sth, th, 
= roth, 13th, 14th, 15th Books have not 
been thought (by our greateſt Maſters) 
neceſſary to be read by ſuch as deſign to 
make natural Philoſophy their Study, or 
by ſuch as would apply Geometry to prac- 
gave us only theſe eight Books, vig. the 
rſt ſix, and the 11th and 12th . 


And as he found there was wanting a 

W Treatife of theſe Parts of the Elements 
as they were written by Euclid himſelf; 

be publiſh'd his Edition without omitting 
any of Euclid's Demonſtrations, | except 
two; one of which was a ſecond Demon- 
ſtration of the th Propoſition of the third 
Book; the other a Demonſtration of that 
Property of Proportionals calPd: Conver- 
/n, (contain'd in a Corollary to the 19th 

Z Propoſition of the 5th Book,) where in- 
ſtead of Euclid's Demonſtration, which 
is univerſal, moſt: Authors have given us 
only particular ones of their own. The 
firſt of theſe which was omitted. is here 
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I be ſaid to contain the Demonſtrations 


Mr. Cunn's PREFACE. F 
ſupplied : And that which was corru upted F 
1s here reſtor d *. l 1 


| And ſinoe ſeveral Feldes to whom: the 2Z 

Elements of Geometry are of vaſt Uſe, 
either are not ſo ſufficiently Skill'd in, or 
perhaps have not Leiſure, or are not will- 
ing to take the Trouble to read the Latin; 
and ſince this Treatiſe was not before i in i. 
Engliſh, nor any other which may proper- 


: I id down by Euclid himſelf ; I do not 1 
doubt but the Publication of this Edition 1 
will be acceptable, as well as ſerviceable. 


Such Errors, either Typographical, or B 
in the Schemes, which were taken Notice 
of in the Latin Hatten, are erregt ia 8 
this. 3 1 


As to the Trigonometrical Trac annex- A 
ed to theſe Elements, I find our Author, 
as well as Dr. Harris, Mr. Cafivell, 3 
Mr. Heynes, and others of the Tri ond F 
metrical Writers, is miſtaken in ſome of 1 
the Solutions. Þ% 


That the common Solution of the 1 ad 'F 
Caſe of Oblique Sphericks is falſe, I have 
demonſtrated, and given a true one. See es 

. 3 _ 9 


n 1 _—_— 4 * p 


* Vide 1 55 10 575 | of Euclid's Works, ublimd M 
1 1 
In 
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Caſes, by other Authors called the iſt 
W 2nd2d, where are given and ſought oppo- 


, 9,08 
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Mr. Cunn's PREFACE. 


In the Solution of our 9th and roth 


ſite Parts, not only the aforemention'd 


X Authors, but all others that T have met 
Vith, have told us that the Solutions are 
- & ambiguous ; which Doctrine is, indeed, 

= ſometimes true, but ſometimes falſe: For 


ſometimes the Quæ ſitum is doubtful, and 


2 - ſometimes not; and when it is not doubt- 
ful, it is ſometimes greater than 90 Degrees, 


and ſometimes leſs: And ſure I ſhall com- 
mit no Crime, if I athrm, that no Solution 


can be given without a juſt Diſtinction of 
cheſe Varieties. For the Solution of theſe 
= Caſes ſee my Directions at Pages 32r, 


322. Sp 


In the Solution of our 3d and 7th 
Caſes, in other Authors reckon'd the 3d 
and 4th, where there are given two Sides 
and an Angle oppoſite to one of them, to 


E | find the 3d Side, or the Angle oppoſite to 


It ; all the Writers of Trigonometry that 
I have met with, who have undertaken 


the Solutions of theſe two, as well as the 
8 two tollowing Caſes 7 by letting fall a Per- 


pendicular, which is undoubtedly the 
ſhorteſt and beſt Method for finding either 
of theſe Qua ſita, have told us, that the 


Sum 


My. Cunn's PREFACE. 


Sum 1 
? Differene rt of the Vertical Angles, or 


Baſes, ſhall. be the ſought Angle or Side, 
according as the Water falls 


13 Tyhiche cannot be known, un. 


leſs the Species of that unknown Angle, | 
which i is N to a Sir ven Side, be firſt 9 


How ke leiws\ us firſt to calculate that F 
unknow n 1 before we ſhall Know- 

whether we are to take the Sum or the 
Difference ofthe Vertical Angles or Baſes, iſ 
for the ſought. Angle or Baſe : And in the 
Calculation of that Angle have left us in 
the dark as to its Species; as appears by 
my Obſervations on the two preceding 
5 Caſes. = 


The Truth is the Hel rum hore, 28 
well as in the two former Caſes, is ſome- 
times doubtful, and ſometimes not; when 
doubtful, ſametimes each Anfwer js leſs 
than o Degrees, ſometimes each is greater; 
but ſometimes one leſs, and the other 
greater, as in the two laſt mention'd Caſes. | 
When it is not doubtful, the Quæ ſitum is 
ſometimes greater than go Degrees, and 
and ſometimes leſs. All which Diſtinctions 
may be made without another Operation, 
or the Knowledge of the Species of that 

Un- 
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unknown Angle, oppoſite to a given Side: 
þ or which is the {ame thing, the falling of 
be Perpendicular within or without, 
For r which * my Directions een 324, 
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In the Solution of our it _ ach 
Ca, called in other Authors, the 5tli 
and 6th ; where there are given two An- 
2 Igles, and a Side oppoſite to one of them, 
3 to find the 3d Angle, or the Side oppo- 
- was to it; ; they have told us, that the 
e "EO b of the Vertical Angles, or 
Bates, according as the perpendicular falls | 
thin 
ich 9 Sf ſhall be the ſought Angle or 
Side; and that it is known whether the 
Y perpendicular falls within or without, by 
dhe Affection of the given Angles. 


: 2 a 5 


3 


: 2y i ic m to have ſpoken as tho? 
Ide Nu ſit m uus always determin'd, and 
3 never ambiguous: 3: for they have here 

determined whether. the Perpendicular 
Walls within or without, and thereby whe- 
ther they are to take the Sum or the Dif- 
 Weerence of the Verticil Angles or Baſes, 
8 N Per the ſought Angle or Side. 


F But, notwithſtanding theſe imaginary 
” IÞ eterminations F I affirm, that the Quæ- 
3 hi Tum 
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DEFINITIONS. 


Po, is that which hath no Parts; 
= ; Ras. ED: 
II. A Lene is Length, without Breadth: 
III. The Ends (or Bounds ) of a Line, 
| 2 are Points. : ps 
IV. A Right Line, is that which lieth evenly between its 


V. A Saperficies, is that which hath only Length and 


 Breadth. 


VI. 7% Bound: of aSuperficies are Lines. 


VII. 4 Plain Superficies, is that which, lech evenly le- 


tween its Lines. 


* VIII. A Plain Angle, is the Inclination of two Lines to 


one another in the ſame Plane, which touch each other, 


but do not both lie in the ſame Right Line. 


[ IX. If the Lines containing the Angle be Right ones, 
Ys 8 


then the Angle is called a Rightelin'd Angle. 
| = X. Hhen 


Euclid's ELEMENTS. Book I. 


X. When a Righi Line, ſtanding on another Right Line, 
males Angles on either Side thereof, equal between 
themſelves, each of theſe equal Angles is a Right one; 
and that Right Line which ſtaudt upon the other, is 
called a Perpendicular to that whereon it ſtands. 
XI. An Obtuſe Angle, is that which is greater than a 
| Reght one. V 
XII. An Acute Angle, is that which is leſs than a Right 
one. 87 VVV 
XIII. A Zerm (or Bound) is that which is the Extreme 
of any Thing. | : Cos 
XIV. A Figare, is that which is contuined undergone, I 
or more Terms. e 
XV. A Circle, is a plain Figure, contain d "owe 
Line, called the Circumference; to which all Right 
Lines, drawn from a certain Point within the Figure, 
are equal. 17 5 5 . 
XVI. Aud that Point is called the Center of the Circle. 
XVII. A Diameter of a Circle, is a Right Line drawn 
through the Center, aud terminated on both Sides by 
the rene, and divides the Circle into two 
ff d 
XV II. A Semicircle, is a HFgure contain'd under a Di- 
ameter, and that Part of the Circumference of a Circle 
JJ. 8 
XIX. A Segment of a Circle, is a Figure contain d un- 
der a Right Line, aud Part of the Circumference of ä 
: tbe G 1 [which is cut off by that Right Line.] ä 
XX. Rigbhi-lin'd Figures, are ſuch as are contain d under 
Right Lines, Rs LS „ 2 op 
XXI. Three-fided Figures, are ſuch as are contained un- 
der three Lines, LE 
XXII. Foar-fided Figures, are ſuch as are contain d un- 
der four. e "0 
XXIII. Many ſided Figures, are thoſe that are contain d 
under more than four Right Lines, 5 ; 
XXIV. Of three-ſided Figures, that is an Equilateral 
Triangle, whichbath three equal Sides. x 
XXV. That aulſoſceles, or Equicrural one, which hath 
only two Sides equal, 4 
XXVI. And aScalene one, is that which hath three un- 
equal Sides. RI: 9 1 
XXVII. Alſo of Three-fided Figares, that is, a Right- 
angled Triangle, which hath a Right Angle. 


— 
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ARES 70 an Obtuſe - - angled one, which hath an 
e. 


X XIX nd that an A cnte-angled one, which hath three 
Acute y les. 

XXX. Of Four-fided Figures, that is oS uare, whoſe 
four Sides are equal, and its An 3 all ight ones. 
XXXI. That an Oblong, or Rectangle, a Figure which 
is longer on one ſide than the other, which 1 15 . 

xXEO but not equal faded. | 


II. That aR _— which hath ſour equal Sides, 7 
2 not Right Angles. 


= XXXIII. That a me, whoſe oppoſite Sides and 
= Angles only are equal. 

| XXXIV. All Quadrilateral Figures, beſs des theſe, 6 are 
called Trape xis. 
Lg XXXV. Parallels are ſuch Right 7 lon in the ſame 
Plane, which if e n both Ii. 9% would 


Ae der meet. 
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POSTULATES. 


LN. 


RAN 7 that a Right-Line may be draws 
from any one Point to another. 


[8 II. That a finite Right Line may be con- 
tinued directiy forwards. 


Fd GEE a Circle may be Herb abont any Cen- 
ter, with any Diſtance. 


B 2 AXIOMS 


Euclids Hi x MENTS. Book . 


e ee 


HINGS equal to one and the ſame 
Thing, are equal to one another. 5 : 
IT. IF to equal Things, are added equal | 

: eva Things, the Wholes will be equal, 
III. If from equal Things, equal Things be taken away, 
the Remainders will be equal, © 9 
IV. If equal Things be added to unequal Things, the 
. ¶ — 0-2 
V. If equal Things be taken from unequal Things, the 

' -  Remanngders Will be ges JJ. 
VI. Things which are double to one and the ſame Thing, 
are equal between themſelves, SO . 
VII. N are half one and the ſame Thing, 


bog 


are equal bexueen themſelves. 5 
VIII. Things which mutually agree together, are equal 
ON RT EIT? 2 
IX. The Whole is greater thaꝝ its Part. 
X. Two Right Lines do not contain a Space. 
XI. All Right Angles are equal between themſelves. WM 
XII. IF a Right Line, falling upon two other Right 
Ties, 8 0 the inward Angles on the {me 25 * 
thereof, both together, leſs than two 55 r Angles, 
thoſe two Right Lines, infinitely product d, will meet Wi 
each other on that Side where the Angles, are leſs than ⁵⁶ 
Night ones. „ 85 | 2 


Nor, When there are ſeveral Angles at one Point, 
any one of them is expreſs'd by three Letters, of 
"Which that at the Vertex of the Angle is plac'd in 
the Middle. For Example; In the Figure of 
Prop. XII. Lib. I. the Angle contain'd under the 


Book I. Euclid's ELEMENTS. 5 


PROPOSITION I 
* PROBLEM. 
. To deſeribe an Equileera Triangle pon E give 12 fue 


SETS Line. 


—— E T AB be the given faite Right Line, 
upon which it is required to deſcribe n 
Egquilateral Triangle. 

About the Center A, with the Di- 
ſtance AB, deſcribe the Circle BCD #* * 3 ral. 
= and about the Center B, with the ſame © 
Diſtance B A, deſcribe the Circle ACE; and from 
the Point C, where the two Circles cut each . 
draw the Right Lines CA, CB f. 1 Poſt. 

Then becauſe A is the Center of the Circle D BC, * 
AC ſhall be equal to AB 1. And becauſe B is the + 15 Def. 
Center of the Circle CAE, BC ſhall be equal to BA: 
but CA hath been proved to be equal to AB; there+ 
fore both CA and CB are each equal to AB. But 
things equa! to one and the ſame thing, are equal be- 
tween themſelves, and conſequently C A is equal to 
CB; therefore the three Sides CA, AB, BC, are equal 
between themſelves. 

And ſo the Triangle BAC is an Equilateral one, 
and is deſcribed upon the gre finite Right 8 AB; 
which Was to be done. | 


PROPOSITION U. 
PROBLEM. 


At 2 given Point, ” put a Right Line equal 60 4 
Right Line given. 


8 LET: T the Point given beA, and the zien Right Line 
3 G ; it is required to put a Right ine at the Point 
A, equal to the * Right Line BC. 


04 - Draw 


6 


® Poſs. 1. 


+ 1 of this, upon it deſcribe the : Equilateral Triangle. "+7 155 
a 


+ Poſt. 4. 


* Poſt. z. 


ou 


+Axiom 3, 


Euclid's ELEMENTS. Book I. 
Draw the Right Line A C from the Point A to C * 


ng 


produce D A and DC directly forwards? to E and Ef; 
about the Center C, with the Diſtance B C, de“ 
{cribe the Circle BGH * and about the Genter D, 
with the Diſtance DG, deſcribe the Circle GK L. 
Now becauſe the Point C is the Center of the Gir 
cle BG H, BC will be equal to CG 4 ; and becauſe 


will be equal to the whole DG, the Parts whereof 


DAandD Care equal; therefore the Remainders AL, 


GO are alſo equal F. But it has been demonſtrated 
that BC is equal to CG; wherefore both A Land BC 
are each of them equal to CG. But Things that are 


D is the Genter of the Circle GK L, the whole DL“ 


equal to one and the ſame Thing, are equal to one ano- i 


ther; and therefore likewiſe ALis equal to BC. 


Whence the Right Line A L is put at the given Point "4 


A, equal to the given right Line Bu, wich was to 
be done. 


PROPOSITION um. 
PROBLEM. 


Tis unequal right Lines being given, to cut off a Par: 


from the greater — 2 2 leſſer. 


| LET AB and C be the two unequal Right "FO gi- 


ven, the greater whereof is AB; it is required to 


cut off a Line from the greater AB equal to the leſſer 


2 of this, 1. 


+ Popt. 3. 


8.3 
Put *a 4 ht Line AD at the Point A, equal to the 
Line C, about the Center A, with the Diſtance 
A D, deſeribe a Circle DEF}. 
Then becauſe A is the Center of the Circle DEF, 


Axiom 1, equal to AD; wherefore AE is likewiſe equal to CF}. 


And ſo there i is cut off from AB the pens of two 
2 Right Lines AB and C, a Line AE equal to the 
ſſer Line C, which was to be done. . 


PROP, 


A E is equal to AD; and ſo both AE and C are each 3 
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PROPOSITION IV. 
THEOREM. 
5 IF there are two Triangles that have two Sides of the one 


equal to two Sides of the other, each to each, and the 
5 contained by thoſe equal Sides in one Triangle 


equal to the Angle contained by the correſpondent Sides 
in the other Triangle, then the Baſe of one of the Tri- 


angles ſhall be equal to the Baſe of the other, the whole 


Triangle equal to the whole Triangle, and the remain- 


8 905 155 Angles of one Equal to the remaining Angles »f the 
0 


er, each to each, which ſubtend the equal Sides. 


1 ET the two Triangles be ABC, DEF, which 


have two Sides AB, AC, equal to two Sides 
DE, DF, each to each, that is, the Side AB equal 
to the Side DE, and the Side AC to DF; and the 
Angle BAC equal to the Angle EDF. I ſay, that 


the Baſe BC is equal to the Baſe E F, the Triangle 


ABC equal to the Triangle DEF, and the remain- 


ing Angles of the one equal to the remaining Angles 


1 of the other, each to its Correſpondent, ſubtending 
the equal Sides, viz. the Angle ABC equal to the 


Ag DEF, and the Angle A CB equal to the An- 
gle DER: 8 | 


For the Triangle ABC being applied to DEF, ſo 
as the Point A may co-incide with D, and the Right 


Line AB with DE, then the Point B will co-incide 


with the Point E, becauſe AB is equal to DE. And 
ſince AB co-incides with D E, the Right Line AC 
likewiſe will co-incide with the Right Line DF, be- 


cauſe the Angle BAC is equal to the Angle EDF. 
Wherefore alſo C will co-incide with F, becauſe the 
Right Line A C is equal to the Right Line DF. But 


the Point B co-incides with E, and therefore the Baſe 


BC co-incides with the Baſe EF. For if the Point B 


co-inciding with E, and C with F, the Baſe BCdoes 
not co-incide with the Baſe EF; then two Right Lines 
Will contain a Space, which is impoſſible“. Therefore 
the Baſe B C co-incides with the Baſe EF, and is e- 
qual thereto; and conſequently the whole Triangle 


ABC will co-incide with the whole Triangle DEF, 


B 4 and 


* Ax. 100 


8 Euclid's ELEMENTS. Book I. 
and will be equal thereto; and the 5 Angles 
44x. 8. will co-incide with the remaining Ange 1, and will 
1 3 4 to them, vg. the Angle ABC equal to the 


ey” E 00 5 the Angle AGB equal to the An- 
5 Which was to be demonſtrated. 


PROPOSITION v. 
THEOREM. — 


The Angles at the Baſe of an Iſoſceles N le are e- 
' qual between themſelves: And if the equal Sides be 
produced, the Angles under the Baſe 2 be equal be- 
Fween themſelves. 


ET ABC be an loſceles Triangle, having the Fo 
Side AB equal to the Side AC; and lee the 
que) Sides AB, AC, be produced directly forwards 
to D and E. I ſay the Angle ABC is equal to the 
_ 4 . CB, and the 8 CBD equal to the An- 
7 or aſſume any point F in the Line BD, and from 
*3 s thi. 4 a NE the Line AG equal * to A F, and Join 
Then becauſe AF is equal to A G, and AB to AC, 
the two Right Lines FA, AC, are "equal to the two 
 _ Lines GA, AB, each to each, and contain the com- 
3 4 of this. mon Angle FA G; therefore the Baſe F C is equal f 
to the Baſe GB, and the Triangle AF C equal to the 
Triangle AG B, and the remaining Angles of the one 
equal to the remaining Angles of the other, each to 
each, ſubtending the equal Sides, viz. the Angle ACF 
equat to the Angle A BG; and the Angle A FC 
equal to the Angle A G B. And becauſe the whole \ 
AF is equal to the whole AG, and the Part AB e- 
qual to the Part AC, the Remainder BF is equal to 
2 Ax. 3. the Remainder CG. But F C4 has been proved to be 
equal to GB; therefore the two Sides BF, F C, are 
equal to the two Sides CG, GB, each to each, and 1 
the Angle BF C equal to the Angle C GB; but they 
have a common Baſe BC. Therefore alſo the Tri- 'Y 
angle BF C will be equal to the Triangle CGB, and | 
the remaining Angles of the one equal to the remain- 2 
ing Angles Of the other, each to each, which — "i 
tne 


Bock I. Euclid's ELEMENTS. * 
WS the equal Sides. And ſo the Angle FBC is equal to 
che Angle GCB; and the Angle BCF equal to the 
Angle CBG. Therefore becauſe the whole Angle 

== A 5 G has been proved equal to the whole Angle 
Ac, and the Part C B G equal to BC F, the re- 8 
W maining Angle ABC will be“ equal to the remaining # Ax. 3. 
= Angle A CB; but theſe are the Angles at the Baſe of 
the Triangle A B C. It hath likewiſe been proved 

XX that the Angles FBC, G CB, under the Baſe, are 
equal; therefore the Angles at the Baſe of Iſoſceles 
Triangles are equal between themſelves; and if the 
equal Right Lines be produced, the Angles under the 9 
XX Baſe will be alſo equal between themſel yes. 7 


.v FF w_—_ 


Ceroll. Hence every Equilateral Triangle is alſo Equi- 
angular. „ e 
PROPOSITION VL 

* e i 0 
== 7f :wo Angles of a Triangle be equal, then the Sides ſub- 
denaing the equal Angles will be equal between them 


ET ABCbe a Triangle, having the Angle ABC 
= *— equal to the Angle ACB. I ſay the Side AB is 
=E likewiſe equal to the Side A cc. | g 
For if AB be not equal to AC, let one of them, as 
AB, be the greater, from which cut off BD equal to 
Ac, and join DC. Then becauſe DB is equal to ® 3 of his. 
Ad), and BC is common, DB, BC, will be equal 
to AC, CB, each to each, and the Angle DBC 
RE <qual to the Angle A CB, from the Hypotheſis;  _ 
WE therefore the Baſe D C is equal to the Baſe AB, and 1 4 of this. 
o the Triangle DB C equal to the Triangle ACB, a 
x part to the whole, which is abſurd; therefore AB is 
not unequal to AC, and conſequently is equal to it. 
d TI berefore if two Angles of a Triangle be equal be- 
twieen themſelves, the Sides ſubtending the equal An- 
gles are likewiſe equal between themſelves. Which 
Was to be demonſtrated, 
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Book], 


5 Ceroll. Hence every Equiangular Triangle is al 


Equilateral. 


P R 0 P O 8 I T 10 N Vu. I 
THEOREM. =_ 
Os the ſame Right Line cannot be conſtituted two 24% "=p 


Lines equal to two other Right Lines, each to each, at 
different Points, on the ſame Side, and having the | "T0 


ſame Ends whic the Frſt Kight Lines have. 


OR, if it be poſſible, let two Right Lines A D, 


D B, equal to two others AC, CB, each to each, 5 


be conſtituted at different Points 'C and D, towards FP 


the ſame Parts CD, and having the ſame Ends A and 
B which the firſt Right Lines have, ſo that CA be 


45; 


equal to A D, having the ſame End A which CAR 1 


hath; and CB equal to DB, having the ſame End B; | [ 


and let CD be nel. 
Then becauſe A C is equal to A D, the angel 


_ ſequently the Angle AD C is greater than 'the Ange 9 


* 5 of this. ACD will be equal * to the Angle AD E. and con- 


BCD; wherefore the Angle B D C will be much 
greater than the Angle BCD. Again, becauſe C BY 


is equal to DB, As le BDC will be equal to the 4 


Angle BCD; but it has been proved to be much 
greater, which is impoſſible. Therefore on the ſen 
Right Line cannot be conſtituted two Right Lines 220 1 


Be 


to tuo other right Lines, each to each, at different 


Pointe, on the ſame Side, and having the ſame Emnas 7 


which the firft right Lines 'have: which v was to demon- 5 


ſtrated. 


Bock I. Enchid's ELEMENTS. 
ub PROPOSITION VII. 

| THEOREM. 

© If two Triangles have two Sides of the one equal to two 
Sides of the other, each to each, and the Baſes equal, 


EZ 5 
ET the two Triangles be ABC, DEF, havin 
two Sides A B, AC, equal to two Sides D 


«* 


2 x FO. a 
ON * 
934 * 
1 i 
5 * My 
£7.38 
. 


And ſo ſince B C co- incides with E F, BA and AC 


with the Sides ED, D F , but change their Poſition, 
as EG, GF, then there would be conſtituted on the 


Right Lines, each to each, at ſeveral Points, on the 
ſame Side, having the ſame Ends. But this is proved 
to be otherwiſe * ; therefore it is impoſſible tor the 
Sides BA, AC, not to co-incide with the Sides ED, 
FED F, if the Baſe B C co-incides with the Baſe EF; 


Angle B A C will co-incide with the Angle E D F, 

and will be equal to it. Therefore if to Triangles 

bave two Sides of the one equal to two Sides of the other, 

8 | | 

each to each, and the Baſes equal, then the Angles con- 

trained under the equal Sides will be equal; which was 
to be demonſtrated. 


9 
1 


5 3 
7 


P RO 


IJ 


then the Angles contained under the equal Sides will 


- 1 D F, each to each, viz. AB equal to D E, and AG 
to DF; and let the Baſe B C be equal to the Baſe 
EF. I fay, the Angle BAC is equal to the Angle 


For if the Triangle AB C be applied to the Trian- 
FX gle DEF, ſo that the Point B may co- incide with E, 
and the Right Line BC with EF, then the Point G 
FX will co-incide with F, becauſe B C is equal to EF. 


will likewiſe co-incide with E D and D F. For if 


EE the Baſe B C ſhould co-incide with E F, and at the 
#X ſame time the Sides BA, AC, ſhould not co-incide 


9 ſame Right Line two Right Lines equal to two other 


* of this, 


XX wherefore they will co-incide, and conſequently the 


12 Euclid's ELEMENTS. Book I. 
PROPOSITION IX. 
PROBLEM. 
To cut a given Right-lin'd Angle into 2 ⁰ equal Parte. 0 
LI T BAC be a given Right lin d Angle, which | is | 


required to be cut into two equal Parts. 
Aſſume any Point D in the Right Line A B, and 
+ 3 of thi. cut off A E from the Line A C equal to AD; join 
$3 of thi. DE, and thereon make 4 the Equilateral Mage 9 
| DEF, and join AF. I ſay, the Angle BAC is cut 
into two equal Parts by the io AF. | 1 
For becauſe AD is equal to AE, and AF is com- Y 
mon, the two Sides DA, AF, are each equal to the 
-.." $WO Sides AE, AF, and the Baſe DF is equal to 3 
* 1 of this. the Baſe EF; therefore *the Angle DAF is equal to 
the Angle EAF. Wherefore 4 given Right-lind Angle ® f 
10 cut into two * Parts; which was to be done. 3 4 


PROPOSITION. * 
PROBLEM. 


To cut a given finite Right Line into 0 equal Parts. 


= TAB bea given fluke Right Line, required to 2 
be cut into two equal Parts. 5 

fh. Upon it make j an Equilateral Trian gle ABC, and 
+ 9 of this. biſect t the Angle A C B by the Right Like CD. 1 ſay, 

—* the right Line AB is biſected in the Point D. A 

For becauſe A C is equal to CB, and CD is com- 

mon, the Right Lines A C, CD, are each equal to 

the two Right Lines BC, C D, and the Angle ACP Fe: 
* 4 of this. equal to the Haga BC D: therefore * the Baſe A D, 

is equal to the Baſe DB. And ſo the Right Line 1 

AB is biſected in the Point D; which was to be done. 
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PROPOSITION Xt. 
PROBLEM. 


. Rh, * | 

WL Ls o draw a » Right Line at Right Angles to a given Right 
h is | iy 0 Line, from a given Point in the ſame. 
and th ET ABbe the given Right Line, and C the given 
join Point. It is required to draw a Right Line from 


the Point C, at Right Angles to A B. 
Aſſume any Point D in AC, and make C E equal 
to CD 


8 8 is drawn from the Point C, given in the Right 
Line AB at Right Angles to AB. 
For becauſe DC is equal to CE, and F C is com- 
mon, the two Lines DC, CF, are each equal to the 
== wo Lines E O, CF; and the Baſe DF is equal to 
the Baſe F E. Therefore the Angle DC F, is 
equal to the Angle ECF; and they are adjacent Angles. 
But when a Right Line, ſtanding upon a Right Line, 
WE makes the adjacent Angles equal, each of the equal 


Cf, are both Rig ht be ples. Therefore the Right 


| 5 5 Line F C, Ec. which was 15 be done. 


PROPOSITION xn. 


PROBLEM. 


1 % | To draw a ; Ri br Line erpendicular, upon a given 6 in- 
| 3 = = finite Right Line, rom a Point given out of i it. 


'} 3 I. ET AB be the” given infinite 1 120 C the 
I Point given out of it. It is requir'd to draw a 


JH 71 ht Line perpendicular upon the given Right Line 


, from the Point C given out of it. 
"iN " any Point D 0 the other ſide of the Right 5 
Line AB, and about the Center C, with the Diſtance 
== CD deſcribe * a Circle EDG biſe& + E G in H,ep Pot. 3. 


1 and upon DE make the Equilateral Tri- * 3 of thi. 
angle F DE, and join EC. I fay, the Right Line t FE: 


a Angles is 4 a Right Angle; and conſequently DCF, + Def. 100 


and join CG, CH, CE. I fay there b drayn det 10 ale 


14 


* Def. 10. 
+11 of this. 


+ Ax. 2. 


* Ax. - 


: N hk — ery: - 4 eB ere ER Ne er Eereng —— — gc Pe = © - 
a ; WEE 1.5 N 7 $ 1 *þ Is: 7 1 n aj — " " we * 
od os +4 ' 1s 1 FRY; © X 4 I 1 


mon, GH and HC are each equal to EH and HC 


the Angle CH G is equal þ to the Angle CHE; and 
they are adjacent Angles. But when a Right Line, 
ſtanding upon another Right Line, makes the Angles 
equal between themſelves, each of the equal Angles 


is a Right one“, and the ſaid ſtanding Right Line is 
call'd a Perpendicular to that which it ſtands on. 
Therefore GH is drawn perpendicular, upon a given 


infinite Right Line, from a given Point out of it ; which 


was to be demonſtrated. _ 


PROPOSITION XIII. 
THEOREM. 


5 When a Right Line, ſtauding upon a Right Line, makes 
Angles, theſe ſhall be either two Right Angles, or to- 


_ gether equal to two Right Angles. 


FO R let a Right Line AB, ſtanding upon the Right 


Line CD, make the Angles CBA, ABD. Iſay, 


the Angles CBA, ABD, are either two Right An- 


gles, or both together equal to two Right Angles. 
For if CBA be equal to A BD, they are * each of 


them Right Angles: But if not, draw + BE from the 


Point B, at Right Angles to CD. Therefore the 
Angles CB E, EBD, are two Right Angles: And 


| becauſe CBE is equal to both theAngles CBA, ABE, 


add the Angle EB D, which is common; and the two 


Angles CBE, EBD, together, are + equal to the 


three Angles CBA, ABE, EB D, together. Again, 


Euclid's ELEMENTS. Bock I. 
Perpendicular CH on the given infinite Right Line 
AB, from the Point C given out of it. a 0 

For becauſe & H is equal to HE, and HC is com- 


Ne 
n 
N 
9 ; , 


and the Baſe CG is equal to the Baſe CE. Therefore 


becauſe the Angle DBA is equal to the two Angles 3 


DBE, E BA, together, add the common Angle 


ABC, and the two Angles DBA, ABC, are equal 


to the three Angles DBE, EBA, ABC, together. ; 


But it has been prov'd that the two Angles CBE, 


E BD. ona, are likewiſe equal to theſe three An- 
*hings that are equal to one and the ſame, | 


gles: But e 
are * equal between themſelves. Therefore likewiſe 


the Angles CBE, EBD, together, are equal to the 
2 | | Og Anglcs 5 


7 Book I. Euclid's ET RENTVõ. 
angles DBA, ABC, together; but CBE, EBD, 
nn . | 

are two Right Angles. Therefore the Angles DBA, 


: TRE 84 
. 


_— 27 hereſore when a Right Line, ſtanding upon another 


-» Right Line, males Angles, theſe ſhall be either two 
ve Right Av 


ney Ewhich was to be demonſtrated. 


& PROPOSITION xv. 
THEOREM. 


= ftraipht Line. 


AB, make the adjacent Angles ABC, ABD, both 
| BD, make but one Right Line. 
t let CB and BE make one. 


ts 1 
% 
* 
* 
1 
** 
1 * 


Noe will be equal * to two Right Angles. But the 


1 l by: 7 8 * 
the By e 
| _— - 


ngles 


Tine. And in the ſame Manner it is demonſtrated, 
ne that no other Line but BD is in a ſtraight Line with 
an, ICB; wherefore CB, B D, ſhall be in one ſtraight 
gles 8 Line. Therefore f to any Right Line, and Point therein 
tuo Rigbt Lines be draws from contrary Parts, making 


gles, or together equal to two Light Angles; 


ZZ Then, becauſe the Right Line AB ſtands upon the 
-#Right Line CBE, the Angles ABC, ABE, together, 


BEA BC, are both together equal to two Right Angles. 


I to any Right Line, and Point therein, two Right 
L. ines be drawn from contrary Parts, making the ad- 
jacent Angles, both together, equal to two Right An- 
| gles, the ſaid two Right Lines will make but one 


PPR let two Right Lines BC, BD, drawn from 
*X= contrary Parts to the Point B, in any Right Line 
together, equal to two Right Angles. I fay, BC, 
For if BD, CB, do not make one ſtraight Line, 


* 12 ofthis. 


qual the adjacent Angles, both together, equal to two Right 


her. Augles, the ſaid two Right Lines will make but une 


ſtraigbi Line; which was to be demonſtrated. 
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Euclid's ELEKMEN TS. Bock I. 
PROPOSITION kV 


THEOREM. 


: If 5100 Right Lines mutually cut each other, the oppoſite 
Ls Angles are equal. Oe 


ET the two Right Lines AB CD mutually. cut 
each other in the Point E. I ſay, the Angle AE C 
is equal to the Angle DEB; and the Angle CEB 
equal to the Angle AED. VVV 

For becauſe the Right Line A E, ſtanding on the 
Right Line CD, makes the Angles CEA, AE D: 
*130f:his. Theſe both together ſhall be equal * to two Right 

Angles. Again, becauſe the Right Line DE ſtanding 

upon the Right Line AB, makes the Angles AE D, 

DEB: Theſe Angles together are * equal to two Right 
Angles. But it has been prov'd, that the Angles CEA, 

AE D, are likewiſe together equal to two Right An- 

gles. Therefore the Angles CEA, AED, are equal 

to the Angles AED, DEB. Take away the Common | 

+ Ar. 3: Angle AED, and the Angle remaining CEA, is j | 
 __* equal to the Angle remaining BED. For the ſame | 
| Reaſon, the Angle CE B ſhall be equal to the Angle 

DEA. Therefore if two Right Lines mutually cut 

each other, the oppoſite Angles are equal; which was 
to be demonſtrated. „ 1 


Coroll. 1. From hence it is manifeſt, that two Right 
Lines mutually cutting each other, make Angles 

at the Section equal to four Right Angle. 
Coroll. 2. All the Angles conſtituted about the ſame 
Point, are equal to four Right Angles, E 


Book I. 4 uclid's ELEMENT s: 


PROPOSITION XVI. 
| "THEOREM. _ 
one Side of any Triangle be produced, the outward 


ſite 
Angles. 


CD is greater than either of the inward Angles 
For biſect AC in E*, and join BE, which produce 


ight - GC, and produce KAG. 


- Wap 
1ght pides CE, EF, each to each, and the Angle AEB 
equal to the Angle FEC; for they are oppoſite 
*Angles. Therefore the Baſe AB, is + equal to the 
ZBaic FC; and the Triangle AEB, equal to the Tri- 


1 e Angle ECD, is greater than the Angle ECF; 


ZBC, be biſected, we demonſtrate that the Angle 


Noduced, the outward Angle is greater than either of the 
ſame ward oppoſite Angles; which was to be demonſtrated. 


PROPOSITION XVI. 
T-HEOREM. 


o Angles of any Triangle together, howſoever taken, 
3 are leſs than two Right Angles. 


RY Et A 
' ups 8 


RO. 
E ABC be a Triangle. I ſay, two Angles of 
it together, howſoever taken, are leſs than two 
ir Angles. C For 
. | 
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: Ro F, and make EF equal to BE. Moreover, join 


15 


Angle is greater than either of the inward Oppoſite 


ET ABC be a Triangle, and one of its Sides BE. - 
be produced to D. I ſay, the outward Angle 


* Loof this, 


Then, becauſe AE is equal to EC, and BE to 
F, the two Sides AE, E B, are equal to the two 


+15 of this] 
Þ+ 4 of this, 


mon angle FEC; and the remaining Angles of the one, 
equal to the remaining Angles of the other, each to 
ach, ſubtending the equal Sides. Wherefore the 
he Angle BAE, is equal to the Angle ECE; but 


; bi therefore the Angle ACD, is greater than the Angle 
AE. After the ſame manner, if the Right Line 


ght BCG, that is, the Angle ACD, is greater than the 
Ingle ABC. Therefore one Side of any Triangle being 


__— Euclid's ELEMENTS. Book . 
PROPOSITION XV. 
THEOREM. 


If two Right Lines mutually cut each other, the oppoſite 
. Angles are equal. + 


ET the two Right Lines AB CD mutually. cut 

+4 eachother in the Point E. I ſay, the Angle AEC 

is equal to the Angle DEB; and the Angle CE 
JJ ! 

For becauſe the Right Line A E, ſtanding on the 
Right Line CD, makes the Angles CEA, AED: 
*130fthis. Theſe both together ſhall be equal * to two Right 
Angles. Again, becauſe the Right Line DE ſtanding 
upon the Right Line AB, makes the Angles AED, 

DEB: Theſe Angles together are * equal to two Right 

Angles. But it has been prov'd, that the Angles CEA, 

AED, are likewiſe together equal to two Right An- 

gles. Therefore the Angles CEA, AED, are equal 

4 _ a 5 ADS 2 Take away 1 8 1 

J 80 5 le and the Angle remaining CEA, is 
CME! 0 to the Angle * BED. For 14 . 
Reaſon, the Angle CE B ſhall be equal to the Angle 

DEA. Therefore if o Right Lines mutually cut 

each other, the oppoſite Angles are equal; which was 

to be demonſtrated. * e 


Coroll. 1. From hence it is manifeſt, that two Right 
Lines mutually cutting each other, make Angles 
at the Section equal to four Right Angles. — 
Coroll. 2. All the Angles conſtituted about the ſame Wl 
Point, are equal to tour Right Angles. . —_— 
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Oy, 2 WT | 
_ PROPOSITION XVI. 
"THEOREM. 
IF one Side of any Tiangle be produced, the outward 
| Angle is gregter than either of the inward Oppoſite 
5 Angles. . e | 


ut ET ABC be a Triangle, and one of its Sides BC, 

de produced to D. I ſay, the outward Angle 

B Mb is greater than either of the inward Angles 

he BY For biſect AC in E*, and join BE, which produce ro of this; 
J: L o F, and make EF equal to BE. Moreover, join 

ht C, and produce AC to G. „„ 

ns BE Then, becauſe AE is equal to EC, and BE to 

D, EF, the two Sides AE, E B, are equal to the two 
ght Pides CE, EF, each to each, and the Angle AEB 

A, equal to the Angle FEC; for they are oppoſite 115 of this, 
\n- Angles. Therefore the Baſe AB, is 4 equal to the $a Fry 
ual Wi FC; and the Triangle AEB, equal to the Tris 
100 Angle FEC; and the remaining Angles of the one, 


is j aual to the remaining Angles of the other, each to 
ume ach, ſubtending the equal Sides. Wherefore the 
gle he Angle BAE, is equal to the Angle ECE; but 
cut he Angle ECD, is greater than the Angle ECF; 
was perefore the Angle ACD, is greater than the Angle 
AE. After the fame manner, if the Right Line 
Inet, be biſected, we demonſtrate that the Angle 
ight WW CG, that is, the Angle AC, is greater than the 
gles ngle ABC. Therefore one Side of any Triangle being 
) oauced, the outward Angle is greater than either of the 
ard oppoſite Angles; which was to be demonſtrated. 
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8 PROPOSITION XVI. 
| THEOREM. 


s Azgles of any Triangle 2 ho uſoe ver taken, 
| 775 are leſs than two Ri 5 
q (Ja 90S | 


f ght Angles. 
9 ET ABC be a Triangle. I ſay, two Angles of 
it together, howſoever taken, are leſs than two 
bt Angles, | For 
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of the 
0 16 of this. Triangle ABC, is greater * than the Wy Oppoſite 


For Wange by to 'D. | 
Then becauſe the outward Angle 


Angle ABC: If the common Angle A:CB be added, 

the Angles ACD, AC, together, | Il be reate 

than the Angles ABC, ACB together : But 

f; this. ACB, are f equal to two Right Angles. Ther 
ABC, BCA, ard leſs than two Right Angles. I 

the ſame manner we demonſtrate that the Angles | 

BAC, ACB, as alſo CAB, ABC, are leſs than 

two Right Angles, Therefore 20 Angles of any 755 ; 

angle together, howſoever taken, are leſs than two Rich 0 

Angles; which was to be demonſtrated. Y 


PROPOSITION. XVII. 


THEOREM. 


The greater Sj Sj de of * fu ubrends * e, 
| rs. | 


ET ABC be a Triangl e, kaving the e Side ack 
greater than the Side A I fay the Angle ABC j 
is greater than the Angle BCA. 
or becauſe A C is greater than AB, AD may eff 
made equal to AB, and BD be join'd. 
en becauſe ADB is an outward Angle of tell A 
*16 of this Tr#ngle BDC 58 5 be © greater than the inward 


is this. © zollte B is equal to ABD; 

dd — N eh ABI q Side AD. Thee y 
fore the Angle ABD is li greater than the An 
gle ACB; and conſequgfitly, ABG. ſhall be much 


74 


greatcr than A CB. erefore e Side A 


every Triangle ſubtends the greater vgle, which wa 1 
to be demonſtrated. 1 | 8 


1 to; 


L Book I. Zaclids ELEMENTS. 
PROPOSITION. XIX. 
THEOREM. 


1 E greater Angle of every Triangle ſubtends the greater 
1 4 e 


365 LE T ABC be a Triangle, having the Angle ABC 
greater than the Angle BCA. I fay the Side AC 
Ti is greater than the Side AB. 5 1 
TY For if it be not greater, AC is either equal to A B, 
or leſs than it. It is not equal to it, becauſe then the 
Angle ABC would be equal * to the Angle ACB,; * of this. 


SEEN, 5k 


but it is not. Therefore AC is not equal to AB; 
neither will it be leſs; for then the Angle ABC would _ 
be + leſs than the Angle ACB; but it is not. There- 118 of this. 
fore AC is not leſs than AB. But likewiſe it has 1 
been prov'd not to be equal to it: Wherefore ACC 
is greater than AB. Therefore the greater Angle ß 
every Triangle ſubtends the greater Side; Which was 
to be demonſtratet. : f 


"PROPOSITION XX. 
THEOREM. 


Tuo Sides of any Triangle, howſoever taken, are tage- 
\ B ther greater than the third Side, 


ET ABC be a Triangle: I ſay two Sides there- 
„ of, howſoever taken, are together greater than the 
third Side; viz. the Sides BA, AC, are greater than 
he Side BC; and the Sides AB, BC, greater than 
the Side AC, and the Sides BC, +: A, greater than the 
ide AB. „ Pg b : 
. For produce BA to the Part D, ſo that AD be 
x * equal to AC, and join DC. 5 3 ofthia 
I en becauſe DA is equal to A C, the Angle ADC _ 
ball be equal + to the Angle ACD. But the Angle | 5 of #*% 

Ee is greater than the Angle ACD. Wherefore 
the Angle BCD is greater than the Angle ADC; 
and becauſe DCB is a Triangle, having the Angle 

W CD greater than the Angle BDC, and the greater 

C2 Angle 
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+ Ax. 4. Sides BA, AC, will be + Jour than BE, E C. 
? 


Fao LE Euchd's ELEMENTS. Book I. 
*19 of this, Angle ſubtends * the greater Side; the Side DB will 
be greater than the Side BC. But DB is equyal'to 
BA and AC together. Wherefore the Sides B F 
AC, together, are greater than the Side BC. In the 
fame Manner we demonſtrate, that the Sides AB, 
BC, together, are greater than the Side CA; and if 
the Sides BC, CA, together, are greater than the Side 
AB. Therefore zwo Sides of any Triangle, howſoever 
talen, are together greater than the third Side; which 
was to be demonſtrated. | _ PETE 95 


PROPOSITION Xxx. 
THEOREM. 


If two Right Lines be drawn from the extreme Points 
of one Side of a Triangle to any Point within the ſame, 
theſe two Lines ſhall be leſs than the other two Sides 

of the Triangle, but contain a greater Angle. 
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I' ben becauſe two Sides of every Triangle toge- 
20 of this. ther are * greater than the third, BA, AE, the two 
Siqdes of the Triangle A BE, are greater than the 
Side BE. N oMacdd EC, which is common, and the 


Again, becauſe CE, ED, the two Sides of the Tri- 
angle CE D, are greater than the Side CD, add DB 
Which is common, and the Sides CE, EB, will be 
greater than CD, DB. But it has been prov'd, that 
B A, A C, are greater than BE, EC: Wherefore BA, 
AC, are much greater than BD, DC. Again, becauſe 


+ 16ofthi;. the outward Angle of every Triangle, is 4 greater than #F 
the inward and oppoſite one: BDC, the outward An- 
gle of the Triangle CDE ſhall be greater than the 


Angle CED. For the ſame Reaſon CEB the out? 


ward Angle of the Triangle ABE, is likewiſe great? 
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er than the Angle BAC; but the Angle BD Ae 34 
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Book I. Euclid's EL E MEN VTS. 21 
been prov*d to be greater than the Angle CEB. Where. 
fore the Angle BDC ſhall be much greater than the 
Angle BAC. And ſo if wo Right Lines be drawn 
from the extreme Points of one Side of a Triangle to any 
Point within the ſame ; theſe two Lines ſhall be leſs 
than the other two Sides of the Triangle, but contain 
4 greater Angle; which was to be demonſtrated. 


PROPOSITION. XXII. 
| PROBLEM. 1 5 


Jo deſcribe a Triangle of three Right Lines which are 
equal to three others goes But ut is requiſite, that 
gry two of the Right Lines taken together be greater 
= Zhan the third; becauſe to Sides of a Triangle, how- 
Poever taken, are together greater than the third Side. 


We | L ET A, B, C, be three Right Lines given, two of | 
8 which, any ways taken, are greater than the third, 
RX viz. A and B together greater than C; A and C greater 5 
than B; and Band C greater than A. Now it is re- 

=E quired to make a Triangle of three Right Lines equal 

to A, B, C: Let there be one Right Line D E termi- _ 
== nated * at D, but infinite towards E; and take DF * 3 this.. © 
= equal to A, F G equal to B, and G H equal to C; 
and about the Center F, with the Diſtance FD, def= 0 
ͤcribe a Circle DK LI; and about the Center G, with 4 3 Peſt. 
the Diſtance G H, deſcribe another Circle K LH, 


made of three Right Lines equal to A, B, C, for be- 
Cauſe the Point F is the Center of the Circle DK; FK 
hall be equal to FD; but F D is equal to A; there- 
tore F K is alſo equal to A. Again, becauſe the Point 

G is the Center of the Circle {K H, GK will be + + Def. 15; 
that equal to G H; but GH is equal to C: Therefore ſhall © 
BA GK be alfo equal to C; but FG is likewiſe equal to 

auſe B; and conſequently the three Right Lines K F, FG, 

than EK G, are equal to the three Right Lines A, B, C; where- 

An- fore the Triangle K F G is made of three Right Lines 

the KF, FG, G K, equal to the three given Lines A, B, C; 
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PROPOSITION XXIIL 
N PROBLEM. 


With a given Right Line, and at a given Point in it 
to make a Right-lin'd my * to 4 Cee 
Angle given. . 


Lr the given a Right Line be AB, dt the Point 
iven hooks A, and thegiven Right lin d ang: - 
DE. It is required to make a Right-lin'd Angle: 
i given Point A, with the given Right Line AB, 9 
1 to the given Ripht-lin'd Si le 2 E. 3 
191 the Points and E at Pleaſure in the Line "= 
and draw DE; then, of three Right Lines E 3 
*22 of fab. . ED DE, EC, make a Triangle AFG 1 
— fo AF be equal to CD, AG to CI and Pe 
Then becauſe the two Sides D C, 0 E, are equi "Ip 
to two Sides FA, AG, each to each, and the Baſ: pe 
D E equal to the Baſe F G; the Angle 'DCE ſpall be 
t 8 of this, f equal to the Angle FA G. Therefore the Right. 
Urn'd Angle FAG is made, at the given Point A, in the 

ven Line AB, equal to the given Right-lin'd Aug 17 3 

| H CE; which was to be done. | By) 


PROPOSITION XXIV. 


THEOREM. 


If two Triple have two Sides of the one, ed 70 f 27 3 
Sides of the other, each to each, and the Angle of 4. 
one, contained under the equal Right Lines, greater chav. 
the correſpondent Angle of the other ; then the Baſe if "3 
the one will be greater than the Baſe e of the other. 


Eu there be two Triangles ABC, DEF having. | 

two Sides AB, AC, equal to the two Sides DE 11 

P F, each to each, vi. the Side A B equal to de 

Ber 'D E, and the Side AC equal to DF; and let te 

8 le BAC be greater than the Angle E DF. I 70 1 

i the Baſe BC is gener than the Baſe E 4 
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For becauſe the Angle B A C is greater than the 


| Angle EDF, make * an Angle ED & at the Point D & 23 ofchis, 


in Bo Right Line D = equal to the Angle BAC, and 


i | make #1 G equal to either AC or DF, and join E F, 1 3 of this, | 


Now becauſe ABi is equal to DE, and AC to DG, 


1 15 the two Sides BA, AC, are each equal to the two 


Sides ED, D G and the Angle BAC equal to the 
Angle EDG: Therefore the Baſe BC is equal ij to n 4 of his 
the Bale EG. Again, becauſe DG is equal to D F, 15 
the Angle DEG is equal to the Angle DGE; and ts of this). 
ſo the An le DF G is greater than the Angle EGF: 
And conlequently the "Angle EF G is much greater 
than the Angle EGF. And becauſe EF & is a Tri- 
angle, having the Angle EFG e. than the Angle 
Eser; and the — 55 Side 
— J Ang] E, 'the Side E 


btends + the greateſt . 19 ofthis 
G ſhall be greater than the Side EF. 


4 Bus the Side EG is equal to the Side: BC. Whence 
© 


*X BC is likewiſe greater than EF. Therefore if #wo 
= Triangles have two Sides of the one, 4 kg to two Sides of 


= he other, each to each, and the Ang e of the one, con- 
rain d under the equal Right Lines, greater than the cor- 
BE reſpondent Angle of the other; then the Baſe of the one 


ul be greater than the Baſe of the other ; „ Which was 
to be demonſtrated. 


PROPOSITION RXV: 
THEOREM. 


= 7 i two Triangles have two Sides of the one equal to tws 


Sides of the other, each to each, and the Baſe of the 

one greater than the Baſe of the other ; they ſhall _ 

Have the Angles, contatn'd under the equa Shar, 
one greater than the other. 


LET there be two Triangles ABC, DEF, having 
two Sides A B, A C 1 4 equal to two Sides 
DE, DF, wiz. the Side AB equal to the Side DE 
and the Side A C to the Side DF ; but the Baſe BG 
greater than the Baſe EF. I ſay the Angle BAC is 
alſo greater than the Angle ED F. 
For if it be not greater, it will be either equal or 
leſs. But the Angle BAC is not equal to the EDF. 


C4 
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4 thi. EDF; for if it was, the Baſe BC would be * equal 
to the Baſe EF; but it is not: Therefore the Angle 
BAC is not equal to the Angle ED E, neither will t 
124 of this, be leſſer; for if it ſhould, the Baſe BC would be ſ leſß 
? than the Baſe EF; but it is not. Therefore the Angle 
BAC is not leſs than the Angle EDF; but it has 
likewiſe been prov'd not to be equal to it. Where- 
fore the Angle BAC is neceſfarily greater than the 
Angle EDF. If, therefore, #wo Triangles have tuo 
Sides of the one equal to two Sides of the other, each to 
each, and the Baſe of the one greater than the Baſe of ® 
the other ; they ſhall alſo have the Angles, contain'd un- 
der the equal Sides, the one greater than the other; © 
which was to be demonſtrated. 5 i 


PROPOSITION XXVI 
CC 


Tf two Triangles have two Angles of the one equal t 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, either the | 
Side lying between the equal Angles, or which ſubtendt 
one of the equal Angles ; the remaining Sides of the 
one Triangle ſhall be 2 equal to the remaining Sides 
¶ the other, each to his correſpondent Side, and the © 
remaining Angle of the one, equal to the remaining 


Angle of the other. 


E I there be two Triangles ABC, DEF, having 
two Angles ABC, BCA of the one, equal to 

two Angles DEF, EF D, of the other, each to each, 
that is, the Angle ABC equal to the Angle DEF, 
and the Angle BCA equal to the Angle EF D. And 3 
let one Side of the one be equal to one Side of the 
other, which firſt let be the Side lying between the 
equal Angles, v:z. the Side BC equal to the Side EF. 
1 fay, the remaining Sides of the one Triangle will be 
equal to the remaining Sides of the other, each to 
each, that is, the Side AB equal to the Side DE, and 
the Side A C equal to the Side DF, and the remain- 
ing Angle BAC equal to the remaining Angle EDF. 


For 


A” Aon, VIE 
© 4%. 
RT 
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For if the Side AB be not equal to the Side DE, 
one of them will be the greater, which let be AB, 
make GB equal to DE, and join & C. Wo 

Then becauſe BG is equal to DE, and BC to EF, 
the two Sides GB, B C, are equal to the two Sides 
DE, EF, each to each; and the Angle GB C equal 


aſe DF, and the Triangle G BC to the Triangle 
EF, and the remaining Angles equal to the remain- 


1 ing Angles, each to each, which ſubtend the equal 
did 


es. Therefore the Angle G CB is equal to the 


un- 9 Angle DFE. But the Angle DFE, by the Hypo- 
; 2X thetis, is equal to the Angle BCA; and ſo the An- 


gle BCG is likewiſe equal to the Angle BCA, the 


lets to the greater, which cannot be. Therefore A Bis 
not unequal to DE, and conſequently is equal to it. 


And ſo the two Sides AB, BC, are each equal to the 
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ning 
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1 nd oppoſite Angle BCA; which is + impoſſible : + 16 of this, 
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two Sides DE, EF, and the Angle A BC equal tothe 
Angle DEF: And conſequently the Baſe AC * is 
| to 
Side 
the 
ends equal Angles be equal, as AB equal to DE. I fay, 
the | 
1des 


equal to the Baſe D F, and the remaining Angle 
BAC equal to the remaining Angle EDF. 
Secondly, Let the Sides that are ſubtended by the 


the remaining Sides of the one Triangle, are equal to 
the NN Sides of the other, vr. A C to DF, 
and BC to EF; and alſo the remaining Angle BAC, 


1; 854 
1% 
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to the remaining Angle ED F. 25 


* 
© 
+ Y 


For if BC be unequal to EF, one of them is the 


greater, which let be BC, if poſſible, and make BH 


qual to EF, and join AH. 


1 to he 
the two Sides AB, BH, are equal to the two Sides 


Now becauſe BH is equal to E F, and A Bto DE, 


DDE, EF, each to each, and they contain equal An- 
les: Therefore the Baſe AH is * equal to the Baſe 
DF; and the Triangle ABH ſhall be equal to the 
riangle DEF, and the remaining Angles equal to 
the remaining Angles, each to e which ſubtend 
he equal Sides: And ſo the Angle BH A is equal to 


. 
wh 


to the Angle DEF. The Baſe GC 1s * equal to the * , f at 


ite Angle EF D. But EF is + equal to the Angle I From the 


vhs 


bs e Angle BCA: Therefore the outward Angle 
© HA of the Triangle AH C, is equal to the inward 


CA; and conſequently the Angle BH A is equal to Hy. 


hence BC is not unequal to EF, therefore it is 
3 equa! 
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equal to it. But AB is alſo equal to DE. Where- 
fore the two Sides A B, B C, are equal to the two 
Sides DE, EF, cach to each; and they contain equal 
Angles. And ſo the Baſe AC is equal to the Baſe 
DF, the Triangle BAC to the Triangle DEF, and 
the remaining Angle B A C equal to the remaining | 
Angle EDF. V, therefore, : o Triangles have tuo 


' Angles equal, each to each, and one Side of the one equal © 
to one Side of the other, either the Side lying between the © 
equal Angles, or which ſubtends one of the equal Angles, © 
the remaining Sides of the one Triangle ſhall be alſo equal 


to the remaining Sides of the other, each to his correſ. 
pondent Side, and the remaining Angle of the one equal ©: 


to the remaining Angle of the other; which was to be 1 
Lemonſtrate t. — 


PROPOSITION XXVII. 


Fa Right Line, falling upon two Right Lines, make: ® 
_ the alternate Angles equal between themſelves, ib: 
two Right Lines ſhall be parallel, A 


kt +8 
e 


N bk 
15 | 


LET the Right Line EF, falling upon two Right? 
Lines AB, CD, make the alternate Angels AEF, 
EF D, equal between themſelves. I fay the Right 
Line Ag is parallel to P). ll 
For if it be not parallel, AB and CD, produc'dto-7 
wards B and D, or towards A and C, will meet? 


*. 
as 5 3 


Now let them be produc'd towards B and D, ani? 
meet in the Foint G. 54 

Then the outward Angle AEF of the Triangle 
16th. GE, is * greater than the inward and oppoſite Au 
+ From the gle EF G, and alſo equal + to it; which is abſurd 
Exp. herefore AB and CD, produc'd towards B and D, 
| will not meet each other. By the ſame Way of re: 
ſoning, neither will they meet, being produc'd to 
Wards C and A. But Lines that meet each other on nei- 
+ Def. 35. ther Side, are + parallel between themſelves. There? 
fore AB is parallel to CD. Therefore if a Right © 
Line, falling upon two Right Lines, makes the alternatt 

. equal between themſelves, the two Right Lins 

| ſhall be parallel; which was to be CEO, 4 4 
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PROPOSITION XXVII. 
THEOREM. 


Fa Right Line, falling upon two Right Lines, makes 
= the outward Angle of the one Line equal to the in- 
ward and oppoſite Angle of the other on the ſame Side, 
or the inward Angles on the ſame Side together equal 
zo two Right Angles, the tuo Right Lines ſhall be 
parallel between themſelves. ME. 


. L T the Right Line EF falling upon two 7 5 
Lines AB, C D, make the out ward Angle EGB 
* equal to the inward and oppoſite Angle GHD; or 
the inward Angles BGH, GHD on the ſame Side 
together equal to two Right Angles. I ſay the Right 
Line AB is parallel to the Right Line CD. 85 
Poor becauſe the Angle E & B is * equal to the An- From the 
X gle GHD, and the Angle EGB f equal to the An- Hp. 
die AG, the Angle AGH ſnall be equal to the f 14 of this. 
Angle G HD; but theſe are alternate Angles. There: 
ore AB is þ parallel to CD. 1127 ofthic. 
Again, becauſe the Angles BGH, GH D, are equal 
igt to two Right Angles, and A GH, BGH, are * equal * 13 Fr. 
to two Right Ones, the Angles AGH BG H, will -- 
de equal to the Angles BGH, GHD; and if the 
common Angle BGH be taken from both, there will 
remain the Angle A GH equal to the Angle & HD; 
but theſe are alternate Angles. Therefore AB is pa- X 
rallel to CD. If therefore a Right Line, falling upon 0 
"= uo Night Lines, makes the outward A * — 
Line equal to the inward and oppoſite Angle of the other 
on the ſame Side, or the inward Angles on the ſame Side 
bſurd. ogether equal to two Right Angles, the two Right Lines 
nd D, "8 ſpall be parallel between themſelves; which was to be 
f rer demonitrated. 5 | 
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equal to it. But AB is alſo equal to DE. Where- 
fore the two Sides AB, B C, are equal to the rwo 
Sides DE, EF, cach to each; and they contain equal 
Angles. And ſo the Baſe AC is equal to the Baſe. 
DF, the Triangle BAC to the Triangle DEF, and 
the remaining Angle B A C equal to the remaining 
Angle EDF. /, therefore, two Triangles have two 
Angles equal, each to each, and one Side 0 the one equal 
to one Side of the other, either the Side lying between the 
915 _ Angles, or which ſubtends one of the equal Angles; 
7 


e remaining Sides of the one Triangle ſhall be alſo equal E 


to the remaining Sides of the other, each to his correſ- 

pondent Side, and the remaining Angle of the one equal 

to the remaining Angle of the other; Which was to be 
demonſtrated. 


PROPOSITION XXVIL 


Fa Right Line, falling upon two Rigs I Lines, makes 
_ the alternate Angles equal between themſelves, the 
tuo Right Lines ſhall be parallel. „5 
LE T the Right Line E F, falling upon two Right 
Lines AB, CD, make the alternate Angels AEF, 
EF D, equal between themſelves. I ſay the Right 
Line AB1is parallel to ð | 
For if it be not parallel, AB and CD, produc'dto- 
wards B and D, or towards A and C, will meet: 
Now let them be produc'd towards B and D, and 
meet in the Point G. CE 
Then the outward Angle AEF of the Triangle 


* 16of this. GE F, is * greater than the inward and oppoſite An- 
+ From the Zle EF G, and allo equal f to it; which is abſurd. 


herefore AB and CD, produc'd towards B and D, 
will not meet each other. By the ſame Way of rea- 
ſoning, neither will they meet, being produc'd to- 
wards C and A. But Lines that meet each other on nei- 


+ Def. 35. ther Side, are þ parallel between themſelves. There- 


fore AB is parallel to CD. Therefore if a Right 
Line, falling upon two Right Lines, makes the alternate 
Angles equal between themſelves, the two Right Lines 
ſhall be parallel; which was to be e 0 

| f . J. 


Angle GHD; but t 
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PROPOSITION XXVII. 
THEOREM. 


Ta Right Line, falling upon two Right Lines, makes 


the outward Angle of the one Line equal to the in- 


ward and oppoſite Angle of the other on the ſame Side, 
or the inward Angles on the ſame Side together equal 
20 two Right Angles, the two Right Lines ſhall be 


Parallel between themſelves. 


= LE T the Right Line EF falling upon two Right 
. Lines AB, C D, make the out ward Angle EGB 
equal to the inward and oppoſite Angle G HD; or 
the inward Angles BGH, GHD on the ſame Side 
together equal to two Right Angles. I ſay the Right 
Line AB is parallel to the Right Line CD. 3 


Fg 


For becauſe the Angle EGB is equal to the An- From the 


gle GHD, and the Angle EGB f equal to the An- 


gle AG, the . AGH ſhall be equal to the 


common Angle BGH be taken from both, there will 


3 remain the Angle A GH equal to the Angle & HD; 


but theſe are alternate Angles. Therefore AB is pa- 


| rallel to CD. If therefore a Right Line, falling upon 
tuo Right Lines, makes the outward Angle of the one 
Line equal to the inward and oppoſite Angle of the other 


on the ſame Side, or the inward Angles on the ſame Side 


together equal to two Right Angles, the two Right Lines 
ſhall be parallel between themſelves; which was to be 


demonitrated. 


p RO. 


| eſe are alternate Angles. There- 

JJ %% 
Again, becauſe the Angles BG H, G HD, are equal 15 
to two Right Angles, and AGH, BGH, are * equal * 13 fh. 
to two Right Ones, the Angles AGH BGI, will 1 
de equal to the Angles BGH, GHD; and if the 


Hyp. . 
+15 of this 


+27 ofthis. 
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PROPOSITION XXIX. 
„ neee 


Fa Right Line falls upon two Parallels, it will make 
the alternate Angles equal between themſelves, the 


outward Angle =— to the inward and oppoſite An- 


gle, on the ſanie Side; and the inward Angles on the 


ſame Side together equal to two Right Angles: 

LET the Right Line EF fall upon the parallel 
Right Lines AB, CD. I fay the alternate An- 

gles, AGH, GHD, are equal between themſelves ; 


the outward Angle, EG B, is equal to the inward one 


GH D, on the tame Side; and the two inward ones, 


BGH, GHD, on the ſame Side, are together equal 


to two Right Angles. 


For if AG H be unequal to GHD, one of them = 
will be the rome: Let this be A GH; then becauſe 
GH is greater than the Angle GHD, 


the Angle 
add the common Angle BG H to both: And ſo the 
Angles AGH, BGH together, are greater than the 
Angles BGH, G HD, together. But the Angles 
AGH, BGH, are equal to two Right ones *. There- 


fore B&H, G HD, are leſs than two Right Angles. 
And fo the Lines AB, CD, infinitely produc'd t, will | 


meet each other; but becauſe they are parallel, they 
will not meet. Therefore the Angle A GH is not 


_ unequal to the Angle G HD. Wherefore it is neceſ 


ente it „ 12 

But the AngleA GH is + equal to the Angle E GB: 
Therefore EGB is alſo equal to GHD. e 
Now Xi the common Angle BGH, and then 


EGB, BGH, together, are equal to BGH, GHD, 


together; but EGB, and BGH, are equal to two 
Right Angles. Therefore alſo BGH, and GHD, 
ſhall be equal to two Right Angles. Wherefore, if 
a Right Line falls upon two Parallels, it will make the 
alternate Angles equal between themſelves ; the outward 


Amwgle equal to the inward and oppoſite Angle, on the 


ſame Side, and the inward Angles on the ſame Side to- 


gether equal to two Right Angles ; Which was to be 
demonſtrated. 22 
| P R Os 
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PROPOSITION XXX, 
THEOREM. 


Right Lines parallel to one and the ſame Right Lige, 


are alſo parallel between themſelves. 


LET AB and CD be Right Lines, each of which 


is parallel to the Right Line EF. I ſay AB is 


alſo parallel to CD. For let the Right Line GK 


fall upon them. 

Then becauſe the Righ t Line G K falls upon the 

parallel Right Lines A B, E F, the Angle A G His* equal 
to the AngleG HF; and becauſe he Right Line, G K, 


oli, 


falls upon the parallel Right Lines EE, CP the An- 


| gle GH F is equal to the Angle GK D*.” But it has 
been prov'd, that the Angle AG Kis alſo equal to the 
Angle GHF. Therefore A GK is equal to GK D, 

and they are alternate Angles, whence AB is parallel 
to CD4. And fo Right ines parallel to one and the 


ſame Right Line, are 2 berween . Which. 


Was 50 be demonſtrated, 


PROPOSITION XXX1. 
PROBLEM. 


127 of this. 


7 draw a Right Line thro* a oh 6 Point parallel 10 


4 given Ai 


1 


| LET A be a Point given, and BC a | Right Line 
given. It is requir'd to draw a Right Line thro? a 


the Faint A, parallel to the Right Line BC. 

Aſſume any Point D in BC, and join AD; then 
make * an Angle DAE, at the Point A, with the 
Line DA, 8 to the Angle ADC, and produce 
E A ftrait forwards to F. 


Then becauſe the Right Line AD falling on two 


Ra ht Lines BC, EF, makes the alternate Angles 
D, ADC, equal between themſelves, E F ſhall 

8 parallel to BC. Therefore the Right Line EAF 
is drawn thro? the given Point A, parallel to the given 
Right Line BC; which was to be done, 


Coroll. 


* 23 of this, 


127 of this, 
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Coroll. Hence it appears, that if one Angle of any 


Triangle be equal to the other two, that is a Right 


one; becauſe that the Angle adjacent to this Right 
one, is equal to the other two. But when adjacent 
"Angles are equal, they are neceſſarily Right ones. 


PROPOSITION XXXIL 
THEOREM — 


If one Side of any Triangle be produc'd, the outward 
= Angle is equal to both the inward and oppoſite Angles ; 


A 


and the three inward Angles of a Triangle are equal to 


zwo Right Angles. 
L ET ABC be a Trian le, one of whoſe Sides BC 
is produc'd to D. I. fay, the outward Angle 


ACD is equal to the two inward and oppoſite An- 


gles CAB, ABC; and the three inward Angles of 


the Triangle, vi. ABC, BCA, CAB, are equal to 


two Right Angles, _ 


"78 N b For let CE be drawn * thro? the Point C parallel 


to the Right Line AB. Then becauſe AB is parallel 

to CE, and AC falls upon them, the alternate Angles 

T 290 this. BAC, ACE, are ſ equal between themſelves. Again, 
becauſe AB is parallel to CE, and the Right Line 

' BD falls upon them, the outward Angle ECD is 
equal to the in ward and oppoſite one AB C; but it has 
deen provꝰd, that the Angle A CE is equal to the Angle 
_—_—  *' Wherefore the whole ourward Angle A CD 
is equal to both the inward and oppoſite Angles BA C, 
ABC. And if the Angle ACB, which is common, 

be added, the two Angles AC D, A CB, are equal to 

the three Angles ABC, BAC, ACB;; but the An- 


412 0fthis, gles ACD, AC, are+ equal to the two 9 75 10 10 
, . 


Therefore alſo ſhall the Angles A CB, C | 
be equal to two Right Angles. Wherefore if one Side 
of any Triangle be produc'd, the outward _ is equal 
ro both the inward and oppoſite Angles, and the three in- 
ward Angles of a Triangle are equal to two Right An- 
gles; which was to be demonſtrate. 


_ Cera. 
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Coroll. 2. If two 


Book I. Euclid's ELEMENIs. 


: | Coroll. 1. All the three Angles of any one Triangle 


taken together, are equal to all the three Angles of 
any other 4 0 taken together 
Angles of any one Triangle, either 
ſeparately or taken together, be equal to two An- 
les of any other Triangle; then the remaining 
Angie of the one Triangle, will be equal to the re- 
maining Angle of the other. OT 


| & Corvll. 3. If one Angle of a Triangle be a Right An- 


o 


gle, the other two Angles together make one Right 
Angle. CO 


| & Coroll. 4. If the Angle included between the equal 


| Legs of an Iſoſceles Triangle be a Right one, each 


n 


' Coroll. 5. Any Angle in an Equilateral Triangle is 


equal to one Third of two Right Angles, or two 


17 Thirds of one Right Angle. 


THEOREM I. 


All the in ward Angles of any Right-lin'd Figure 


whatſoever, make twice as many Right Angles, 
abating four, as the Figure has Sides. : 


Jo R any Right-lin'd Figure may be reſolv'd into as 


many Triangles, abating two, as it hath Sides. For 


Example if a Figure has four Sides, it may be reſolv'd 
into 12 Triangles : If a Figure has five 95 y 

be reſolv'd iuto three Triang es; if fax, into four; and 
ſo on. Wherefore (by Prop. XXXII.) the Angles f 


des, it may 


all theſe Triangles are equal to twice as many Right 
Angles as there are Triangles: But the e of all 
the —_— are equal to the inward Angles of the Fi- 
gure. Therefore all the inward Angles of the Figure 
are equal to twice as many Right Angles as there are 


Triangles, that is, twice as many > Angles, taking : 


away foar, 'as the Figare has Sides. 


W. D. 


TH E- 


of the other Angles at the Baſe will be half Right 


3 


THEOREM II. 


* All the outward Angles of any Right-lin*'d Figure 
8 together, make four Right Angles. 


F OR the outward Angles, _ with the inward 


ones, make twice as many Right Angles as the Fi- 
gure bas Sides; but from the laſt Theorem, all the in- 
ward Angles together make twice as many Right Angles, 
abating four, as the Figure has Sides. Wherefore the 


gles. W. W. D. 
PROPOSITION, XXX. 
THEOREM. 


Right Lines, towards the ſame Parts, are alſo equal 
and parallel. EE ae 5 


| | E T the parallel and equal Right Lines AB, CD, 
de joined towards the ſame. Parts, by the Right 


rallel. | 

For drew .. 5 
I ben becauſe AB is parallel to C D, and B C 
falls upon them, the alternate Angles ABC, BCD 
 ®290fthis. are equal. Again, becauſe A B is equal to CD, and 
B C is common; the two Sides AB, B C, are each 
equal to the two Sides BC, CD; but the Angle 
' ABC is alſo equal to the Angle BCD; therefore the 


ABC, equal to the Triangle BCD; and the re- 
maining Ang les equal to the remaining Angles, each to 
each, which ſubtend the equal Sides. Wherefore the 


becauſe the Sight Line B C, falling upon two Right 

+27 of this. Lines AC, BD, makes 4 the alternate Angles AGB, 
CB D, equal between themſelves ; AC is ꝓ parallel 
to B D. But it has been prov*'d alſo to be equal to 
it. Therefore #wo Night Lines, which join two equal and 
parallel Right Lines, towards the ſame Parts, are alſa 
equal and parallel; which was to be demonſtrated. 


; ”" PL &% 
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outward Angles are all together equal to four Right An- 


Two Right Lines, which join two equal and parallel : 


Lines AC, BD. I ſay AC, BD, are equal and pa- 


14 this. Baſe AC is j equal to the BaſeBD: And the Triangle 


Angle A C B is equal to the Angle CB D. And 


thi 


9 
S 
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ve 
tO 


te 
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Defin. A Parallelogram is 4 Quaarilateral Figure, each = 
of whoſe oppoſite Sides are parallel. e 


PROPOSITION XXXIV. 


THEOREM. 


| The oppoſite Sides and oppoſite Angles of any Parallels- 


gram are equal; and the Diameter divides the ſame 
into two equal Parts. TD 


LE T AB DC be a Parallelogram, whoſe Diame- 
ter is BC I ſay, the oppoſite Sides and oppoſite | 


{ Angles are equal between themſelves, and the Dia- 
| meter BD biſects the Parallelogram. Rs RT 


For becauſe AB is parallel to CD, and the Right 


Line BC falls on them, the alternate Ann „„ 
herefore 429 of thi, 


BCD, are * equal between themſelves. Wh 
ABC, CBD, are two Triangles, having two An- 
gles ABC, BCA, of the one, equal to two An- 
gles BCD, CBD, of the other, each to each; and 
likewiſe one Side of the one equal Gi Side of the 
other, viz. the Side B C between the equa? Angles, 
which is common. Therefore the remaining Sides 
ſhall be 4 equal to the remaining Sides, ach to each, + 26 of this: 
and the remaining Angle to the reriaining Angle. 
And ſo the Side A B is equal to me Side CD, the 
Side AC to BD, and the Angle 3A C to the Angle 
BDC. And becauſe the Angle ABC is equal to the 
Angle B CD, and the Ange CBD to the Angle 
ACB; theretore the whole Angle ABD is equal to 
the whole Angle ACD: But it has been prov*d tha 
the Angle BAC is alſo equal to the Angle BD E. 

Wherefore the oppoſite Sides and Angles of any 
Parallelogram are equal between themſelves. 

I ſay, moreover, that the Diameter biſects it. For POR 
becauſe A B is equal to CD, and BC is common, | 
the two Sides A B, B C, are each equal to the two. 
Sides DC, CB; and the Angle ABC is alſo cqual 
to the Angle BC D. Therefore the Baſe AC is 
} equal to the Baſe DB; £7 the Triangle A.B C = + 4 of thiz| 

| equa 
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equal to the Triangle BC D. Whereforethe Diame- 
ter B C biſects the 1 AC DB; which 
was to be demonſtrated. 


PROPOSITION XXXV. 


THEOREM. 4 


. Pralle grams conflituted aon abe ſame Baſe, aud be 


tween 995 ſame Parallels, "are equal derben n 
Jil ves. 5 


* ABCD, EB CF, be Parallelograms conſti-ſ 
tuted upon the ſame Baſe BG, and between the 
ſame Parallels A F and BC. I fay, the Parallelo- 
gram ABCD, is equal to the A EB CF. 
For becaufe ABCD is a Parallelogram, AD if 
5 * 24 ofthis. * ual to BC; and for the ſame Reaſth EF is equal 
+ Axiom 1. to BC; wher&fore A D ſhall be f era to EF; but 
+ 4x. 2. PDE is common. Therefore the w equi 
> to the whole DF. But AB is e C; where 
fore EA, AB, the two Sides of the Trian angle ABE 
EE are equal to the two Sides FD, DC, each to each; 
® 29ef thi. and the Angle FDC * equal to the Angle EA B, the 
\ - outward one to the inward one. Therefore the Baſel 
+ 4 of this Ez is ſ eial to the Baſe EF, and cen oboe 
do the Irixgle FDC. If the common riangle 
£ 4x. 3. PG&E be t TI both, there will remain dee 
Traperium AB ual to the Trapezium F CGE; 
and if the Trage Ds C which is common, be ad- 
.ded, the Parallel A BCD will be equal to the 
* arallelogram a Therefore, Parallelogram: 
2 apon 0 fo Baſe, and berween the ſam! 


arallels, are equal betweey vb be, which was to 
be demonftrated. 
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PROPOSITION XXXVI. 


THEOREM. 


Parallels grams conſtituted upon equal Baſes, and be- 
 #ween the ſame St are equal berween them. 


ſelves. 


ET the Parallelograms AB 0 D, EF G H, be 
conſtituted upon the equal Baſes. BC, FG, and 
. between the 4 5 CDise AH, B We 1 ſay, the 2 
Parallelogram iS equal to the arallel ram 

EG. «i Mm Th. 
Por join BE, CH. Then becauſe BC is * equal * Hyg. 2 
0 F 65 and FG to EH; BC will be likewiſe equal © , 6 
to EH; and they are parallel, and BE, CH, joins them. 5 7 
But two Right Lines join Was Right Lines which are I 
equal and parallel the ſame 


are | equal, and pa- of this 

rallel : Wherefore EBCH is a « Parallelogram, a is 1337 FE 
+ equal to the Parallelogram ABCD ; tor it has the £3 5 of his, 
ſame Baſe BC, and is conſtituted between the ſame * 
Parallels BC, AD. For the ſame Reaſon, the Pa- 
prey m EF GH is equal to the ſame Parallelo- 

BCkf Therefore the Parallelogram AB CD 
Gall be equal to the Parallelogram EF GH. And ſo 
Parallelograms conſtituted 45 _ Baſes, and be- 


tween the ſame Parallels, are = a between themſelves: > 
which was to be demonſtrat 


PROPOSITION XXXVIL 
THEOREM. 


7 riangles conflituted upon the ſame Baſe,and between the 
ame Parallels, are equal between themſelve N 


ET the Triangles AB 85 DB C, be conſtituted - 
upon the ſame Baſe BC, and between the ſame _ 
Parallels AD, B C. I fay, the Triangle AB C, is 
equal to the Frian le DBC. 
0 For produce A both ways to the Points E and ; 
aud thro' B draw * BE parallel to C A; and thro! CT * 31 ofthis. 
C . parallel to BD. | ACE RE 
D 2 Where- 


36 Euclids ELEMENTS. Book !. 

Wherefore both E BCA, DB CF, are Parallelo- 

23 ef this, grams; and the Parallelogram EB CA is * equal to 

dhe Parallelogram DB CF; for they ſtand upon the 

ſame Baſe BC, and between the ſame Parallels BC 

+ 34of this. EF. But the Triangle ABC is 4 one half of the Pa- 

9 5 . rallelogram EB CA, becauſe the Diameter A B bi- 
ſects it; and the Triangle DBC is one half of the 

Parallelogram DB CF, for the Diameter DC biſectz 

Th it. But Things that are the Halves of equal Do 1 

+ Ax. 7. are + equal between themſelves. Therefore the Tr. 

angle ABC, is equal to the Triangle DBC. Where. 

fore, Triangles conſtituted upon the ſame Baſe, and be. 

teen the ſame Parallels, are equal between then | 

ſelves; which was to be demonſtrated. 
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PROPOSITION xXXVIII. 


Triangles conſtituted upon equal Baſes, and betwen 
the ſame Parallels, are equal between themſelves. 


rn ů — ů V y 
N - 5 —— — 


Ws” by 


n P 3 
wy N \ = 1 * — 9 7 * * 
0 A - 2 n oe 5 a 


ET the Triangles ABC, DCE, be conſtitute 

— upon the equal Baſes B 2 CE, and between th 
ſame Parallels BE, AD. I ſay the Triangle AB 

is equal to the Triangle DCE, © 
TFor produce A D both Ways to the Points G, HY. 
31 this. thro' B draw BG parallel to CA; and thro' E, EE 

, , , ETS 
Wberefore both GB CA, D CE H, are Parallelo 
136 this. grams, and the Parallelogram GBC A is + equal iE 
tile Parallelogram DC EH: For they ſtand upalf] * 


equal Baſes, BC, CE, and between the ſame Para | 
+340fthis. lels BE, GH. But the Triangle ABC is 4 one half a 1 
| are 


the Parallelogram G BCA, for the Diameter AJ 

biſects it; and the Triangle D CE is one half of the Pa! 

rallelogram DC EH, for the Diameter D E biſecdiſ dra 
tit. But Things that are the Halves of equal Thing, 
Ax. 7. are equal between themſelves. Therefore the II le 
angle ABC, is equal to the Triangle DC B. Wher| - 

fore Triangles conflituted upon equal Baſes, and be FC 

tween the ſame Parallels, are e eee, themſelves bet. 

which was to be demonlirated, ang 


: : | . ; | PRC 


PROPOSITION XXXIX. 


THEOREM. 


7e Triangles conſtituted upon the 7 Baſe, on . 
ame Side, are in the ſame Parallels. 


» ET ABC, DBC, be equal Triangles, conſti- 
| | #— tuted upon the ſame Baſe BC, on the ſame Side. 
l Ly they are between the ſame Parallels. For let 
g AD be drawn. I ſay AD is parallel to BC. 
For if it be not parallel, draw * the Right Line 31% thts, 
| Etro the Point A parallel to BC, and draw EC. 0 
Then the Triangle ABC, is equal to the Triangle + 37 of this, 

[| FBC: for it is upon the ſame Baſe BC, and between 

| te ſame Parallels BC, AE. But the Triangle ABC 

i + equal to the Triangle DBC. Therefore the # From 
riangle DB C is alſo equal to the Triangle EBC, 0. 
leſs to a greater, which is impoſſible. Wherefore 
AE is not parallel to BC: And hy the fame Wa * 
| Reaſoning. we prove, that no other Line but A 


. to BC. Therefore A D is parallel to BC | 


herefore equal Triangles conſtituted upon the ſame _ 
aſe, on the ſame Side, are in 157 ſame Parallels; 
hich was to be demonſtrated, 


\ PROPOSITION XL. 
q THEOREM. | 


[Equal Triangles conſtituted upon LET Baſes es, o the OY 
ſame Side, are between zhe ſame Parallels. 


NF ET A BC, CDE, be equal Triangles, conſti- 
tuted upon equal Baſes BC, CE. I Ia they 
are between the fame Parallels. For let AD be 
drawn. I ſay AD is parallel to BE. 
Tor if it be not, let AF be drawn * thro? A, paral- * 21 1 of this. 
lei to BE, and draw FF. 
Then the Triangle ABC i is + equal to the Triangle tyre 
FCE; for they are conſtituted upon equal Batcs,and 
3 the ſame Parallels BE, AF. But the « BH 
e ABC is equal to the Triangle DCE. There- 
9 3 tore 


a „ 
38 
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fore the Triangle DCE ſhall be equal to the Trian- 
gle FCE, the greater to the leſs, which is impoſſi- 
ble. Wherefore AF is not parallel to BE. And in 
this Manner we demonſtrate, that no Right Line can 
be parallel to BE, but AD. Therefore AD is pa- 


rallel to B E. And ſo equal Triangles conſtituted upon 
= Baſes, on the ſame Side, are between the ſame 
Parallels; which was to be demonſtrated, 


PROPOSITION XL. 


PROBLEM. 


and are between the ſame Parallels 


gram will be double to the Triangle. 


Lr the Parallelogram ABC P, and the Triangle 
| EBC, have the ſame Baſe, and be between the 


if a Parallelogram and a Triangle have the ſame Baſe, 


„ the Parallelo- 


ſame Parallels, BC. AE. I fay the Parallelogram 


ABC is double the Triangle EB C. 
* 37 of this, 


| For join AC. e 


Now the Triangle ABC is * equal to the Triangle 
EBC; for they are both conſtituted upon the ſame 


Baſe BC, and between the ſame Parallels BC, AE. 


{ 24 of th. But the Parallelogram ABCD is + double the Tri- 


angle A BC, ſince the Diameter A C biſects it. Where- 
fore likewiſe it ſhall be double to the Triangle EBC. 
I, therefore, 4 Parallelogram and Triangle have both 


the ſame Baſe, and are between the ſame 


arallels, the 


Parallelogram will be double to the Triangle, which 


was to be demonſtiated. 


PROPOSITION XU 


PROBLEM. 


Eo conſtitute a Parallelogram equal to a 


in 2 Right-lin'd Angle equal to D. 


gre Triangle, 
in an Angle equal to a given Right-hn'd Angle, 
LET the given Triangle be ABC, and the Right 


lin'd Angle given D. It is requir'd to conſtitute 
a Parallelogram equal to the given Triangle AB C, 


Biſect 


Book * Euclids ELEMENTS. 
1 Biſect * BC OLE G 75 AE, and at the Point 177 * 10 5 4 


the Right I. , conflitute t an Ang! F {23 7 
equal 6. 0. D-. 12 Iſo draw + AG theo Sl to + 31 of this. 
EC, and thro C the Ri en Line OG parallel to FE. 
Now FECG is a Forallelogram.: And. becauſe 

BE is equal to E C, the Triangle ABE ſhall be * equal veg. 

to the Tria E AE C; for they ſtand upon equal 

288 BE, and are between the ſame Parallels 
BC, A F. W the Triangle A B C is double 
to the Triangle A EC. But the Parallelogram FEC G 

is alſo double to the Triangle AEC; tor it has the 
ſame Baſe, and is between che ſame Parallels, TYere---- 

fore the Parallelogram FECG, is equal to the Tri- 

angle ABC, and has the Ang le CEF equal to the 

Angle D. Wherefore the Paralleler am CG.is 8 

conſtituted equal to the given e ABC, N 

Angle ECF equal to a en hh D:; which Was 

20 be one. 


PROPOSITION. XLUL 


THEOREM. 


In every Leni en the Co am lements of 1 the {OY | 
 lelograms, that ang about the as are equal 
between zhemſc ves 


"ET ABCDbea Parallel un, whoſe 1 . 
ter is AB; and let FH, E Neon Ar 
tanding about the Diameter BD, ow AK, KC, 
are called the Complements of them: I fay the Com- 
plement A K is equal to the Complement K C. 5 
For ſince ABCD is a Parallelogr =D, 2nd, BD i da 
the Diameter thereof, the Triangle AB 18015 I * 34 ofthis. 
to the Triangle BDC. Again, Pecanſe fl I; ED is W 
a Paraletogran whoſe Diameter i is DK, the Trian- | 
gle HDK be equal to the Tian leDF Kong - 
bor the fame 5 the Triangle K BG is e ual . 
che Triangle K EB. But fince the Triang le B BE K is 5 
equal to = Triangle BG K, and the 11 HD K 
to DFK; the Triangle BEK, together with the 
Triangle HDK, is equal to the Triangle BGoS. to © 
AR with the Triang leDFK. But the whole Tri- 
angle ABD is likewife equal to the whole Triangle 
D 4 BDC 


ww IOC 
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BDC. Wherefore the Complement remaining, AK, 
will be equal to the remaining Complement K C. 
Therefore in every Parallelogran the Complements f 
the Parallelograms, that ſtand about the Diameter, are 
equal between themſelves; which was to be done. 


PROPOSITION XIIV. 
PROBLEM. 


J 


. grven Triangle, in a given Kight-lin'd Angle. 


ET the Right Line given be AB, the given Tri- 
angle C, and the given Right-lin'd Angle D. It 
is requir'd to the given Right Line AB, to apply a Pa- 
rallelogram equal to the given Triangle C. . 
In an Angle equal to D, make the Parallelogram 


BE FEG equal to * the Triangle C; in the Angle 


EBG, equal to D. Place B E in a ſtraight Line with 


AB, and produce FG to H, and thro' A let AH be 
drawn + parallel to either GB, or FE, and join HB. 
Now becauſe the Right Line HF falls on the Pa- 


rallels AH, EF, the Angles AHF, H E E, are + equal 
to two Right Angles. And fo BHF, H FE, are 


leſs than two Right Angles; but Right Lines making 
leſs than two Right Angles, with a third Line being 


infinitely produc'd, will meet * each other. Where 


fore HB, FE, produc'd, will meet each other ; which 


let be in K, thro? which * draw KL 87 to EA, or 


FH, and produce A H, G B, to the Points Land M. 


Therefore. HLK P is a Parallelogram, whoſe Dia- 


meter is HK; and AG, ME, are Parallelograms 
about HK; whereof LB, BF, are the Complements. 
Therefore LB is + equal to BF. But BF is alſo 
equal to the Triangle C. Wherefore likewiſe LB 
ſhall be equal to the Triangle C; and becauſe the An- 
gle GB E is + equal to the Angle ABM, and alſo 


equal to the Angle D, the Angle AM ſhall be equal 
to the Angle D. Therefore to the given Right Line 
AB is apply'd a Parallelogram, equal to the given 


Triangle C, in the Angle AB M, equal to the given 
Angle D; which was to be done. = | 


'PRO- 


ht Line, equal to a 
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PROPOSITION XLv. 


PROBLEM. 


To Sul a Parallelogram equal to a given Right-liwd 
 Fighre, in a groen Right-li” Angle. 


3 T ABCD be the given Right-lin'd Figure: ad 
E the Right-lin'd Angle given. It is requir'd _ 
make a Parallelogram equal to the Right-lin'd PI igure 
ABO in an Angle equal to E. 
Let DB be join'd, and make * the Parallelogram » 42 of this 
F H equal tothe I riangle ADB, in an Angle 8 
equal to the given A 
Then to the Right Line GH apply +: the Paralle- +44 of this, 
logram & M, equal to the Triangle DBC, in an ET 
Angle GH M, equal to the Angle E. 
Now becauſe the Angle E is equal to HKF, or 
G HM, the Angle HK F ſhall be equal to GH M, 
add KHG to both; and the Angles HK F, KHG, 
are, together, equal to the Angles K HG, GHM. ; 
But 5 of KH G, are , together, equal to two Right 429 Yeh 
An ' Wherefore, likewiſe, the Angles K H G 
Gt M ſhall be equal to two Right Angles: And 
ſo at the given Point ¶ in the Rioht Line 'GH, two 
Right Lines K H, HM, not drawn on the fame Side, 
make the adj: acent Angles, both together, equal 5 
two Right Angles; and conſequent iy K H, HM * *140fthis. 
make one ſtraight Line. And 8 the Right Line 
HG falls upon the Parallels K M, FG, the alternate 
Angles M HG, HGF, are # equa). And if HGL 
be added to both, the Angles MHG, HG L, toge- 
« ther, are equal to the Angles HGF, HG L, together. 5 
But the Angles MHG, HGL, are * together equal 
to two Right Angles. 'Wheretore likewiſe-the An- 
gles HGF, HGL, are together equal to two Right 
Angles ; and ſo FG, GL, make one ſtraight Line. 
And fince KF is equ al and parallel to HG, as like- : 
wiſe HG to ML, K F ſhall be + equal and parallel +30 of this, 
to M L, and the Right Lines KM, FL, join them. 
Wherefore K M, F'L, are + equal and parallel. There- +3 5 of this. 
fore KFLM is a Parallelogram. But fince the Tri- ; 
angle ABD is equal to the Parallelogram HF, and 
EE the 


Me 
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the Triangle DB C to the Parallelo GM; then 


the whole Right-lin'd Figure AB will be equal 


to the whole Parallelogram KF LM. Therefore 


the Parallelogram KF LM is made equal to the given 


* 11. this. 
+ 3 this. 


_ Right-lin'd Figue ABC D, in an An ___ F EE. 


to the given Angle E; which was to 


Coroll. It is manifeſt, from what has bal ſaid, how 
to apply a Parallelogram to a given Right Line, 


equal to a given Ri -lin'd Figure ina wen Ri ht= 
Bo Ange Kight gure 8 — 


- PROPOSITION XVI. 


P R 0 B L E M. 
To deſcribe a Square upon a groew Right Line. 


LET AB be the Right Line given, upon N it 


is requir'd to deſcribe a Square. 


Draw * AC atRight Anglesto AB from thePoint 
A given therein; m AD equal to AB, andthro* 


+ * Kil this. the Point D draw + Dl " an to AB; "alſo thro' 


$290f this 


B draw BE e to A 
Then A DEB i is a Parallelogram; and fo AB *is 


equal to DE, and AD to BE. But BA is equal ta 


- AD. Therefore the four Sides BA, AD, DI „EB, 
are equal to each other.. 5 
And ſo the Paralellogram AD EB is equilateral : : 
I ſay it is likewiſe equiangular. For becauſe the Ri 5. 
Line AD falls upon the Parallels AB, DE, the / 
es BAD, ADE, are 4 equal to two Right An 05 
Bur BAD is a Right Angle: Wherefore AD 


| alſo a Right Angle; but the oppoſite Sides and By 


+ 34 of this. (| 


ſite An = of Parallelogr ams are + equal. Therefore 
each of the oppoſite Angles ABE, 1 2 Rea Right 

Angles; and conſequently ADBE is a tangle: 

But it has been prov'd to be equilateral. Therefore 
it is neceſſarily a Square, and is deſcrib'd upon the 
Right Line ab; which was #0 be done. 


Coroll. Hence every Parallelogram that has one Right : 


_ is a Rectangle. 
. P R O- 


Right Angle BA 
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PROPOSITION: XLVIL 
1 THEOREM. 
In any Right-angled Triangle, the Square deſcril'd upon 
obs 0 e- ſubtending the N br 7 ic equal 12 | 
the Squares deſcrib'd upon the Sides containing the 
Right Angle. T . 


ET ABC be a Right-angled Triangle, having the 
2 I tay the Square deſcrib'd 

upon the Right Line B C, is equal to both the Squares 
 deſcrib'd upon the Sides BA, Acc. 
For deſcribe * upon BG the Square B DEC, and * 46h. 
on BA, AC, the Squares GB, HC, and thro” the 
Point A draw AL parallel to BD, or CE; and let 
AD, FC, be join'd. 5 
Then becauſe the Angles BAC, BAG, f are Right + Def. 30. 
ones, two Right Lines AG, AQ, at the given Point 
A, in the Right Line BA, being on contrary. Sides 
thereof, make the adjacent A . equal to two Right 
Angles. Therefore CA, AG, make + one ſtraight + 14 of this] 
Line; by the ſame Reaſon AB, A H, make one ſtraihagnt 
Line. And ſince the Angle DBC is equal to the 
Angle FBA, for each of them is a Right one, add 
ABC; which is common, and the whole Angle 
| DBA is * equal to the whole Angle FBC. And & Ax. x: 
fince the two Sides AB, BD, are equal to the ww 
Sides FB, BC, each to each, and the Angle DBA 
equal to the Angle FBC; the Baſe AD will be 4 of this 
equal to the Baſe F C, and the Triangle ABD equal 
to the Triangle FBC: But the Parallelogram BL 
is + double to the Triangle ABD; for they have the +47 of this. 
ſame Baſe DB, and are between the ſame Parallels b 
BD; AL. The Square GB is + alſo double to the 
Triangle FBC; for they have the ſame Baſe FB, 
and are in the ſame Parallels FB, GC. But Things 

that are the Doubles of equal Things are * equal to , 42. 6. 
each other. Therefore the Parallelogram BL is equal 
to the Square GB. After the ſame Manner, AE, 
BK, being joined, we prove, that the Parallelogram 

CL is equal to the Square HC. Therefore the whole 
Square DBEC is equal to the rwo Squares GB, HC. 

But the Square DB E C is deſcrib'd on the Right be 
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BC, and the Squares GB, HC, on BA, AC. There- 
fore the Square BE, deſcrib'd on the Side BC, is 
equal to the Squares deſcrib'd on the Sides BA, AC. 

Wherefore in any Rigbt-angl d Triangle, the Square 

deſcrib'd upon the Side ſubtending the Right Angle, is 

- equal to both the Squares deſcrib d upon the Sides conr 

taining the Right Angle. 8 ; 


PROPOSITION XIVIIL 
"LF HE OREN . 


V Square deſcrib'd upon one Side f a Triangle be i 
equal to the Squares deſcrib'd upon the other two Sides 

| of the ſaid Triangle, then the Augle contain'd by theſe 
ro other Sides is a Right Angle. Ls Erin, 


IF the Square deſcrib'd upon the Side BC of the 
= Triangle ABC, be equal to the Squares deſcrib'd 
upon the other two Sides of the Triangle BA, AC: 
I fay the Angle BAC is a Right one. 
For let there be drawn AD from the Point A, at 
; 7 60 Angles to A C; likewiſe make AD equal to 
h tid s 
Ihen becauſe DA is equal to AB, the Square de- 
ſcrib'd on DA will be equal to the Square deſcrib'd 
on AB. And adding the common Square deſcrib'd 
on AC, the Squares deſcrib'd on DA, AC, are equal 
to the Squares deſcrib'd on BA, AC. But the Square 
deſcrib'd on DC is * equal to the Squares deſcrib'd 
on DA; AC; for DAC is a Right Angle: But the 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square deſcrib'd on DC is equal to 
the Square deſcrib'd on BC; and ſo the Side CD is 
equal to: the Side CB. And becauſe DA is equal to 
AB, and AC is common, the two Sides DA, A C, 
are equal to the two Sides BA, AC; and the Baſe 
DC is equal to the Baſe CB. Therefore the Angle 
. DAC is + equal to the Angle BAC; but DAC is a 
Right Angle; and ſo BAC will be a Right Angle 
allo. I/ therefore, a Square deſcrib'd upon one Side 
of a Triangle be equal to the Squares deſcrib'd upon the 
other two Sides of the ſaid Triangle, then the Angle con- 
train d by theſe two other Sides is a Right Angle; which 
was to be demonſtrated. 5 


EUCLID's 


. 


EUCLID 


DB F-LN-T'P-1 NS. 


A ERT Right-angled Parallelogram is 
aid to be contain d under two Right 
Lines, comprehending a Right An- 
YASSR] gle. „F 

II. Iz every Parallelogram, either of thoſe Parallelo- 


grams that are about the Diameter, together with the 
Complements, is called a Gnomon. 
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PIR UPO SIT ION I. 


THEOREM. 


Tf there be two Right Lines, and one of them be di- 
vided into any Number of Parts; the Rectangle com- 
prehended under the whole, and divided Line, fall 
be equal to all the Rectangles contained under the 
15 Line, and the ſeveral Segments of the divided 
r 1 9 


* - 2 


Wh whereof BC is cut or divided any how in 
the Points D, E. I 1ay, the Rectangle 
contained under the Right Lines A and B C, 

is equal to the Rectangles contained under 


ET A and BC be two Right Lines, 


A and BD, A and DE, and A and EC. 


* 11. 1. 


For let * BF be drawn from the Point B at Right 
Angles, to BC; and make + B G equal to A: and ler 
} GH be drawn thro? G parallel to BC: Likewiſe, 


let + there be drawn DK, EL, CH, thro D, E, C, 


parallel to BG. 35 
Then the Rectangle BH is equal to the Rectangles 


BER, PL, EHI; but the Rectangle B H, is that con- 


tained under A and BC; for it is contain'd under 


_ GB, BC; and GB is equal to A; and the Rectangle 


B is thatcontain'd under A and BD; for it is contain'd 


under GB and BD, and GB is equal to A; and the 


Rectangle D is that contain'd under A and DE, be- 
cauſe DK, that is, BG, is equal to A: So likewiſe 
the Rectangle E H is that contained under A and E C. 
Therefore the Rectangle under A and BC, is equal to 
the Rectangle under A and BD, A and DE, and A 


and EC. Therefore, A there be two Right Lines 


ven, and one of them be divided into any Number of 
arts, the Rectangle comprehended under the whole 
and divided Line ſhall be equal to all the Rectaugles 
contained under the whole Line, and the ſeveral Segments 
of the divided Line; which was to be Labs „ N 


* 
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PROPOSITION IL 
THEOREM. 


- — 
1 


V Right Line ze any how divided, the Reftungles 


contained under the whole Line, and each of the 105 : 
ſe 


ments, or Parts, are equal to the Square of the wh 
8 1 85 
T_ ET the Right Line AB be any how divided in 
the Point C. I fay, the Rectangle contained un- 


der AB, BC, together with that contained under R B 


and AC, is equal to the Square made on AB 
For let the Square ADEB be deſcribed * on AB, 
and thro' C let CF be drawn parallel to AD or BE. 


. 


Therefore A E is equal to the ReQangles AF and 
i CE. But AE is a Square deſcribed upon AB; and 


AF is the Rectangle contain'd under BA, AC; for 


it is contained under DA and AC, whereof AD is 
equal to A B; and the Rectangle CE is contained 


under AB, BC, ſince BE is equal to AB. Where- 


fore the Rectangle under AB and AC 


together with 


the Rectangle under A B and BC, is equal to the 


Square of A B. Therefore, sf 4 Right ine be an 
bow divided, the Rectangles contained under the whole 


Line, and each of the Segments, or Parts, are equal to 


dhe & quare of the whole Line. 


oa 


PROPOSITION m. 
| THEOREM. 


| If a Riche Line be any how cut, the Reckangle con- 


tained under the whole Line, and one of its Parts, is 
equal to the Rectangle contained under the two Parts 


zogether, with the Square of the firſt-mention'd Part. 


Point C. I ſay, the Rectangle under A B and 


| BC is equal to the Rectangle under AC and BC, to- 


gether with the Square deſcribed on BC. 


ET the Right Line AB be any how cut in the 


For deſcribe * the Square C DEB upon BC; pro- * 46. x. 
duce E to F; and let A F be drawn jthro' A, Paral- 4 31. 1. 


lel to CD or BE. 


* hben 


Rectangles AD, C 


Kectaugle contained under the Segments. 


ET the Right Line A B be any how cut in C. ] 


the Angles KBC, GCB, are 4 equal to two Right 
Angles. But KBC is a Right Angle. Wheretore 


Fe J «3 3 r r 

; * Fj 4 & a 

3 * & g * 
4 d 4 

„ 


Then the T K AE ſhall be equal to the two 

And the Rectangle A E is that 
contained under A B and BC; for it is contained un- 
der AB and BE, whereof BE is equal to BC: And 
the Rectangle AD is that contained under AC and 
CB, ſince DC is equal to; CB: And DB is a Square 
deſcrib'd upon BC. Wherefore the Rectangle under 


AB and BC is equal to the Rectangle under AC and 


CB, together with the Square deſcribed upon BC. 


Therefore if 4 Right Line be any how cat, the Rectangle 
contained under the whole Line, and one of its Parts, 
it equal to the Rectangle contained under the two Parts 


zogetber, with the Square of the firſt- mention d Part; 


which was to be demonſtrated. 


PROPOSITION IV. 
THEOREM. 


If a Right Line be any how cut, the Square which is 


made on the whole Line will be equal to the Squares 
made on the Segments thereof, together with twice the 


TY 1 a 1 


= ſay, the Square made on A Bis equal to the 
Squares of A C, CB, together, with twice the Rect- 
angle contained under AC, CBR. ny 
For * deſcribe the Square ADE B upon AB, join 
BD, and thro' C draw f CGF parallel to AD or C 


BE; and alſo thro' G draw HK parallel to AB or 


Then becauſe CF is parallel to AD, and BD falls 
upon them, the outward Angle BG C ſhall be + equal 


to the inward and oppoſite Angle AD B: But the 


Angle ADB is * equal to the Angle A BD, ſince the 


Side BA is equal to the Side A D. Wherefore the 
Angle CG is equal to the Angle GBC; and ſo the { 


Side B C equal to the Side C G; but likewiſe the 


Side CB is + equal to the Side G K, and the Side CG 


to BK. Therefore GK is equal to KB, and CG KB 
is equilateral. I ſay, it is alſo Right-angled; for be- 
cauſe CG is parallel to BK, and CB falls on them, 


2 6505 


CB; and HF, CK, are the Squares of AC, CB. 
Therefore the four Figures HF, CK, AG, GE, are 


Dix. AD 


intermediate Diſtance, is equal to the Square made 


lay the Rectangle — — AD, DB, toge- 


: 9 2 * — 
or . "x bo 12 F N * * 4 
8 * 7 * 
4 


4 n 8 ve x; rs * Ah 
5 * . 
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GBC alſo is a Right Angle, and the oppoſite Angles ©" _ 
C GK, G K B, thall be Right Angles. Therefore | 

CGKB is a Rectangle. But it has been proved ta 

be equilateral. Therefore CG KB is a Square de- 


| ſcribed upon BC. For the ſame Reaſon HF is alſo 


a Square made upon HG, that is equal to the Square 2 
of AC. Wherefore HF and CK are the Squares of 2M 
AC and CB. And becauſe the Rectangle A G is 1 
* equal to the Rectangle GE, and A G is that which * 43 * 
is contained under AC and CB, for GC is equal to 
CB: GE fall be equal to the Rectangle under AC, 

and CB, Wherefore the Rectangles 1G GE, arc 

equal to twice the Rectangle contained under AC, 


equal to the Squares of AC and C B, with twice the 
Rectangle contained under AC and CB. But HF, 
CK, AG, GE, make up the whole Square of AB, 

EB. Therefore the Square of AB is equal 
to the Squares of AC, CB, F. N. with twice the N 
Rectangle contained under AC, CB. Wherefore, 4 
if a Right Line be any how cut, the Square which is 
made on the whole Line, will be equal to the Squares 
made on the Segments thereof, together with twice the 
Rectangle contained under the Segments; which was to 
be demonſtrated. - RV . 


Coroll. Hence it is manifeſt, that the Parallelograms | 


which ſtand about the Diamerer of a Square, are 
likewite Squares. 5 


PROPOSITION V. 
THEOREM. 
if a Right Line be cut into two equal Parts, and into 


two, unequal ones; the Rectangle under the unequal 
Parts, together with the Square that 1s made of the 


of half the Line. 


LE T any Right Line A B be cut into two equal 
Parts in C, and into two unequal Parts in D. I 


ther 


" 4 . K 2 1 * o 
a * ä * 7 4s £ hee. WY n f F 2 
q l L : * ARE a 5 ay * o 
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her. _ the Square of CD, is equal to the Square 
O - 3 | 1 
For + deſcribe CE F B, the Square of BC, draw 
BE, and thro' D draw * DHG, parallel to CE, or 
BF, and thro' H draw K LG, parallel to CB, or 
EF, and AK thro? A, parallel to CL, or BO. | 
- N ow the Complement CH is + equal to the Com- 
plement H F. Add DO, which is common to both 
of them, and the whole C O, is equal to the whole 
DF; but CO is + equal to A L, becauſe A C is equal 
to C B; therefore AL is equal to DF, and adding 
CH, which is common, the whole A H ſhall be 
equal to FD, DL, together. But AH is the Rect- 
angle contain d under AD, DB; for DH is 4 equal 
r. 4. to DB, * and FD, D L, is che Gnomon MN X; 
therefore MN X is equal to the Rectangle contain'd | 
under AD, DB, and if LG, being common, and 
* equal to the Square of CD be added; then the Gno- 


of CD; but the Gnomon MNX, and LG, make 
up the whole Square CE F B, viz. the Square of CB. 
Therefore the 7 under A D, BB, together 
with the Square of CD, is equal to the Square of 
CB. Wherefore, if a Right Line be cut into two equal 
Parts, and into two ee wert ones; the Rectangle under 

the unequal Parts, together with the Square that is made 
of the intermediate Diftance, is equal to the Square 


made of half the Line; which was to be demonſtrated, 


} 


mon MNX, and LG, are equal to the Rectangle 
contain'd under AD, DB, together with the Square 


Square of BC, is equal the Square of CD. „ 
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THEOREM. 
a R. ht Line be divided into two equal Parts, and 


another Right Line be added directly to the ſame, the © 


51 


Kectangle contain d under the Line, compounded of 


the whole and added Line, (taken as one Line,) and 
the added Line, together with the Square of half the 


Line, is equal to the Square of the Line compounded 
of half the Line, and the added Line taken as one 


Line. 


4 C, and BD added directly thereto. I ſay the 
Rectangle under AD, and D B, together with the 


For deſcribe * CE F D, the Square of C D, and 


EE, as alſo AK thro' A, parallel to CL, or DPM. 


Then becauſe A C is equal to CB, the NN + 
1 1$ 


AL ſhall + be equal to the Rectangle CH, but C 
+ equal to HF. Therefore A L will be equal to 


HF; and adding C M, which is common to both, 


{then the whole Rectangle A M, is equal to the Gno- 


ET the Right Line AB be biſected in the Point 


| 1 3 
Join DE; draw f BH G thro' B, parallel to CE, 


Lor DF, and K L M thro” H, parallel to AD, or 


46. 1. 
6. 1 85 


43. f. 


mon NX O. But A M is that Rectangle which is * Cor. 4, 
contain'd under A D, D B, for D M is * equal to DB; of this. 


therefore the Gnomon NX O is equal to the Rectan- 


Ile under A D, and DB. And adding LG, which + Cor. 4. 


Jof B C, is equal to the Gnomon NX O with LG. 
But the Gnomon NX O, and L G, together, make 
up the Figure CE F D, that is the Square of C D. 
Therefore the Rectangle under AN, and DB, together 
vith the Square of B C, is equal to the Square of 


ounded of the whole and added Line, ( taken as one 
we.) and the added Line, together with the Square 


2 "oh 


D. Therefore, sf a Right Line be divided into two | 
qual Parts, and another Right Line be added directly to- 
the ſame, the Rectangle contain'd under the Line, com- 


b common, 212. + the Square of CB; and then the this. 
Rectangle under AD, DB, together with the Square 
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of half the Line, is equal to the Square of the Line 
compounded of half the Line, and the added Line talen 
as one Line; which was to be demonſtrated. _ 


PROPOSITION VI. 
* HE O RE M. 5 


If a Right Line be any how cut, the Square of the 


whole Line, together with the Square of ane of the 

Segments, is equal to double the Rectangle contain d 
under the be Line, aud the ſaid Segment, tagether 
with the Square, made of the other Segment. 


L ET the Right Line AB be any how cut in the 


but AF, G E, 


Point C. I fay the Squares of AB, BC, toge- 
ther, are equal to double the Rectangle contain'd 


| 20 AB, BC, together with the Square, made of 


. 1. For let the Square of A B be * deſcrib'd, viz. A 
AD ERB, and conſtruct I the Figure 


=o 


8 8 Feen 19. donne 
added to both, the whole Rectangle A F ſhall be 


4 


equal to the whole Rectangle CE, and ſo the Reg- 
angles A E, C E. are 9 


make up the Gnomon K L and 


the Square CF. Therefore the Gnomon K LM, 


together with the Square CF, ſhall be ouble to the 
Rectangle AF. But double NN under AB, 


C, is double the Rectangle AF, for BF is + equal 
to BC. Therefore the Gnomon K I. X, and the 
Square C F, are equal to twice the Rectangle con- 
tain'd under AB, BC. And if H F, which is com- 
mon, being the Square of A C, be added to both: 

5 "hen 


—_— a — * ä — —_— 


ed 6—— 


9 A Figure is ſaid to be conſtrucred, when Lines, drawn in 
4 Parallelogram parallel to the Sides thereof, cut the Diame- 


ter in one Point, and make two Parallelograms about the Di- 
ameter, and two Complements. So likewiſe a double Figure 


is ſaid to be conſtructed, when two Right Lines parallel to the 
| Sides, make four Parallelograms about the Diameter, and 
four Complements, rh 


le to the 8K AF; 
v3 >] 
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then the Gnomon K I. M, and the Squares CF, 
1 „ Are, equal to double the 8 Rectangle contain'd 
under A B, B C, together with the Square of A C. 
But the Gnomon & L. M, together with the Squares = | 
CF, HF, are equal to ADEB, and CF, viz. the 
Stydares of AB, BC. Therefore the Squares of AB, 
B C, ate together equal to double the Rectangle con- 
rain'd under A B, BC, together with the Square 
of AC. Thetefote, if a Right Line be any how. cut, 
the Square of the whole Line, together with the Square 
| of one of the Segments, is 1 to double the Rectangle 
contaiuid under the whole ine, and the ſaid Segment, 
together with the Square, made of the other Segment; 
= which was to be demonſtrated. «© 2} 


* 


PROPOSITION VII. 
THEOREM, 


| If a Right Line be any how cut into two Parts, four 
times the Rectangle, contain'd under the whole Line, 
and one of the Parts, together with the Square of 
the other Part, is equal to the Square of the Line, 
compounded of the whole Line, and the firſt Part 
talen as one Line, a pes 
LI the Right Line A E be cut any how in C. 
— 1 fay four times the Rectangle contain'd under 
AB, BC, together with the Square of A C, is equal 
to the Square 1 AB, and Bl taken as one Line. 
For let the Right Line A B be produced to D, 
fo that BD be equal to BC, deſcribe the Square A 
FD, on AD, and conſtrue the double Figure. 
| Now ſince C B is * equal to BD, and alſo tox Hyp. 
. GK, and BD is equal to K N: G K fhall be 34. 1. 
likewiſe equal to K N; by the ſame Reaſoning, PR 
is equal to RO. And ſince CB is equal to B D, 
— and GK to K N, the Rectangle C K will + bes 36. 1. 
equal to the Rectangle B N, and the Rectangle & R 


to the Rectangle RN, But CK is * equal to RN; 431. 
7i- | for they are the Complements of the Parallelogram 
ure CO. Therefore BN is equal to G R, and the four 
te | Squares BN, K C, G R, RN, are equal to each 
and | : E38 Other; 


. 
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other; and ſo they are together uadruple C K. 
Again, becauſe CB is equal to BD, and BD to 


BE, that is, equal to CG; and the ſaid C B is equal 
alſo to G K, that is, to GP; therefore C G ſhall 
be equal to G P. But P R is equal to RO; there- 


fore the Rectangle A G ſhall be equal to the ReQ- 


angle MP, and the Rectangle P L equal to R F. 
But MP is equal to PL; for N oy the Com- 


plements of the Parallelogram ML. Wherefore A G 


is equal alſo to R F. Therefore the four Parallelo- 


grams A G, MP, PL, R E, are equal to each 


Other, and accordingly they are together Quadruple 
of AG. But it has been prov'd that the four Squares 
CK, BN, GR, RN, are Quadruple of C K. 


Therefore the four Rectangles, and the four Squares, 


making up the Gnomon S I V, are together Qua- 
druple of A K; and becauſe A K is à Rectangle 


contain'd under AB, and BC, for B K is equal to 
BC; four times the Rectangle under A B, 1 G 


will be Quadruple of AK. But the Gnomon 8 


has been prov'd to be Quadruple of A K. And fb 


four times the Rectangle contain'd under A B, BC, 


is equal to the Gnomon 8 ILV. And if X H, being 
equal to + the Square of A C, which. is common, 


be added to both: Then four times the Rectangle 
contain'd under AB, BC, together with the Square 


of A C, is equal to the Gnomon 8 T' Y, and the 


ques XH. But the Gnomon ST V and HX, make 


FD, the whole Square of AD. Therefore 


four times the Rectangle contain'd under AB, BC, 
together with the Square of A. C,. is equal to the 
Square of A D, that is, of AB and B C taken as 


one Line. Wherefore, if a Right Line be any how cut 
into two Parts, four times the 5 ectangle contain d un- 
der the whole Line, and one of the Parts, together 
with the Square of the other Part, is equal to the 


Square of the Line, compounded of the whole Line, 


amd the firſt Part talen as one Line; which was to be 


demonſtrated, 


PRO. 
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1 


PROPOSITION IX. 


THEOREM 


If a Right Line be any how cut into two equal, and two 


» 
” 


unequal Parts; then the Squares of the hy 947 Parts © 
together, are double to the Square of the half Line, 


and the Square of the intermediate Part, 


T ET any Right Line AB be cut unequally in D, 


is a Right one 


and equally in C. I fay the Squares of AD, DB, 


together, are double to the Squares of AC and CD 

together. 8 : 5 12 

or let * CE be drawn from the Point C at N „ 
=: 


Angles to AB, which make equal to AC, or 


and joirf EA EB. oP thro* D let f DF bedrawn f 31. 1. 
parallel to CE, and F G thro? F parallel to AB, and a 
draw AF. = „ 5 
No becauſe AC is equal to CE, the AngleEAC 
will be + equal to the Angle AEC; and fince the 4 5. 1. 
Angle at Cis a Right one, the other Angles AEC, 
EAC, together, ſhall * make one Right Angle, and * 3 Cor. 
are equal to each other: And ſo AE C, E A C, are each 3: 7+ 
equal to half a Right Angle. For the ſame Reaſon 
are alſo CEB, EBC, each of them half Right An- 
gles. Therefore the whole Angle AEB is a Right 
Angle. And ſince the Angle G EF is half a Right 
one, and EGF is a Right Angle; for it is f equal to + 29. 1. 
the in ward and oppoſite Angle EGB, the other an- 
le EF G will be alſo equal to half a Right one. 
herefore the Angle G E F is equal to the 1 EFG. 
And fo the Side EG is + equal to the Side & F. Again, + 6. 1. 
becauſe the Angle at B is half a Right one, and F DB 
TEE equal to the inward and oppo- 
lite Angle EC B, the other Angle BF D will be half 
2 Right Angle. Therefore the Angle at B is equal 


to the Angle BF D; and ſo the Side DF is equal to 
the Side BB. And becauſe AC is equal to CE, the 


Square of AC will be equal to the Square of CE. 


Therefore the Squares of A C, CE, together, are dou- 


ble to the Square of AC; but the Square of EA 
is | equal to the Squares of AC, CE, together, ſince + 47. 1. 
AGE is a Right Angle. 13 the —_— 4 ST 
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other; and ſo they are together Quadruple C K. 
Again, becauſe CB is equal to BD, and BD to 
BK, that is, equal to CG; and the ſaid C B is equal 
alſo to G „that is, to GP; therefore C G ſhall 
be equal to G P. But P R is equal to RO; there- 
fore the Wau A G ſhall be equal to the ReQ- 
angle MP, and the Rectangle PL equal to R F. 
But MP is equal to PL; for they are the Com- 


plements of the Parallelogram ML. Wherefore AG 


is equal alſo to R F. Therefore the four Parallelo- 
grams AG, MP, PL, R F, are equal to each 
Other, and accordingly they are together Quadruple 


of AG. But it has been prov'd that the four Squares 
CK, BN, GR, RN, are Quadruple of C K. 


Therefore the four Rectangles, and the four Squares, 
making up the Gnomon 5 I Y, are together Qua- 


druple of A K; and becauſe A K is a Rectangle 
cContain'd under AB, and BC, for B K is equal to 


BC; four times the Rectangle under A B, BC 
will be Quadruple of AK. But the Gnomon 8 T * 
has been prov'd to be Quadruple of A K. And ſo 
four times the Rectangle contain'd under A. B, BC, 
is equal to the Gnomon 8 IV. And if X H, being 
equal to + the Square of A C, which is common, 
be added to both : Then four times the 3 
contain'd under AB, BC, together with the Square 
of A C, is equal to the Gnomon 8 T Y, and the 


Square X H. But the Gnomon ST Y and HX, make 


AEF D, the whole Square of A D. Therefore 


four times the Rectangle contain'd under AB, BC, 


together with the Square of A C, is equal to the 
Square of A D, that is, of AB and B C taken as 
one Line. Wherefore, if a Right Line be any how cut 
into two Parts, four times the Rectangle contain'd un- 


der the whole Line, and one of the Parts, together 


with the Square of the other Part, is equal to the | 


Squarg of the Line, compounded of the whole Line, 


amd the firſt Part takew as one Line; which was to be 


demonſtrated. 


PRO- 


, is prod 
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Fa Right Line be any how cut injo Faw equal, and two 
unequal Parts; then the Squares. of the unequal Parts 
together, are double to the Square of the half Line, 
and the Square of the intermediate Part, = 


IE any Right Line AB be cut unequally in D, 
and equally in C. I ſay the Squares of AD, DB, 
together, are double to the Squares of AC and CD 
PP WEE. 
or let * CE be drawn from the Point C at 1775 1 
Angles to AB, which make equal to AC, or CB, | 
and join EA, EB. Ter thro D let DF be drawn f 31. 1. 
parallel to CE, and F G thro? F parallel to AB, and 
draw AF. e et 
Now becauſe AC is equal to CE, the AngleEAC 
will be + equal to the Angle AEC; and ſince the + 5. 1. 
Angle at C is a Right one, the other Angles AE C, 7 
EAC, together, ſhall * make one Right Angle, and * 3 Cor. 
are equal to each other: And ſo AE C, EA C, are each 321. 
equal to half a Right Angle. For the ſame Reaſon 
are alſo CEB, EBC, each of them half Right An- 
gles. Therefore the whole Angle AEB is a Right 
Angle. And ſince the Angle G E F is half a Right 
one, and EGF is a Right Angle; for it is + equal to + 29. 1. 
the in ward and oppoſite Angle EGB, the other an- 
le EF G will be alſo equal to half a Right one. 
I herefore the Angle G EF is equal to the FD 2's —_— 
And ſo the Side E & is + equal to the Side & F. Again, + 6. 1. 
becauſe the Angle at B is half a Right one, and FDB 
is a Right one 3 equal to the in ward and oppo- 
ſtte Angle ECB, the other Angle BF D will be half 
2 Right Angle. Therefore the Angle at B is equal 
to the Angle BFD; and ſo the Side DF is equal to 
the Side DB. And becauſe AC is equal to CE, the 
Square of AC will be equal to the Square of CE. 
Therefore the Squares of AC, CE, together, are dou- 
ble to the Square of AC; but the Square of EA 
Þ is | equal to the Squares of AC, CE, together, fince + 47. 1. 
| AGE is a Right Angle. 1 the — 4 5 
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EA is double to the Square of AC. Aga, | becauſe 
EG is equal to GF, and the Square of EG is equal 
to the Square of EF. Therefore the Squares of E G, 
F, together, are double to the Square of &. But 
147. 1. the 9 uare of E F is 4 equal to the Squares of EG, GF. 
| Therefore the Square of EF is double the-Square of 
4 F: But GF is equal to CD; and fo the Square of 
= - EF double to the Square of CD. But the Square 
of AE is likewiſe double to the Square of A C., 
| Wherefore the Squares of AE, and E E, are double 
to the Squares of AC and CB. But the Square of 
AF is I equal to the Squares of AE and EF; be- 
cauſe the Angle AEP is a Right Angle, and conſe- 
Qauently the Square of AF is double to the Squares 
1 EP AC and CD. But the Squires of AD, DF, 
are equal to the Square of AF: For the Angle at B 
+ WS DE. Angle, Therefore the Squares of AD 
and DF, to hes, ſhall be double to the Squares of 
AC and CD together. But DF, is equal to DB, 
Therefore the Squares of R D, and DB, together, will 
be double to the Squares of 'ACand C „together. 
Wherefore, F a Right Line be any how cat into tbo 
equal, and 7wwo uncqual Parts, then the Squares of the 
unequal Parts together, are double to the Square of the 
| half Line, and the Square of the intermediate Dart; : 
with was to be demonſtrated | ES i 


- 
r 


Pr 


Dee , ¶ð . ERS: 


PROPOSITION X. = H 
THEOREM. SH 


If a Rigbi Line be cut into two eqndl Part, td t it OO 
be direetly added anther; the Sqnhre made by he th 
Line compounded of | the whole Line, and the a; ided 0 

one, together with the Square of the adlded Eine, Wi 
ſhall be double to the Sqnare of the half Line, and the to 
Square of [that Line which is OR bf * the ot 
bah, and the added Line, Noa 


L E T the Ri oht Lite AB be bilected 3 in ©, and any of 
44 ftraighr Lie BD added directly thereto. I ſay the 

the Soares of AD, DB, together, are double to the III 
| Spe of AC, CP, 1 255 


For 


WM RT. FE EN. ooo ER . 


* pare of EG he be . to the Square of 1 
But 


hs leſs than two, 
duc'd, Will meet *. 
will meet towards BD. Now let them be produc'd, 
e each other in the Point G, and let AG be 
* 


fore the Squares of 
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For draw * CE from the Poijit © at Right Angles 11. x. 
t AB, which make equal to AC C, or CB, and draw + 
AE, EB; likewiſe chr“ E let BP be f drawn pa- T 31.1. — 
rallel to AD, and 'rhro* D, D F + te to CE. | *:- 
Then becauſe the Right Line F falls upon 1 : 

Parallels EC, FP, . e EFD, are t equal 4 29. 1. 
to tus Right Angles. Icherefork the Angles F EB, 
EF P, are together 1668 than two Right Angles. But 
Right Eines maki er with a third Line, Anyles toge- 

t Angles, being 'infinitely A 
Se EB, F D, produc'd, * Ax. 12. 


And then becauſe AC is equal to CE, the Angle 
AEC will be equal to the Angle EAC+: But the + 5. 1. 


8 Angle at C is a Right Angle. Therefore the Angle 
| CAE, or AEC, is half a Right one. By the ſame 


way of Reaſoning, the Angle CEB, or EBC, is half 


| 2 Right one. herefore A EB is a Right Angle. 


And fince EB C is half a Right Angle, DB G will} alſo + 15. 1. 
be half a Right Angle, ſince it is vertical to CBE. 
But BD G is a Right Angle alſo; for it is equal to 


the alternate Angle DC Therefore the remaining . 
Angle DGB is half a Right Angle, and ſo equal to 


DBG. Wherefore the Side B is * equal to the & 6. 1. 


Jide DG. A ain; becauſe EGF is half a 4 An- 
| ole, and the ngle at F is a Right Angle 


or it is 

equal to the oppoſite Angle at C; 2 rethaltihþ An- 

gle FEG will be alfo half a Right one, and is equal 

to the Angle EGF; and ſo the Side GFP is * equal / 

to the Side E F. And fince EC is equal to CA, and 

the Square of EC 3 to the Square of CA; thete- . 
C, CA, together, are double to 

me Square of CA. But the Square of EA is | ook + 47. 1. 

to the Squares of EC, CA. Wherefore the Square 

of EA is double to the Square of AC. Again, be- 

cauſe GF is equal to FE, the Square of G alſo is 

equal to the Square of FE. Wherefore the Squares 

of GF, FE; are double to the Square of FE. But 


the Square of EG is + equal to the Squares of G F, FE. 


Therefore the 4 45 of EG is double to the Square 
of EF: But EF is equal to CD. Wherefore the 


28 


® 46. 1. 


t Gof this. 


+47 of this. 


But the Square of EA has been prov'd to be double 
to the Square of AC, Therefore the Squares of 
AE, EG, are double the Squares of AC, CD. But 


to the Squares of AC, CD. But the Squares of AD, 
DG, are + equal ito the Square AG. Therefore the 
CD. But DG is equal to DB. 
AC, CD. Therefore f 4 Right Line be cut into twy 


equal Parts, and to it be directly added another; the 
Sar made on \ the Line compounded 99 the whole 


| Line, and the Square of (that Line whichis compounded 
4 of ] the half, aud the added Line, „ 4 


To cut a given Right Line fo, that the Rectangle con. 

to the Square of the other Segment, 

5 JET AB be a given Right Line, It is required to 
cut the ſame ſo, that the Rectangle contained 


under the whole, and one Segment thereof, be equal 
to the Square of the other Segment. 1 


equal to the Square of AH. 


gether with the Square of AE, is equal to the Square 


the Square of EB; for the Angle at A is a 


| 
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the Squares of A G is + equal to the Squares of A B, 
EG; and conſequently the Square of A G is double 


Squares of AD, D G, are double the . of AC, 
| Wherefore the 
Squares of AD, DB, are double to the Squares of 


ine, aud the added one, together with the Square of the 
added Line, ſpall be double to the Square of the half 


PROPOSITION. Xl. 
PROBLEM 


tained under the whole Line, and one Segment, be equal 


| Deſcribe * ABCD the Square of AB, biſe AC IM. 
in E, and draw BE: Alſo, produce CA to F, fo [ 
that E F be equal to E B. Deſcribe F G H A. the 


Square of A F, and produce GH to K. I ſay, AB pe 
is cut in H ſo, that the Rectangle under AB, BH, is 3 


For ſince the Right Line A C is biſected in E, and 4 
AE is directly added thereto, the Rectangle under 
CF, F A, together with the Square of AE, will be 
+ equal to the Square of EF. But EF is equal to 
EB. Therefore the Rectangle under CF, F A, to- 


of EB. But the Squares of BA, AE, are + cqual to 
ight An⸗ 
8 ole. 


72 obtuſe angled Triangles, 
| Fending the obtuſe 4 


Book II. Euclid's ELEMENTS. 


le. Therefore the £993 0 under CF, FA, to- 
gether with the Square of AE, is equal to the Squares 
of BA, AE. And taking away the Square of AE, 


which is common, the remaining Rectangle under 


CF, FA, is equal to the Square of AB. But FK 


is the Rectangle under CF, FA; ſince AF is equal 
to FG ; and the Square of AB is AD. Wherefore 


the Rectangle F K is equal to the Square AD. And 
if AK, which is common, be taken from both, then 


the remaining Square F H is equal to the remaining 
Rectangle HD. But HD is the Rectangle under AB, 
| BH, ſince AB is equal to BD, and Ff 

| of AH. Therefore the Rectangle under A B, B H 
| ſhall be equal to the Square of A H. And ſo the 
| given Right Line AB is cut in , ſo that the ReQ- 
angle under AB, BH, is equal to the Square of AH. 

8 hich was to be done. „ te” | 


is the Square 


PROPOSITION AL. 
THEOREM. 


the Square of the Side ſub- 


of the Sides containing the obtuſe Angle, by twice the 
Rectangle under one of the Sides, containing the ob- 
tuſe Angle, viz. that on which, produc'd, the Perpen- 
dicular falls, and the Line taken without, between the 
perpendicular and the obtuſe Angle. . 


ET ABC be an obtuſe angled Triangle, having 
the obtuſe Angle BAC; and * from the Point B * 12. 1. 
draw BD perpendicular to the Side CA produc'd. 
[1 fay the Square of BC is greater than the Squares of 
BA and AC, by twice the Rectangle contain'd under 
r 
For becauſe the Right Line CD is any how cut in 


$ 


Rectargle under CA, and AD. And if the Square 
of BD, which is common, be added, then the Squares 
of CD, DB, are equal to the Squares of CA, AD, 


2nd DB, and twice the Rectangle contain'd under 


ugle, is greater than the Squares 


59 


the Point A, the Square of CD ſhall be f equal to the + 4.of this, 
Squares of CA, and AD, together with twice the 


P 


0 f 5 . . — — — * — : : — ILY 
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CA and AD. But the Square of CB 3 equal to 
the Sgttates of CD; DB; DE che Angle at Dis a Right 
one, ſince BD is perpendicular, 100 the Square of 
AB is * equal to the 8 2 of A D, atid DB. Theis 
fore the Square of * 41 to the S quares of 
CA and AB, toget Aker ll 0 ice a Rectar FO under 
CA and AD. Therefore in obriife fe An ea Hanz let 


15 Sqnare of the Side fußte n ding the obtuſe Angle, i; 


ehter than wy Soares of ” des containing the 0b. 
me Angle, ba fo the Reckaugle under one of the 
Sie ak ie obtuſe 75 wag viz. that on which, 
prodnc'd, "ay e&rpendic lar 2 aud the Like tales 
Ede, between the ene. and 25 obruſe ag 
Which was to be a onſtrated | 


PROPOSITION . 
THEOREM. 


Is acute angled Triangles the 1 of the Side ſub- 


zending the acute Angles, is leſs than the Squares if 
#5e Sides containing the acute Angle, by twice a 
| Rectangle under one of the Sides. about the acute An 
ple; viz. on which the Perpettdicular falls, and tht 
Tine Mum'd withiy the Triangle, from the 9 
duic lar Jo the acnte e Ale. 


LET? ABC be an acute angled Triangle, having 
the acute Angle B: And from A le there *M 


drawn AD perpendicular to BC. I fy the Square 
of AC is leſs than the Squares of CB "nd BA by 


1 twice a Rectangle under CB and BD. 


17 of this. 


£ 47-7 


Fot becauſe the Right Line CB is cut any how in 
D, the Squares = CB and BD will be f equal to 
twice à Rectan le under CB and BD, together with 
the Square of DC. Ana if the Squar 88 f AD be 
ded? to both, then the Squares, of C BD, and 


DA, are equal to twice the Rectangle contaih'd un. 


der CB and BD. 1 with the Squares of AD 
and PC. But the quare of AB is + equal to the 
Squares of BD and DA; for the Angle at D is 
Right Angle. And the Square of AC is + equal to 
ho d Cha — of AD and DC. Therefore the Squares 


and BA are equal to the Square of A C, to- 


gether 


— — el hs 2 Ra . 
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ether, with twice the Rectangle contain d under CB 
nd BD. Wherefare the Square of AC anly, is iſs 
than the Squares of CB and BA, by twice the Rec- 
tangle under CB and BD. Therefore in ute angled 
Triangles, the 5 of the Side ſubtendiug the acute 
Angles, is leſs than the Squares Nl the Sides containing 
the acute Angle, by twice a Rectangle under one of A 
Sides about the acute Angle, viz. on which the Perpen- 
dicular falls, and the Line aſſum'd within the Triangle, 
| from the perpendicular to the acute Angle; which was 
to be demonſtratſeen. * 
A 


PROPOSITION XIV. 
8 PROBLEM. 
| To make à Square equal to a given Right-lin'd Figure. 


[> uir'd tg make 4 Square equal thereto. 
Rig 


By ef Vw Ur @2X 


2 r > 1 


— 


Night- angled Parallelogram BC DE 45. «: 

dare A. e if BE be . . 
„ What Ya propos'd will be already 

ze done, ſince the Square BD is made equal to the Right- 

„ lin'd Figure K: Bux if it be not, let either BE or ED 


I 2 » 


| be the greater: Suppoſe BE, wich be produc'd to 


F; ſo that EF be equal to his being done, 
ag let BE be þ biſected in G, about which, as a Center, + 10. 1. 
with the Diſtance G B or G , deſcribe the Semicircle 
ue BHF; and let DE be produc'd to H, and draw GH. 
Now becauſe the Right Line BF is divided into two 
equal Parts in G, and into two unequal ones in E, 
in the Rectangle under BE and EF, together with the Is 
to Square of GE, ſhall be + equal to the Square of GF. + 5 of this 
But GF is equal to GH. Therefore the Rectangle 
be under BE, EF, together, with the Square of GE, is 
md equal to the Square of GH. But the Squares of 
m. HE and EG are * equal to the Square of GH. * 47.17 
DI Wherefore the Rectangle under BE, EF, together 
the With the Square of EG, is equal to the Squares of 


of Make * th 
equal to the 
1. equal to E. 


s 2 HE, EG. And if the Square of E G, which is com- 
to] mon, be taken from both, the remaining Rectangle 
res contain'd under BE and EF, is equal to the Square 
to- of EH. But the Rectangle under BE and E F is the 
ber Parallelogram B D, becauſe EF is equal 25 : D. 

ere- 
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Therefore the Parallelogram B D is equal to the 
Square of E H; but the Parallelogram BD is equal 
to the Right-lin d Figure A. Wherefore the Right- 
lin'd Figure A is equal to the Square of EH. And 
ſo there is a Square made equal to the given Right- 
lin'd Figure A, vi. the Square of EH; which was 
to be done. = MOOR OE 


— 


e END of the SECOND Book. 
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ters the Right Lines that are drawn 
are equal. | 


cle, when touching the ſame, and being produc'd, does 
#0t cnt if. © Lo 


Circles are ſaid to touch each other, which Touching 


do not cut one another. 3 1333 
. Right Lines in a Circle are Fa to be equally diſ- 
tant from the Center, when 

rom the Center to them be equal. - 


8 


* 7 which the greater Perpendicular falls. 


a — ing Line, and a Part of the Circamference of a 
rcle, 
VII. Az 


l Circles are ſuch whoſe Diame. 


. Zers are equal; or from whoſe Cen- 


III. 4 ig ht Line is ſaid to touch a Cir- 


erpendiculars draum 
And that Line is ſaid to be farther from the Center, - 


. A Segment of a Circle is a Figure contained under 


'4 


f 


F 
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Square of E H; but the Parallelogram BD is et 
to the Right-lin d Figure A. Wherefore the Rig 
lin'd Figure A is equal to the Square of EH. 


lin'd Figure A, viz. the Square of EH; which 5 


ro be done. 
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Therefore the Parallelogram BD is equal to 


ſo there is a Square made equal to the given Rif 


| The END of the SECOND Book. 
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DEFINITIONS. 


ters are equal; or from whoſe Cen- 


are equal. 


II. A Kight Line is ſaid to touch a Cir- 


le, 
not cut it. 
do not cut one another. . 


tant from the Center, when 
from the Center to them be equal. 


And that Line is ſaid to be farther from the Center, 


* on which the greater Perpendicular falls. ; 
I. A Segment of a Circle is a Figure contained under 
a Right Line, and a Part of the Circumference of a 


Circle. 
VII. An 


E L Circles are ſuch whoſe Diame- 


ters the Right Lines that are drawn 


l. Circles are ſaid to touch each other, which Touching 


. Right Lines in a Circle are 5 ſo, be + on aiſ- 
er pendic ulars raum Y 
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VII. A. Angle of a Segment is that which is contained 
| 7 a Right Line, and the C ircumſereuce of a Circle. 
VIII. An Angle is ſaid to be in a Segment, when ſum: 
Point is Jakes in the Circumference thereof, and from 
it Right Lines are drqun to the Ends of that Righ 
Line, which is the Baſe of the Segment ; then the 
Angle Ly under the. Lines drawn, is ſaid to be 


IX. Bas whey the Right Lines coutainiug the Angle d 


receive any Circumference of the Circle, then th: 
Ag is ſaid ta ſtand upax that Circumfereuce. 
| X. : 7 
between the Right Liges drawn 


the Circumference contained between them. 


XI. Similar Segments of Circles are thoſe which imclutW 
equal Angles, or whereof the Angles in them are equal 
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pP RO POSITION I. 
To find the Center of a Circle given. 


E ABC be the Circle given. It is tt 
quired to find the Center thereof. 

t Let the Right Line AB be any hoy 

drawn in it, which * biſeEt in the Poin 

+ 11.1. [ERIN D; and let D C be + drawn from th 

Point D at Right Angles to AB, which 

let be produced to E. 1 

Then if EC be * biſected in F, I ſay, the Point F. 
the Center of the Circle ABC. One ns 


. = 


For if it be not, let & be the Center, and let G4 
GD, GB, be drawn. Now becauſe DA is equaltl 
DB, and DG is common, the two Sides AD, DG. 


are equal to the two Sides G D, DB, each to each. 


4Def.15.1. and the Baſe G A is + equal to the Baſe GB; forth] 


are drawn from the Center G. Therefore the Ang! 


' 8.x. ADG is j equal to the Angle GDB. But When! 


Right Line ſtanding upon à Right Line, _—_ tli 
85 | adJaceil 


' Sector of g Circle, is that Figure comprehendel ; 
ps m the Center, aul : 


a ts Loy Aq Dead Coed add ane es 
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adjacent Angles equal to one another, each of the 


equal Angles will * be a Right ge Wherefore Def. 10.1 


the Angle G DB is a Right Angle. But F DB is alſo 
a Right Angle. T heretore the Angle F DB is equal 
to the Angle GDB, a greater to a leſs, which is ab- 
ſurd. Wherefore G is not the Center of the Circle 
ABC. After the fame Manner we prove, that no 
other Point, unleſs F, is the Center. Therefore F is 
the Center of the Circle A BC; which was to be found. 


Coroll. If in a Circle, any Right Line cuts another 


Right Line into two equal Parts, and at Right An- 


gles ; the Center of the Circle will be in that cut- 


ting Line. 
PROPOSITION IL 
"THEOREM. 


177 any two Points he aſſum'd in the Circumference of a 


* Circle, the Right Line joining thoſe two Points ſoall 


| 3 ABC be a Circle; in the Circumference of 


fall within the Circle. 


which let any two Points A, B, be aſſumed. I 
Point B, falls within the Circl ee. 
For let any Point E be taken in the Right Line A B, 
and let DA, DE, DB be joined. 
Then becauſe DA is equal to DB, the Angle DAB 


| ſay, a Right Line drawn from the Point A to the 


Will be * equal to the Angle DB A; and fince the * 5. x. 


Side AE of the Triangle DAE is produced, the 
Angle DEB will be + greater than the Angle DAE, 


bur the Angle DAE is equal to the Angle DBE; 


therefore the Angle DEB is greater than the Angle 
| DBE. But thegreater Side ſubtends the greater Angle. 
Wherefore DB is greater than DE. But DB only 
comes to the Circumference of the Circle ; theretore 
DE does not reach ſo far. And ſo the Point E falls 


within the Circle. Therefore, if #wo Points are afſ= 


ſumed in the Circamference of a Circle, the Right Line 
joining thoſe two Points fhall fall within the Circle; 
Which was to be demonſtrated. 


2 2 2 Coroll. 


1 16. 1. 


* 
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Coroll. Hence if a Right Line touches a Circle, it will 


If in a Circle a * Line drawn through the Center, 


LI ABC be a Circle, wherein the Right Line 
Line AB not drawn thro? the Center. I fay, it cuts 4 
: + 1 of this, 


T nen becauſe AF is equal to F B, and F E is com- F 
mon, the two Sides AF, FE are equal to the two 


| fi 5. 1. 


tuo equal Parts, it Hall cut it at Right Angles; and if 
| | i 


equal to the Baſe EB. Wherefore the Angle A FE 


Line ſtanding upon a Right Line makes the adjacent 
Angles equal to one another, each of the equal Angles 


 drawnfrom the Center, is equal to E B, the Angle EA 
ſhall be || equal to the Angle E BF. But the Right An- 


bother: And ſo AF will be equal to FB. Therefore 
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touch it in one Point only. 
PROPOSITION. II. 
THEOREM. 


Gros 4 f 
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cuts any other Right Line not drawn through the 
| Center, into equal Parts, it ſhall cut it at Right An- 

gles; and if it cuts it at Right Angles, it ſhall cut it 
into two equal Parts, Fee 7 


3 


5 R 
1 R 5 
N 2 . n 


CD, drawn thro' the Center, biſects the Right 


it at Right Angles. = 1 
For * find E the Center of the Circle, and let EA, 
E B, be joined. = 1 


Sides BF, F E, each to each, but the Baſe E A is 
ſhall be + equal to the Angle BF E. But when a Right 


is Ls Right Angle. Wherefore AF E, or BFE, is 
a Right Angle. And therefore the Right Line CD 
drawn thro* the Center, biſecting the Right Line 
AB not drawn thro' the Center, cuts it at Right An- 
gles. Now if CD cuts AB at Right Angles, I fay, 
it will biſect it, that is, AF will be equal to FB. For 
the ſame Conſtruction remaining, becauſe E A, bein 


kk.  @. Bw, fros An PAY bp, Wk. op fog Leak > Ah 


* 


gle AF E is equal to the 155 Angle BF E; therefore 
the two Triangles EA F, EBF, have two Angles of 
the one equal to two Angles of the other, and the Side 
EF is common to both. Wherefore the other Sides 
of the one ſhall be | equal to the other Sides of the 


if in a Circle a Right Line drawn thro' the Center, cuts 
any other Right Line not drawn thro' the Center, imo 
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cuts it at Right Angles, it ſhall cut it into two equal 
= Paris; which was to be demonſtrated. 6 >= 


| PROPOSITION IV. 
| THE ORE M. 


Ins a Circle tuo Right Lines, not being drawn thro) the 
= Center, cut each other, they will not cut each other 
into two equal Parts. 


. LET ABCD be aCircle, wherein two Right Lines "1 
3 AC, BD, not drawn thro” the Center, cut each 
other in the Point E. I ſay, they do not biſe& each 

other. 5 5 

For, if poſſible, let them biſect each other, ſo that 

AE be equal to EC, and BE to ED. Let the Ccenn 
ter F of the Circle ABCD be found, and join EF. 1 of this. 
= Then becauſe the Right Line FE drawn thro' the 
Center, biſects the Right Line AC not drawn thro — 
@ the Center, it will 4 cut AC at Right Angles. And f 3 H chic. 
= FEA is a Right Angle. Again, becauſe the Right 
Line F E biſects the Right Line BD not drawn thro? 

the Center, it will 4 cut BD at Right Angles. There- 

fore FEB is a Right Angle. But F E A has been 

& ſhewn to be alſo a Right Angle. Wherefore the An- 

E gle FEA will be equal to the Angle FEB, a leſs to a 
greater; which is abſurd. Therefore AC, BD, do 

not mutually biſect each other. And fo if in 4 Circle 

8 zwo Right Lines, not being drawn thro the Center, cut 

| each other, they will not cut each other into two equal - 
Parts; Which was to be demonſtrated. | 


PROPOSITION. V. 


05 | THEOREM. 
i | If two Circles cut one another, they ſhall not have the . 
es ſame Center. 


- LET the two Circles A B C, C D G, cut each 
| other in the Points B, C. I ſay, they have not 
the ſame Center. 
"if For if they have, let it be E, and join E C, and 
i: draw E FG at pleaſure. | „„ 
F 2 Now 
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Now becauſe Pis the Center of the Circle CDG, 

CE will be equal to EF. Again, becauſe E is the 

Center of the Circle C D G, CE is equal to E G. 

But CE has been ſhewn to be equal to EF. There- 

fore EF ſhall be equal to EG, a leſs to a greater, 

which cannot be. Therefore the Point E is not the 

Center of both the Circles ABC, CDG, Where- 

fore, sf #wo Circles cut one another, they fhall not have 

the ſame Center; which was to be demonſtrated. 


= PROPOSITION VI 
| „„ THLOKEN 

18 Ff two Circles touch one another inwardly, they will nut 

1 „ | have one and the ſame Center. 


IT ET two Circles ABC, CD E, touch one another 
3 . inwardly in the Point C. I ſay, they will not 
have one and the ſame Center. 
For if they have, let it be F, and join FC, and 
%% RE ac : 
Ihen becauſe F is the Center of the Circle ABC, 
CF is equal to FB, And becauſe F is only the Center 
of the Circle CDE, CF ſhall be equal to EF. But 
CF has been ſhewn to be equal to FB. Therefore FE 
is equal to FB, a leſs to a greater; which cannot be. 
Therefore the Point F is not the Center of both the 
Circles ABC, CDE. Wherefore, if :- o Circle: 
touch one another inwardly, they will not have one and 
the ſame Center; which was to be demonſtrated. 
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III. s Euclid's ELEMENTS. 


PROPOSITION VII. 
_ THEOREM. 


If in the Diameter of a Circle ſome Point be taken, 
which is not the Center of the Circle, and from that 
Point certain Right Lines fall on the Circumference 
of the Circle, the greateſt of theſe Lines "* be that 
wherein the Center of the Circle is; the leaſt, the Re- 
mainder of the ſame Line. Aud of all the other 
Lines, the neareſt to that which was drawn thro? the 
Center, is always greater than that more remote, and 


only two equal Lines fall from the aboveſaid Point 
upon the Circnmference, on each Side of the leaſt or 
greateſt Lines. Cr 


NEE” 


E T ET ABCD beaCircle, tte Tiriecs is AD, 
A in which aſſume ſome Point F, which is not the 


b Center of the Circle. Let the Center of the Circle 
be E; and from the Point F let certain Right Lines 
= FB, FC, FG, fall on the Circumference. I ſay, FA 


7 is the greateſt of theſe Lines, and FD the leaſt; and 
of the others FB is greater than F C, and FC greater 


0 than FG. 


For let BE, CE, G E, be joined. 


- E F are equal to AF. And ſo AF is greater than 


Again, becauſe B E is equal to C E, and FE is 
common, the two Sides B Eand FE, are equal to the 
two Sides CE, EF. But the Angle B E F is 
greater than the Angle CE F. Wherefore the Baſe 
BF is greater than the Baſe FC f. For the ſame + 24. 1. 
| Reafon, CPF is greater than E G. „ | 


| Again, becauſe G F and E E are + greater than 


EG E, and G E is equal to BD; G F and FE 
hall be greater than ED; and if E E, which is com- 


mon, be taken away, then the Remainder G F is 


greater than the Remainder FD. Wheretore F A 


is the 13 of the Right Lines, and F E the leaſt: 


Alſo BF is greater than FC, and FC greater than F G. 


Then becauſe two Sides of every Triangle are 
greater than the third; BE, EF, are greater than * 
BF. But AE is equal to BE. Therefore BE and 
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Sides HE and EF. But the Angle G E F, is equal 
Line falling from the Point P, on the Circle, can 


F K will be equal to F H, viz, a Line drawn 


more remote, which cannot be. therefore, in th: 
Diameter of a Circle, ſome Point be taken, which is nut 


Night Lines fall on the Circumference of the Circle, the 
greateſt of theſe Lines ſhall be that wherein the Center 


Line. And of all the other Lines, the neareſt to that 
which was drawn thro" the Center, is always greater 


Euchd's ELEMENTS. Book III. 


I ſay, moreover, that there are only two equal 
Right Lines that can fall from the Point F on 
A BCD, the Circumference of the Circle, on each Side 
the ſhorteſt Line F D. For at the given Point E, 
with the Right Line E E, make + the Angle F EH 
equal to the Angle G E E, and join F H. Now 
becauſe G E is equal to E H, and E F is common, 
the two Sides & E and E F, are equal to the two 


to the Angle HE F. Therefore the Baſe Þ G hal 
be + equal to the Baſe F H. I ſay, no other Right 


be equal to FG. For if there can, let this be 
F K. Now fince F K is equal to F G, as alſo FH, 


nigher to that paſſing thro? the Center, equal to one 


the Center of the Circle, and from that Point certain 
? 
of the Circle is; the leaſt, the Remainder of the ſame 


than that more remote; and only two equal Lines fall 
from the aboveſaid Point upon the Circumference, on 
each Side of the leaſt or greateſt Lines; which was ta 
he demonſtrated, „ Wo 
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PROPOSITION VII. 
THEOREM. 


; | If ſome Point be aſſum'd without a Circle and from it 


E. 
cl 


certain Right Lines be drawn to the Circle, one of 
which paſſes thro' the Center, but the other any how; 


the greateſt of theſe Lines, is that paſſing thro the 


Center, and falling upon the Concave Part of the 
Circumference of the Circle; and of the others, that 


which is neareſt to the Line paſſing thro* the Center 


i greater than that more remote. But the leaſt of 
the Lines that fall upon the Convex Circumference 
= of the Circle, is that which lies between the Point 


and the Diameter; and of the others, that which is 
nigher to the leaſt, is leſs than that which is further 


c4iſtaut; and from that Point there can be draws 


only two equal Lines, which ſhall fall on the Circum- 
ference on each Side the leaſt Line, 


E L ET ABC be a Circle, out of which take any | 


Point D. From this Point let there be drawn 


certain Right Lines DA, DE, DF, DC, to the 
Circle, whereof D A paſſes thro? the Center. I ſay 
PD A, which paſſes thro? the Center, is the greateſt of 
the Lines falling upon AEF C, the Concave Circum- 
ference of the Circle, and the leaſt is D G, vix. the 
Line drawn from D to the Diameter G A: Like- 


Z wiſe D E is greater than DF, and D F greater than 
= DC. But of theſe Lines that fall upon HL GK 
the Convex Circumference of the Circle, that which 
is neareſt the leaſt D G, is always leſs than that more 
remote; that is, D K is leſs than DL, and D L leſs 
than DH. F 1 1 5 

For find * M the Center of the Circle A B C, and & 1. of ehis. 
let ME, MF, MC, MH, ML, be join'd. By 


Now becauſe A M is equal to ME; if MD, 


| which is common, be added, A D will be equal to 
| EM and MD. But EM and M D are greater + 20. 2. 


than E D f therefore AD is alſo greater than E D. 
Again, becauſe ME is equal, to MF, and M D is 
common, then E M, M D, ſhall be equal to M E, 
MD; and the Angle EM Dis greater than the An 


4 gle 


7x 


752 Enasclid's ELEMENTS. Book III. 
24. 1. gle FMD. Therefore the Baſe ED will be 4 greater 
than the Baſe FD. We prove, in the ſame Manner 
that F D is greater than C D. Wherefore D A is the 
5 of the Right Lines falling from the Point D; 
5 5 is greater than DF, and D F is greater than 
* 20. 1. Moreover, becauſe MK and K Dare * greater than 
MD, and MG is equal to M K; then the Remain- 
T axiom. 4, der K D will 1 be 3 than the Remainder G D. 
And ſo GD is leſs than K D, and conlequently is 
the leaſt. And becauſe two Right Lines M K, 
: KD, are drawn from M and D to the Point K, with- 
F 21.1, in the Triangle ML D, MK, and K D, are + leſs 
5 than M L and LD; but M K is equal to K L. 
Wherefore the Remainder D K is leſs than the Re- 
mainder D L. In like Manner we demonſtrate that 
DL is leſs than DH. Therefore D G is the leaſt. 

And DK is leſs than D L, and DL than DH. 

I fay, likwiſe, that from the Point D only two 
. Right Lines can fall upon the Circle on each 
* 23. 1, Side the leaſt Line. For make* the Angle DMB at 
the Point M, with the Right Line M D, equal to 
the Angle K M D, and join DB. Then becauſe 
M K is equal to MB, and M D is common, the 
two Sides K M, M D, are equal to the two Sides 
B M, MD, each to each; but the Angle K M 
- is equal ro the Angle B M D. Therefore the Baſe 
+ 4. 1. DK is f equal to the Baſe DB I fay no other 
Ul..ine can be drawn from the Point D to the Circle 
equal to DK; for if there can, let D N. Now 
ſince DK is equal to D N, as alſo to D B, there- 
fore DB ſhall be equal to DN, #2z. the Line drawn 
neareſt to the leaſt equal to that more remote, which 


| has been ſhewn to be impoſſible. Therefore, if ſome W 


Point be aſſum'd without a Circle, aud from it certain 
Right Lines be draws to the Circle, one of which paſſes 
through the Center, but the others any how; the greateſs 
of theſe Lines, is that paſſing thro” the Center, and fat 
ling upon the Concave Part of the Circamference pf the 
Circle; and of the others, that which is neareſt to the 
Line paſſing thro? the Center, is greater than that more 
remote, But the leaſt of the Lines that fall upon the 
Convex Circumference of the Circle, is that which lies 
between the Point and the Diameter; and af the . 
5 Tal 
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that which is nigber to the leaſt, is lefs than that which 

is farther diftant ; and from that Point there can be 

drawn only two equal Lines which ſhall fall on the Cir- 
| cninference on each Side the leaſt Line; which was to 
be demonſtrated. 9 


PROPOSITION. E. 


f HORN EM. 

4 If a Point be aſſum'd in a Circle, and from it more than 

= zwo equal Right Lines he drawn to the Circumfe- 
rence; then that Point is the Center of the Circle. 


ET ET the Point D be aſſum'd within the Circle 
ABC; and from the Point D, let there fall 
more than two Right Lines to the Circumference, 


W 2:2. the Right Lines DA, DB, DC. I lay the as 
ſum'd Point D is the Center of the Circle AB C. 
& For if it be not, let E be the Center, if poſſible, 
and join DE, which produce to & and F. 
Then F G is a Diameter of the Circle A B C; and 
ſo becauſe the Point D, not being the Center of the 
Circle, is aſſum'd in the Diameter FG, D G, will 


be the greateſt Line drawn from D to the Circum-* 7 of this. 


ference, and D C greater than D B, and D B than 
EDA; but they are alſo equal, which is abſard. There- 
fore E is not the Center of the Circle AB C. And 
in this Manner we prove that no other Point except 
D is the Center; therefore D is the Center of the Cir- 
cle ABC; which was to be deinonſtrated. . 


$ 


Otherwiſe 2 


Let ABC be the Circle, within which take the 
Point D, from which let more than two equal Right 
Lines fall on the Circumference of the Circle, vz. 
the three equal ones D A, D B, DC: I ſay, the 
Point D is the Center of the Circle AB C. : 

| For join AB, BC, which biſect * in the Points 
E and Z; as alſo join ED, DZ; which produce to 
the Points H, K, O, L; then becauſe AE is equal to 


EB, and ED is common, the two Sides A E, Sa 
a 


. 
— — — ᷓͤ œäꝗ— —— — a — — ——— l] — 2 ———ů—ů——— 


— 


1 9. of this. 
+ By Hyp. S 


And fo [ by Def 10. 1.] each of the 125 les AED 
BE D, is a Right Angle: Therefore H biſecting 


D: Therefore B is the Center of the Circle ABC 25 
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ſnall be equal to the two Sides BE, ED. And the 


Baſe D 4 is equal to the Baſe D B': Therefore thei 
Angle AED will be * equal to the Angle BED: 


AB, cuts it at ight Angles. And becauſe, a Righ : 


| Line in a Circle, biſecting another Right Line, cut 45 


it at Right Angles, and the Center of the Circle is in 


the cutting Line, [ by Cor. 1.3. ] the Center of the Ci. 


cle ABC will be i in HK. For the ſame Reaſon, the z 
Center of the Circle will be in OL. And theRigh 5 
Lines HK, OL, have no other Point common bu 


which was to be demonſtrated. 


PROPOSITION X. 
THEOREM. 


AC rele cannot cut another Circle in more that L 
two Points. 3 


OR if i it can, let the Circle ABC cut t the Circk 5 
DEF in more than two Points, v2. in B, G, 1 
pry let K be the Center of the Circle ABC, and j jon A 
KKK KF. - - 
Now becauſe the Point K is aſſum'd within the 
Circle DEF, from which more than two equi 
Right Lines K B, K G, K FE, fall on the Circumfe 
rence, the Point K ſhall be 4 'the Center of the Cir . 
cle DEF. But K is + the Center of the Circle A BC 
Therefore K will be the Center of two Circles cut 
ting each other, which is abſurd. Wherefore a Cir 
cle cannot cut a Circle in more than two Points; 
which was to be demonſtrated, | . 


PR 0 0 


2 
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PROPOSITION XI. 
THEOREM. 


> * tuo Circles touch each other on ; the 2 45 and the 
Centers be found, the Line joinin their Centers, 
will fall on the [ Point of | C nia? of thoſe Cireles. 


£3 [JET two Circles ABC, ADE, touch one ano- 
"= ther inwardly in A, and let F be the Center of 
che Circle AB C, and G that of ADE. I fay, a 
Right Line] joining the Centers G and P, being pro- 
duc'd, will fall in the Point A. 
II this be denied, let the Right Line, joini ng F G, 
eut the Circle in D and H. 
= Now becauſe A G, G F, are greater than ! 7 
2 * that is, than FH; take way 5 G, which is common, 
Wand the Remainder AG is ah, than the Remainder 


$ is greater than G H, the leſs than the greater, which 
is abſurd. Wherefore a Line drawn thro? the Points 
HR will not fall out of the Point of Contact A, 
; and To neceſlarily muſt fall 1 in it; which Was 10 be de- 
4 ſnonſtrate d. 


PROPOSITION XIL 
TH E OR EM. 
I two C ircles touch one another on the Oatſide, a Rig be 


8 


of ] Contact, 


ET two Circles AB c, A D E, touch one ano- 
ther outwardly in the Point A; and let F be the 
ua of the Circle ABC, and G that of ADE. I 
Clay, a Right Line drawn thro? the Centers F, G will 
E pals thro” the Point of Contact A. 
For if it does not, let, if poſſible, F CDG fall with 
O out it, and join FA, AG. 
Nou fince E is the Center of the Circle A B C, A F 


| vin be equal FC. And becauſe G is the Center 8 
the 


H. But AG is equal to GD; therefore GD 


Line joining their Centers will paſs thro the [Pains 
* 
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* 12. 


. 


the Circle ADE, AG will be equal to GD: By 
* 20. 1. FG is greater than FA, AG; and alſo leſs, * which 


 awhich was to be demonſtrated. 


MOR, in the firſt Place, if this be denied, let t 


EBF D inwardly, in more Points than one, viz. 


and H that of EBFD. 


111 of this. 
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AF has been ſhewn to be equal to FC; therefor 
FA, AG, are equal to FC, DG. And fo the whole 
is abſurd. Therefore a Right Line drawn from the? 
Point F to G, will paſs thro' the Point of Contact A 
PROPOSITION XIII. 


One Circle cannot touch another in more Points tha 
one, whether it be inwardly, or outwardly. | 


+368 
3 


Circle AB D C, if poſſible, touch the Circl:W 


And let G be the Center of the Circle A BDP 


Then a Right Line drawn from the Point G to H 
will + fall in the Points B and D. Let th 
Line be BEHD. And becauſe G is the Center df 
the Circle AB DC, the Line BG will be equal to 
G D. Therefore BG is greater than HD, and BH 
much greater than HD. Again, ſince H is the Cen 


ter of the Circle EB FD, the Line BH is equal i 


the Circle ABDC outwardly in more Points thai 
one, 2/3. in A and C, and let A, C, be join'd. 


it has been prov'd, that one Circle cannot touch ano. 


HD. But it has been prov'd to be much great 
than it, which is abſurd. Therefore one Circle car 
not touch another Circle inwardly in more Point 

than one. OY . Ic 


Secondly, let the Circle ACK, if poſſible, touct 4 


Nou becauſe two Points A, C, are aſſum'd in th 
Circumference of each of the Circles AB DC, A Chl 
a Right Line joining theſe two Points, will fall 
within either of the Circles. But it falls within te 
Circle ABDC, and without the Circle A CK, which 
is abſurd. Therefore one Circle cannot touch ano 


ther Circle in more Points than one outwardly. Bull 


ther Circle inwardly, [ in more Points than one. 


W here: 
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EW herefore one Circle cannot touch another in more 
Points than one, whether it be inwardly or outwardly ; 
Vhich was to be demonſtrated. 
PROPOSTT ION XIV. 
THEOREM. 


2 qual Right Lines in a Circle are e ually aiftant from 
the Center; and Right Lines, which are equally di- 
ant from the Center, are equal between themſelves. 


5 
"Tix 
8 
N 
„ 
5 
* 5 
; 
* 


ET AB DC be a Circle, wherein are the equal : 
Right Lines A B, CD. I ſay theſe Lines are — 
equally diſtant from the Center of the Circle. 

= For let E be the Center of the Circle AB DC; 

rom which let there be drawn EF, EG, perpendi- 

rular to AB, CD, and let AE, E C, be joined. _ 

Ihen becauſe a Right Line EF, drawn thro? the 

Center, cuts the Right Line AB, not drawn thro” 

e Center at Right Angles, it will * biſect the ſame. * 4 of this. 
Wherefore AF is equal to FB, and fo AB is double 1 

go AF. For the ſame Reaſon CD is double to CG, 

put AB is equal to CD. Therefore AF is equal to 

BCG; and becauſe A E is equal to EC, the Square of 


; 3 quares of AF and FE are + equal to the Square of + 47. 1. 


C, fince the Angle at G is a Right one. There- 
Wore the Squares of AF and FE, are equal to the 
Pquares of CG and GE. But the Square of AF is 
Equal to the Square of CG; for AF is equal to CG. 
Therefore the Square of FE is equal to the Square 
f EG; and ſo F E equal to EG. Allo Lines in a 
Lircle are + ſaid to be equally diſtant from the Center, + Def. 
when Perpendiculars drawn to them from the Center þ of this. 
Are equal. Therefore AB, CD, are equally diſtant 
From the Center. 1 > 
But if AB, CD, are equally diſtant from the Cen- 
3 Ty Alt is, if FE be equal to EG. I fay AB, is equal 

o CD. 1 6 „ 
For the ſame Conſtruction being ſuppos'd, we de- 
e. monſtrate as above, that AB is double to AF, yl 


3 
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Od to CG; and becauſe AE is equal to EC, the 


1 Square of AE will be equal to the Square of EC. 
19. 1. But the Squares of EF and FA, are + equal to the 


Square of AE, and the Squares of EG, and GC, 2 


equal to the Squares of EC. Therefore the Square 
of EF, and FA, are equal to the Squares of EG 
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and GC. But the Square of E G is equal to the 
Square of EF 5 for EG is equal to EF. Therefore 2 | 
the Square of AE is equal to the Square of CG; and 
fo AF is equal to CG. But AB is double to AF We 

and CD to CG. Therefore equal Right Lines ins 
Circle are equally diſtaut from the Center; and Right — 
Lines, whe are equally diſtant from the Center, ari 
equal between themſelves; which was to be demon- 


ſtrated. 


_ THEOREM. 


A Diameter is the greateſt Line in a Circle; and of ali 
the other Lines therein, that which is neareſt to thi 


Center is greater than that more remote. 


1 ET ABCD de a Circle, whoſe Diameter is ADM 
and center E; and let BC be nearer to the Di } 
meter than FG. I ſay, AD is ithe greateſt, and BU 


is greater than F G. 5 


or let the Perpendiculars E H, E K, be draw 5 


from the Center E to BC, FG. Now becauſe BU 


is nearer to the Center than FG, EK will be greater ; 
than EH. Let E L be equal to EH; draw LM 


thro? L at 1 1 Angles to E K, which produce to N 
and let EM, EN, EF, E G, be join'd. Ee, 

Then becauſe EH is equal to EL, the Line B0 

* 14 of this. Will be equal to MN*. Again, ſince AE is equi 

to EM, and DE to EN, AD will be equal to ME 

+ 20.1. and EN. But ME and EN are f greater than MN: 

And ſo AD is greater than MN; and NM is equi 

to BC. Therefore AD is greater than BC. And 

ſince the two Sides EM, EN, are equal to the two 


Sides FE, EG, and the Angle MEN greater that 


+ 24. 1. the Angle FEG; the Baſe MN fhall be greate 
than the Baſe FG. But MN is equal to BC. her 
or 
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fore BC is greater than FG. And ſo the Diameter 
Ab is the great and BC is greater than FG. 
EWhereforezhe Diameter is the greateſt Line in à Circle; 
and of all the other Lines therein, that which i 7s neareſt 
to the Center is greater than that more remote; which 
Y was to be demonſtrated. 1 


PROPOSITION XVI. 
THEOREM. 


Lim drawn from the extreme | Point] of the Dis- 
E meter of a Circle at Right Angles to that Diameter, 
| 4 fall without the 0 rele, and between the ſaid 
= Right Line, and the Circumference, no other Line 
can be drawn; and the Angle of a Semicircle is greater 
= than any Ri hr-lin'd acute Angle; and the remaining 
= Angle | without the Circum ference] is leſs than any 
Abl Angle. 


ET ABC be a Circle, whoſe Center is D, and 
Diameter AB. I ſay, a Right Line drawn from 

Whe Point A at Right Angles to AB, falls without 

Whe Circle. 

: For if it does not, let it fall, if poſſible, within the 
Circle, as AC, and join DC. 

No becauſe DA. is equal to DC, the An jleDAC | 

Pall be * equal to the Angle ACD. But DACisa * 7. 1. 
$\ight Angle; therefore ACD is a Right Angle: And 

Fecordingly the Angles DAC, ACD, are equal to 

Two Right Angles; which is abſurd +. Therefore a +17. 1. 
Night Line drawn from the Point A at Right Angles 

Wo BA, will not fall within the Circle; and ſo like- 

iſe we prove, that it neither falls in the Circumfe- 

ence. Theretore it will neceſſarily fall without the 

ame; which now let be AE. 


1 { 
* 


| 

WT Apain, between the Right Line AE, and the Cir- 
mterence C H A, no other Right Line can be 

_— Wawn. 

% "il For if there can, let it be FA, and let DG be 12. ts 
ole awn at Right Angles from the Center D to FA. 


Now becauſe AG is a Right Angle, and DA G 
Lets than a Right Angle, DA will , greater than 
)G*., But DA is qual to DH. Therefore DH is * 19.1. 
2 greater 


50 


tween A E, and the Circumference A H C. I fy 
tain'd under the Right Line B A, and the Circumfe. 
Angle; and the remaining Angle contain'd under thi 


leſs than any Right-lin'd Angle. 


rence CHA, and the Right Line AE, then a R 


than the Angle contain'd under the Circumferenc 


Coroll. From hence it is manifeſt. that a Right Lin 
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greater than, D G, the leſs than the greater; which ig 
abſurd, Wheretore no Right Line can be drawn he. 


moreover, that the Angle of the Semicircle, con. 
rence CHA, is greater than any Right-lin'd acute 
Circumference CHA, and the Right Line AE, . 

For if any Right-lin'd acute Angle be greater tha g C 
the Angle contain'd under the Right Line BA, ani 
the Circumference CHA; or if any Right-lin'd An 
gle be leſs than that contain'd under the CircumteWi 


Line may be drawn between the Circumference C HA 
and the Right Line AE, making an Angle great 


than that contain'd under the Right Line BA, and te 
Circumference CHA, vi. which is contain'd unde 
Right Lines, and leſs than that contain'd under t. 
Circumference CHA, and the Right Line AE. Bu 
ſuch a Right Line cannot be drawn from what he 
been prov'd. Therefore no Right-lin'd acute Angi 


is greater than the Angle contain'd under the Ri 
Line BA, and the Circumference CH A; nor le 


CHA, and the Right Line AE. 


drawn at Right Angles on the End of the Diam 
ter of a Circle, touches the Circle, and that in oft 
Point only, becauſe, if it ſnould meet it in tu 
Points, it would fall within the ſame; as has be 
demonſtrated. Io, | „ 


PROPOSITION XVII 
e PROBLEM. 
To draw a Right Line from a given Point, that ſi 


Touch a giden Circle. 


LET A be the Point given, and BCD the C 

cle. It is requir'd to draw a Right Line fr 
the Point A, that ſhall touch the given Circle BCD 
2 5 | 


Let E be the Center of the Circle, and join AE; 
When about the Center E, with the Diſtance EA, "ag 


Wo EA, and join EBF, and AB. I ſay the Right 
Line AB is drawn from the Point A, touching the 
Circle BCD. 

For ſince E is the Center of the Caves BCD, 
FG, the Line EA will be equal to EF, and ED 
; bo EB. Therefore the two Sides AE, EB, are equal 
; o the two Sides FE, ED, each to each; and they 
Vontain the common Angle E. Wherefore the Baſe 


DEF equal to the Triangle EBA, and the remain- - 
Ing Angles of the one equal to the remaining Angles 
f the other. And fo the Angle EBA is equal to 
We Angle E D F. But ED F is a Right An lo 
Wherefore EBA is alſo a Right Angle, and EB is 
Line drawn from the Center; but a Right Line : 
Wrawn from the Extremity of the Diameter of a Cir- 


Pre AB touches the Circle; which was to be done. this. 


PROPOSITION XVII. 
THEOREM. 


|; any Ri ht Line bone der a C ircle, * from the i c en 
ter to the Point of Contact a Right Line be drawn ; 
that Line will be perpendicular to the Tangent. 


ET any Right Line DE touch a Circle ABC in 
the Point C, and let there be drawn the, Right 
ine FC from the Center C. I ſay FC is perpen- 
cular to DE. 
For if it be not, let FG be drawn * from the Point *12.1, 
perpendicular to D = 
Now becauſe the Angle F GC is a Right Angle, 
e Angle GCF will +; Ln acute Angle; and ac- f 32.1, 
rdingly the Angle FG © is greater than the Angle 
CG; but the 3 Side eee + the greater + 19. . 
| ngle. Therefore PC is greater than FG. Bur FC 
ral to FB, Wherefore FB is greater than FG, 

leſs than the greater; which is abſurd. Therefore 
( is not perpendicular to DE. And in the ſame 
Manner, 
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Wcribe the Circle AFG; draw DF * at Right Angles 11. t. 


F is + equal to the Baſe AB, and the Triangle 1 32. * 


le at Right Angles + to it, touches the Circle. Where- + Cor. 16 


A 
—— | 0 - tn 2 . —— a — — 
— — — 2 De. Re wo 
$99" — 
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bf any Right Line touches a Circle, and from the Point 


IND any Right Line D E touch the Circle ABC 


in AC. 
and join CF. 


cle ABC, and FC is drawn from the Center to the 
*18 ofthis. Point of Contact; F C will be perpendicular to DE“ 


1 From the is alſo a Right Angle | : Therefore the Angle FCB 
Fp. 


Center of the Circle can be in no other Line, unleſs in 
"AC. Wherefore, if any Right Line touches a Circle 
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Manner we prove, that no other Right Line but FC 
is perpendicular to DE. Wherefore FC is perpen- 
dicular to DE. Therefore, if any Right Line touches 
a Circle, and from the Center to the Point of Contact , 
Right Line be drawn ; that Line will be perpendicular 
to the Tangent; which was to be demonſtrated, 


PROPOSITION XIX. 
THEOREM. © - 


¶¶ Contact a Rigbt Line be drawn at Right Angles to 
tbe Tangent, the Center of the Circle Dal be in the 
jad Lowe. e ; 1 


in C, and let CA be drawn from the Point C at 
Right Angles to DE. I ſay, the Circle's Center is 


For if it be not, let F be the Center, if poſſible, 


Then becauſe the Right Line DE touches the Cir- 


And ſo the Angle FCE is a Right one. But ACE 


is equal to the Angle A CE, a leſs to a greater; which « 
is abſurd. Therefore F is not the Center of the Ci. ( 
cle ABC. After this Manner we prove, that th 
/ 

= 
and frim the Point of Contact a Right Line be draunſ 
at Right Angles to the Tangent, the Center of the Cin | 
= "ao be in the ſaid Line; which was to be demon 
Itrated. 5 ; 
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PROPOSITION XX. 


T H E A 
The Angle at the Center of a Circle is double to the 


Angle at the Circumference, when the ſame Arc 15 


che Baſe of the Angles. 


ET ABC be a Circle, at the Center, whereof is 
the Angle BEC, and at the Circumference, the 
Angle B AC, both of which ſtand upon the ſame 
Arc BC. 1 tay, the Angle BEC i is double to the 
Angle BAC. | 
or join A E and produce i it to F. 

Then becauſe EA is equal to EB, the Angle EAB 
ſhall be equal to the Angle EBA*. Therefore the & 5. x; 
Angles EAB, EBA, are double to the Angle EAB; 
but the Angle BEF is + equal to the Angles EAB, f 32.1. 
EBA; therefore the Angle BEF is double to the 
Angle E AB. For the ſame Reaſon, the Angle E FC 
is double to E A C. Therefore the whole Angle 
B E C is double to the whole Angle BAC. A- 
gain, let there be another Angle BDC, and join DE, 
which produce to G. We demonſtrate in the ſame | 
Manner, that the Angle GEC is double to the Angle 
GDC; "whereof the Part & E B is double to the Part 
GDB. And therefore B E C is double to B D C. 
Conſequently, an Angle at the Center of a Circle is 
double to the Angle at the Circumference, when the 
ſame Arc is the Baſe of the Angles ; which was to be 
| demonſtrated. 


PROPOSITION XXI. 
THEOREM. 


ke that are in the ſame Segment in a C ircle, are 
equal to each other. 


LET ABCDE be aCircte, and let BAD, BED, 
be Angles in the fame Segment BA ED. I ay, 
noſe Angles are equal, 
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For let F be the Center of the Circle ABCD E, 


and join BF, FD. 


220 of this. 


OW becauſe the Angle B FD is at the Center, 
and the Angle BAD at the Circumference, and the 
ſtand upon the ſame Arc BCD ; the Ang le B F 
will be * double to the Angle BAD. For the ſame 
Reaſon, the Angle BFD is alſo double to the Angle 
BED. Therefore the Angle BA D will be equal to 


the Angle BED. 


4 32. 1. 


+ 15. 1. 


If the Angles BAD, BED, are in a Segment leſs 
than a Semicircle; let AE be drawn; and then all the 
Angles of the Triangle ABG are f equal to all the 


: Angie of the Triangle DEG. But the Angles A BE, 


E, are equal, om what has been before prov'd, 
and the Angles AGB, DGE, are alſo equal +, for 


they are vertical Angles. Wherefore the remaining 
Angle BAG is equal to the*remaining Angle G ED. 


Therefore, Angles that are in the ſame Segment in a 


Circle, are equal 70 each other; which Was to be de- 


: monſtrated. 


PROPOSITION XXII. 
THEOREM. 


The oppoſe ze Angles of a any  Quadrilateral F; are deſeribed 


in a Circle, are equal to two Right Angles. 


E T A B DC be a Circle, wherein i is deſcribed the 
Quadrilateral Figure ABCD. I ſay, two op- 


polite Angles thereof are equal to two Right Angles. 


For join AD, BC. 
Then becauſe the three Angles of any Triangle are 


1. equal to two Right Angles, the three Angles of the 


„ ABC, 9:2. the 2 55 CAB, ABC, BCA, 


are equal to two Right Angles: But the Angle ABC 


is 4 equal to the Angle ADC; for they are both in 
the ſame Segment ABD C. And the Angle A GB is 
+ equal to S Angle ADB, becauſe they are in the 
lame Segment AC DB: Therefore the Whole Angle 
BDC is equal to the Angles ABC, ACB; and if 
the common Angle BA C be added, then the Angles 
BAC, ABC, ACB, are equal to the Angles B 


BDC; but the Angle BAC, ABC, A CB, arc 


2 * equal 


— 


x 


\ 
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* equal to the two Right Angles. Therefore likewiſe, * 32. 1. 
the Angles BAC, BDC ſhall be equal to two Right 
Angles. And after the ſame Way we prove, that the 

Angles A BD, A CD, are alſo equal to two Right 

Angles. Therefore zhe oppoſite Angles of any Quadri- 

lateral Figure deſcribed in a Circle, are equal to two 

Right Angles ; which was to be demonſtrated. 


PROPOSITION XXII. 
THEOREM. 


Two ſimilar and unequal Segments of two Circles, can- 
not be 15 upon the ſame Right Line, and on the ſame 
Side thereof. | VF 


FO R if this be poſſible, let the two ſimilar and un- 

= = equalSegments A CB, ADB, of two Circles ſtand 

= upon the Right Line AB on the ſame Side thereof, 

= Draw A CD, and let CB, BD, be joined. Now be- 

= cauſe the Segment A CB is ſimilar to the Segment 

ADB, and ſimilar Segments of Circles are * ſuch * Def. 11. 
which receive equal Angles ; the Angle ACB will of h. 

be equal to the Angle ADB, the outward one to the 5 

inward one; which is + abſurd, Therefore ſimilar + 16. 1. 

and unequal Segments of two Circles, cannot be ſet upon 

the ſame Right Line, and on the ſame Side thereof; 

which was to be demonſtrated. 6 z 


PROPOSITION XXIV. 
THEOREM. 
Similar Segments of Circles being upon equal Right Lines, 


are equal to one another. 

, bs | 5 | 
9 T ET AEB, CFD be equal Segments of Circles, 
In ſtanding upon the equal Right Lines AB, CD. 


- 2 5 the Segment A E B is equal to the Segment 
For the Segment AE B being apply'd to the Seg- 
ment CF D, ſo that the Point A co- incides with C, 
and the Line AB with CD; then the Point B will 
co- incide with the Point D, ſince A B and CD are 
equal. And fince the Right Line AB co- incides with 


G 3 \ CD, 


Euclid's E L E M E NTS. 


F CD, the Segment A EB will coincide with the Seg- 


f 10 of this, 


10. 1. 


. 


423.1. 


ment CFD. For if at the ſame Time that AB co- 
incides with CD, the Segment A EB ſhould not co- 


incide with the Segment CFD, but be otherwiſe, as 


then a Circle would cut a Circle in more 


CGD; 


Points than two, viz. in the Points C, G, D; which 


Wherefore if the Right Line A B 


s * impoſſible. 
ent AEB will co- incide 


co-incides with C D, the Se 


with and be equal to the Segment CFD. Therefore 


fimilar Segments of Circles being upon equal Right Lines, 


are equal to one wth ; Whic was to be demon- 


Veen. 


PROPOSITION XXV. 
PROBLEM. 


# Sermons of a Circle being given 0 70 Agerile the Ci ir- 


cle whereof it is the gment. 
ET ABC be a Segment of a Circle given. It is 
requir'd to deſcribe a Circle whereot ABC is a 


Se ment. 
Biſect * ACin D, and let DB be drawn f from 
the Point D at Right Angles to AC, and join AB. 
E Now the Angle A 


D is either grener , equal, or leſs 
than the Angle BAD. And fir 


make + the Angle BAE at the given Point A, with 
the Ri * A, equal to the Angle ABD; pro- 
duce DB to E, and j oin E C. 


Then becauſe the Angie ABE is equal to the An- 


: Ae le BAE, the Right Line BE will be * equal to EA. 
nd becauſe A D is equal to DC, and DE common, 


the two Sides AD, DE, are each equal to the two 
Th wr 55 and the Angle ADE is equal to the 

for each is a Right one. 
Angie CHE AE is equal to the Baſe EC. But AE has 
been prov'd to be equal to EB. Wherefore BE is 
alſo equal to EC. And accordingly the three Right 
Lines AE, EB, EC, are equal to each other. There- 
fore a Circle deſcrib'd about the Center E, with ei- 


ther of the Diſtances AE, EB, EC, ſhall paſs thro' 


the other Points, and be that requir'd to be deſcrib'd. 
But it is manifeſt l that the Segment ABC is leſs than 


2 | "A Se.. 


| Book III. 


let it be greater, and 


Therefore 


N 
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2 Semicircle, becauſe "the Center thereof is without 


the ſame. 
But if the Angle A B D be equal to the Angle BAP; 


then if AD be made equal to BD, or DC, the three 


Right Lines AD, D B, D C, are equal between 
themſelves, and D will be the Center of the Circle 


W to be deſcrib'd; and the Segment ABC is a Semi- 


A circle. 


But if the Angle ABD is leſs than the Angle i 


2 BAD, let the Angle BAE be made, at the given 


Point A with the ight Line BA, within the Seg⸗ 
ment ABC, equal to the Angle A BD; 


Then the Point E, in the Right Line DB, will be 


the Center, and ABC a Segment poet than a Se- 
micircle. Therefore a Circle is 
© 2 — iS given; * WIRED + was to be done. 


PROPOSITION XXVI. 
THEOREM. 


I. equal C W ai, equal Angles ftand u . equal 2 ircum- 


e or at their 5 


ferences, whether they be at their 
Circumferences. 


. LEI. AB C DE F, be equal Circles, and let 
r— BGUE HF, be equal Angles at their Centers, 


and BAC, ED F, equal Angles at their Circumferences. 


ſcrib'd, whereof 


ay the Circamitrence B K Cis equal tothe Circum- 


| ference ELF. 
For let BC, EF, be joined. Becauſe ABC, DEF, 
are equal Circles, the Lines drawn from their Cen- 


| ters will be equal. Therefore the two Sides BG, GC, 


are equal to the two Sides EH, HF; and the Angle 
| & is equal to the Angle at H. Wherefore the Baſe 
BC is * equal to the Baſe EF. Again, becauſe the 
Angle at A is equal to that at D, the Segment BAC 
will be 4 ſimilar to the Segment 'ED F; "and they are 
upon equal Right Lines BC, EF. But thoſe ſimilar 
Segments of Circles, that are upon equal Right Lines, 


ae equal to each other. Therefore the Segment + 24 of this. | 
| Def. 11. 


BAC, will be f equal to the Segment EDF. But 
the whole Circle ABC, is equal to the whole Circle 


DEF. Therefore the remaining CircumferenceBK C, 
G 4 ſhall 


4. 1. 


＋ Def. 11. 
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ſhall be equal to the remaining Circumference ELF, 
Therefore i» equal Circles, equal Angles ſtand upon 

e equal Circumſerences, whether they be at their Centers, 
or at: their Circumferences; Which was to be demon- 


ſtrated. 
PROPOSITION XXVI. 
THEOREM. 


Angler, that ſtand upon equal Circumferences iu equal 
ircles, are equal to each other, whether they be at 
their Centers or Circumferences. 


IJ ET the Angles BGC, EHE, at the Centers 
of the equal Circles ABC, DEF, and the An- 
gles BAC, EDF, at their Circumferences, ſtand 

KF 1 upon the equal Circumferences BC, EF. I fay the 
; | Angle BGC is equal to the Angle EHF, and the 
Angle BAC to the Angle BDF. OE 

For if the Angle BG © be equal to the Angle EH F, 

it is manifeſt that the Angle BA C is alſo equal to the 

. Angle EDF: But if not, let one of them be the 
E23. 1. greater, as BGC, and make * the Angle BG K, at 
dle Point G, with the Line BG, equal to the Angle 

726 Fthis. EHF. But equal Angles ſtand + upon equal Circum- 

8 ferences, when they are at the Centers. Wherefore 

the Circumference BK, is equal to the Circumference 

EF. But the Circumference E F is equal to the Cir- 

cumference BC. Therefore B K is equal to BC, a 
leſs to a greater; which is abſurd. Wherefore the 
Angle BG © is not unequal to the Angle EHE; and 
{ſo it muſt be equal to it. But the Angle at A is one 

half of the Angle BGC; and the Angle at D one 
half of the Angle EHF. Therefore the Angle at A 
is equal to the Angle at D. Wherefore Azgles, that 

ſtand upon equal Circumſerences in equal Circles, are 
> jan zo each other, whether they be at their Centers or 
Circumferences; Which was to be demonſtrated. 


p R O. Nee 


„ Y 


* 
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PROPOSITION XXVII. 
THEOREM. 


Ia equal Circles, equal Ri bt Lines cut off equal Paris 


of the Circumferences; the greater equal to the greater, 
aud the leſſer equal to the leſſer. 


LET ABC, DEF, be equal Circles, in which are 
the equal Right Lines BC, E F, which cut off 
the greater Circumferences BAC, EDF, and the 
leſſer Circumferences BGC, EHF. I ſay the greater 
Circumference BA ©, is equal to the greater Circum- 
ference EDF, and the leſſer Circumference BGC, 


3 to the leſſer Circumference EHF. | 


For aſſume the Centers K and L of the Circles, 
and join BK, K C, EL, LF. 5 
Becauſe the Circles are equal, the Lines drawn 


ELF. But equal Angles ſtand upon equal Circum- 4 


ferences, when they are at the Centers. Wherefore 
the Circumference B G C, is equal to the Circum- 
ference EH F, and the whole Circle ABC, equal 
to the whole Circle DEF; and ſo the remaining Cir- 
cumference BAC, ſhall be equal to the remaining 
Circumference ED F. Therefore in equal Circles, 
equal Right Lines cut off equal Parts of the Circum- 


- 


| ferences ; which was to be demonſtrated. 
PROPOSITION XXIX. 
- THEOREM. 

In equal Circles, equal Right Lines ſubtend equal 
. = Circumfereuces. | 
ET there be two equal Circles, ABC, DEF . 
and let the equal Circumferences BGC, EHF, 
de aſſumed in them, and BC, EF, joined. I ſay, 


he Right Line BC is equal to the Right Line EF I 
3 gr 


Def. 1. 


from their Centers are * alſo equal. Therefore the * 

| two Sides BK, K C, are equal to the two Sides 

| EL, LF; and theBaſe BC, is equal to the Baſe LF, 
Therefore the Angle BK C, is f equal to the Angle 48. 1. 


26 of this, 


9% 
__* 1 fthi, 


127 of this. 
T Def. 1. 


144. 1. 1 


JR | 8 Co 

Euclid's ELEMENTS. Book III. 
For find * the Centers of the Circles K, L, and 
„ oi 
| Then becauſe the Circumference B G C is equal to 
the Circumference EHF, the Angle BK C ſhall be 
equal to the Angle E LF. And becauſe the Circles 
ABC, DEF, are equal, the Lines drawn from their 
Centers ſhall be + equal. Therefore the two Sides 
BK, KC, are equal to the two Sides E L, LF ; and 


3 equal Angles: Wherefore the Baſe 
i 


S | equal to the Baſe EF. And ſo in equal Cir- 


cles, equal Circumferences ſubtend equal Right Lines; 


which was to be demonſtrated. 


PROPOSITION XXX. 
PROBLEM. 
To cut a given Circumference into two equal Parts. 


ET the given Circumference be ADB. It is re- 


| + quired to cut the ſame into two equal Parts. 
Join AB, which biſect“ in C; and let the Right 


7 


Line CD be drawn from the Point Cat Right Angles 


to AB; and join AD, DB 


Nov becauſe A C is equal to CB, and CD is com- 


mon, the two Sides AC, CD, are equal to the two 


done. 


Sides BC, CD; but the Angle ACD is equal to th 
Angle BCD; for each of them is a Right Angle: 


Therefore the Baſe A D is + equal to the Baſe BD. 


But equal Right Lines cut + off equal Circumferences. 
Wherefore the Circumference A D ſhall be equal to 
the Circumference BD. Therefore a given Circum- 
ference is cut into two equal Parts; which was to be 


p R O- 


— * a ; 


PROPOSITION. XXXI. 
THEOREM. 


1 Circle, the Angle that is in a Semicircle, is a Right 
Angle; but the Angle in à greater Segment, is 1 * 
than a Right Angle; and the Angle in a leſſer Seg- 
= ment, greater than a Right Angle: Moreover, the 
Angle H a greater Segment, is greater than a Right 


= Angle ; and the Angle of a leſſer Segment, is leſs than 
3 + Kieke Angle. ; | ʒ;55 


3 E T there be a Circle ABCD, whoſe Diameter 

is BC, and Center E; and join BA, AC, SH, 

WD C. I ſay, the Angle which is in the Semicircle 

BAC is a Right Angle, that which is in the Segment 

RB being greater than a Semicircle, v/z. the Angle 

WBC, is leſs than a Right Angle; ang that which is 

W che Segment ADC, being leſs than a Semicircle, 

What is, the 4 2 ADCis greater than a Right Angle. 

For join AE, and produce BA to Ff. 

Then becauſe BE is equal to EA, the Angle EA B 
Wall be * equal to the Angle, E BA. And becauſe & 5. 1. 
PE is equal to EC, the Angle AEC will be f equal 4 32. 1. 
d the Angle CAE. Therefore the whole Angle 
AC is * equal to the two Angles ABC, AC B; 5. 1. 
Wt the Angle F A C being without the Triangle 
IBC, is + equal to the two Angles ABC, ACB: 
Therefore the Angle BA C is equal to the Angle 


herefore the Angle BAC in a Semicircle is a Right 
ngle. And becauſe the two Angles ABC, BAC, 
[ tne Triangle A.B C4, are leſs than two Right Angles, |. r7, x. 
d BAC is a Right Angle; then ABC is leſs than a 
wht Angle, — is in the Segment A B C greater 
an a Semicircle. 5 
And ſince AB CD is a quadrilateral Figure in a 
Ircle, and the oppoſite Angles of any quadrilateral 
pure deſcribed in a Circle, are || equal to two Right || 22 of the. 
ngles; the Angles ABC, ADC, are equal to two 
ht Angles, and the Angle A BC is leſs than a 
Ight Angle: Therefore the remaining 1 
e e * 
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AC; and fo each of them is + a Right Angle. tDef.10.1. 


$3220: Ks. 
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—— 


7 


* 
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| 
will be greater than a Right Angle, and is in the Sex. 
ment AD C, which is leſs than a Semicircle. f 
I fay, moreover, the Angle of the greater Segment Mi * 
contained under the Circumference A B C, and the il. 
Right Line AC, is greater than a Right Angle; au 
the Angle of the leſſer Segment, contained under the " 
Circumference AD C, and the Right Line AC is les ; 
than a Right Angle. This manife tly appears; for be. WW: 
cauſe the Angle contained under the Right Lines BA WW: 
AC, is a Right Angle, the Angle contained under the . 
Circumference ABC, and the Right Line AC, wil Y 
be greater than a Right Angle. Again, becaule th BF 
Angle contained under the Right Lines CA, AF, i 5 
a Right Angle, therefore the Angle which is co Bi. 
tained under the Right Line AC, and the Circun 7 
ference ADC, is leſs than a Right Angle. Ther n 
fore, in a Circle, the Angle that is in a Semicircle, ii. 
Right Angle; but the Angle in a greater Segment, is ij F 
than a Right Angle; and the Angle in a leſſer Segmen i 
greater than a Right Angle: Moreover, the Angle of ii 
greater Segment, is greater than a Right Angle ; aud ih de 
Angle of a leſſer Segment, is leſs than a Right Angl: ® 
which was to be demonſtrated. = +5 
PROPOSITION XXXII. E, 
If any Right Line touches a Circle, and a Right Lu 4 
be drawn from the Point of Contact cutting the c 
cle; the Angles it makes with the Tangent Line, wil 
be equal to thoſe which are made in the alternate SM 
ments of the Circle. os 1 5 
LET any Right Line EF topch the Circle ABC 
in the Point B, and let the Right Line BD 
any how drawn from the Point B cutting the Circi 
I fa „the Angles which BD makes with the I ang 
Line EF, are equal to thoſe in the alternate Segment f 
of the Circle; that is, the Angle F BD is equal to WM 
Angle made in the Segment DAB, viz. to the Ang 5 


DAB; and the Angle DB E equal to the Ang. 
D CB, made in the Segment DC B. For - : 
FT ED Dal 
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Draw * BA from the Point B at Right Angles to * 11. 1. 
EF; and take any Point C in the Circumference BDP, 

and join AD, DC, CB. . 

Then becauſe the Right Line E F touches the Cir- 
cle ABCD in the Point B; and the Right Line BA 
is drawn from the Point of Contact B at Right An- 
gles to the Tangent Line; the Center of the Circle 
ABCD, will + be in the Right Line B A; and ſof 19. 1. 
BAis a Diameter of the Circle, and the Angle A DB, 
in a Semicircle, is + a _— Angle. Therefore the + 31.of this 
other Angles BAD, ABD, are equal to one Right 
Angle. But the Angle ABF is alſo a Right Angle: 


WT bcrefore the Angle ABF, is * equal to the Angles* 32. r. 
: BAD, ABD; and if ABD, which is common, be 


taken away, then the Angle DB F remaining, will 
be equal to that which is in the alternate Segment of 
the Circle, vix. equal to the Angle BAD. And be- 
cauſe ABCD is a Quadrilateral Figure in a Circle, 


b Band the oppoſite Angles thereof are 1 equal to twWO 22.9f this. 
15 Right Angles: The Angles DBF, DBE, will be = 
h equal to the Angles BAD, BCD. But BAD has 


een prov'd to be equal to DBF; therefore the An- 
le DBE, is equal to the Angle made in D CB, the 
Hlternate Segment of the Circle, v:2. equal to the 
Angle DCB Therefore, f any Right Line touches 
Circle, and a Right Line be drawn from the Point 
Contact cutting the Circle; the Angles it makes 
With the Tangent Line, will be equal to thoſe which 
re made in the alternate Segments of the Circle; which 
as to be demonſtrated. FE 


1 | 


8 
3% 
= 
13 
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PROPOSITION XXXIII. 
PROBLEM. 

2 deſcribe, upon a given Right Line, a Segment of a 
- Circle, which ſhall contain an Angle, equal to a given 
Kigbi-lin'd Angle. - 

; , | ET the given Right Line be AB, and C the given 
8. Right-lin'd Angle. It is requir'd to deſcribe the 


1 >cgment of a Circle upon the given Right Line AB, 
ontaining an Angle, equal to the Angle C. 


At 


N * I "YR 9 Yo 8 
: * 7 
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At the Point A, with the Right Line AB, make 
+ 23. 1. f the Angle BAD equal to the Angle C, and dran 
& 11. py, AE from the Point A, at the Right 141 to AD 
1 10.1, Likewiſe biſect f A B in P, and let F & be drayy 
from the Point F, at Right Angles, to AB, and jon 
G B. 3 8 5 
gy 10g AF is equal to FB, and F G is com. 
mon, the two Sides AF, FG, are equal to the tw 
Sides BF, FG; and the Angle AFG, is equal to the 
+ 4+ of this, Angle BFG. Therefore the Baſe AG is + equal i © 
-* to to the Baſe GB. And ſo if a Circle be deſcribi Mt & 
about the Center &, with the Diſtance A G, this ſhal MW ® 
paſs through the Point B. Deſcribethe Circle, which IM # 
let be ABE, and join EB. Now becauſe AD; 
dravyn from the Point A, the Extremity of the Diame. MW # 
* Cor.r6:ter AE, at Right Angles to AE, the ſaid A D will t 
ef this touch the Circle. And ſince the Right Line A) 
touches the Circle AB E, and the Right Line AB, IM 
drawn in the Circle from the Point of Conrat AW 
131. hi. the Angle DAB is + equal to the Angle made in th 
alternate Segment, viz. equal to the Angle AEB 
But the Angle DAB, is equal to the Angle C. Ther-. 
fore the Angle C will be equal to the Angle A ELF 
Wherefore the Segment of a Circle AE B is de 
{crib'd upon the given Right Line AB, containing u 
Angle AEB, equal to a given Angle C; which uu 
70 be done. „„ | | = ] 


PROPOSITION XXXIV. 
THEOREM 


To cut off a Segment from a given C cle, that ſal z 
contain an Angle, equalto a given Righi-lin'd Angle. 


ET the given Circle be AB C, and the Right-W © 
— lin'd Angle given D. It is requir'd to cut off 1 
Segment from the Circle A B C, containing an Angle 
7777 Angle D. . ©: | 
+17 ofthi, Draw + the Right Line EF, touching the Circle} 
* 23. 1. in the Point B, and make * the Angle F BC at tze 
Point B equal to the Angle DP). 3 | 
Then becauſe the Right Line EF touches the Cit— 
cle ABC in the Point B, and BC is drawn * 

| 
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the Point of Contact B; the Angle FBC will be * equal * 32 ofthis, 
to that in the alternate Segment of the Circle; but the 

Angle FBC is equal to the Angle D. Thereforethe 

Angle in the Segment BAC, will be equal to the 

Angle D. Therefore the Segment BAC is eut off 

from the given Circle ABC, containing an Angle 

equal to the given Right-lin'd Angle D; which was 

o be done. . ns 


PROPOSITION XXXV. 
"THEOREM - 


LY If zwo Right Lines in a Circle mutually cut each other, 
we Rectangle contained under the Segments of the 
cose, is equal to the Rectangle under the Segments of 
HE Zzhe other, Sn = 
| N the Circle AB CD, let two Right Lines mutu- 

T ally cut each other in the Point E. I ſay the Rec- 
angle contained under AE, and EC, is equal to the 
Rectangle contained under DE, W 
If AD and DB paſs thro? the Center, ſo that E be 
the Center of the Circle AB CD; it is manifeſt, ſince 
AE, EC, DE, EB, are equal; that the Rectangle, 

| _ E, E C, is equal to the Rectangle under 

But if AC, DB, do not paſs thro' the Center, aſ- 

ſume the Center of the Circle F; from which draw 

FG, FH, perpendicular to the Right Lines AC, DB, 

and join FB, FC, FE. . 

Then becauſe the Right Line GF, drawn thro” 
che Center, cuts the Right Line AC, not drawn thro? | 5 

the Center at Right Angles, it will alſo biſect * the * 4 of this, 

g lime. Wherefore AG is equal to GC: And be- 

BY cauſe the Right Line AC is cut into two equal Parts 5 
in the Point G, and into two unequal Parts in E, the N 

Rectangle under AE, EC, together with the Square 
of EG, is + equal to the Square of GC. And if t 5 2- 
the common Square of G F be added, then the Rec- 
tangle under AE, EC, together with the Squares of 
BEG, GF, is equal to the Squares of CG, GF. But 
i- the Square of FE is + equal to the Squares of EG, 

EGF, and the Square of F C equal + to the e + 47, l. 

0 


96 Euclid's ELEMENTS. Book III. 
of CG, GF. Therefore the Rectangle under AE, 

EC, together with the Square of F E, is equal to the 

Square of FC; but CF is equal to FB. Therefore 

the Rectangle under AE, E C, together with the 
Square of EF, is equal to the Square of FB. For 

the ſame Reaſon, the Rectangle under DE, E B, to- 

5 1 * with the Square of F E, is equal to the Square of 

B. But it has been prov'd, that the Rectangle under 

AE, EC, together with the Square of FE, is alſo 

a equal to the Square of FB. Therefore the Rectan- 
le under AE, EC, together with the Square of FE, 

1s equal to the Rectangle under DE, EB, together 
with the Square of FE. And if the common Square 
of FE be taken away, then there will remain the 
Rectangle under AE, EC, equal to the Rectangle 
under DE, EB. Wherefore, if two Right Lines in 
à Circle mutually cut each other, the Rectangle con- 
tained under the Segments of the ane, is equal to the 
Rectangle under the Segments of the other ; Which was 
to be demonſtrated, e oe 1 


+ hee] — — end — — — han — Af an. Ho 


PROPOSITION XXXVI 
THEOREM, 


if ſome Point be taken without a Circle, and from that 

Point 7 . Lines fall to the Circle, one of which 

N cuts the Circle, and the other touches it; the Rectan- 
gle contain'd under the whole Secaut Line, and it; 

Part between the Convexity of the Circle and the 

g's Point, will be equal to the Square of the 


1 angent Line. 


LET any Point D be aſſum'd without the Circle 

— ABC, and let two Right Lines D CA, DB, 

fall from the ſaid Point to the Circle; whereof DCA 

cuts the Circle, and DB touches it. I ſay the Rectan- 

gle under AD, DC, is equal to the Square of DB. 
No DCA either paſſes thro? the Center, or not. 

In the firſt place, let it paſs thro? the Center of the 
C.ircle ABC, which let be E, and join EB. Then 
18 of this, the Angle EBD is a Right Angle. And ſo ſince 
the Right Line AC is biſected in E, and CD is added 
thereto, the Rectangle under Ab, DC, N 

WII 
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with the Square of EC, ſhall * be equal to the Square * 6. 2. 
ot ED: But E C is equal to E B; wherefore the 
Rectangle under AD, DC, together with the Square 
of EB, is equal to the Square of ED. But the Square | 
of ED is + equal to the Square of EB, and BD. For f 47. 3! 
che Angle EBD, is a Right Angle: Therefore the 
Rectangle under AD, DC, together with the Square 
W of E B, is equàl to the Squares of EB and BD; and 
W if the common Square of E B be taken away, the 
Rectangle under AD, DC, remaining, will be equal 
tothe Square of the Tangent Line BB „„ 
= Now let DCA not paſs through the Center of the 
Circle ABC; and find + the Center E thereof, and + 1. of this. 
draw E F perpendicular to AC, and join EB, EC, WE 
WED. Theretore EFD is a Right Angle. And be- 
W cauſe a Right Line EF, drawn through the Center, 
W cuts a Right Line AC at Right Angles, not drawn 
through the Center, it will “* biſect the ſame at Right 3. of this, 
Ws Angles; and ſo A F is equal to FC. Again, ſince * © 
W the Right Line AC is biſected in F, and CD is ad- 
ded thereto, the Rectangle under AD, DC, together 
with the Square of FC, will be * equal to the Square 
= of FD. And if the common Square of E F be added, 
then the Rectangle under A D, DC, together with 
the Squares of FC and F E, is + equal to the Squares 
of DF and FE. But the Square of DE, is equal 
to the Squares of DF and FE; for the Angle EFD 
W is a Right one: And the Square of CE is + equal to 
che Square of CF and F E. Therefore the Rectan- 
Z gle under AD, DC, together with the Square of CE, 
is equal to the Square of ED; bur CE is equal to 
EB. Wherefore the Rectangle under AD, DC, to- 
& gether with the Square of E B, is equal to the Square 
of ED. But the Squares of EB and BD are * equal 
bo the Square of ED; ſince the Angle EBD is a Right 
one. Wherefore the Rectangle under AD and DC, 
together with the Square of E B, is equal to the 
Squares of EB and BD. And if the common Square 
ef EB be taken away, the Rectangle under AD and- 
de DC, remaining, will be equal to the Square of DB. 
Therefore, if any Point be taken without a Circle, and 
| from that Point two Right Lines fall to the Circle, one 
1 I 7 ch cats the Circle, and the other touches it; the 
Rectangle contain'd under the whole Secant Line, and 
H | 146 
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its Part between the Conve æity of the Circle and the af. 
ſum'd Point, will be equal to the Square of the Tangent 
Line; which was to be demonſtrated. 


PROPOSITION XXXVI. 
THEOREM. 


If ſome Point be taken without a Circle, and tw 
Right Lines be drawn from it to the Circle, fo tha 
one cuts it, and the other falls upon it; and if the 
Rectangle under the whole Secant Line, and the Pan 
thereof, without the Circle, be equal to the Square Wi 
Q the Fine falling _ the Circle, then this laſt Lin 
will touch the Circle. 1 3 
; ET ſome Point D be aſſum'd without the Circle M 
+4 ABC, and from it draw two Right Lines DC 
D B, to the Circle, in ſuch Manner that D C A cuts 
the Circle, and D A falls upon it: And let the Rec- 
angle under A D, D C, be equal to the Square of 
BY 5, 8. I fay, the Right Line DB touches the Circle. 
&17. of this. For let the Right Line D E be drawn * touching 
the Circle ABC, and find F the Center of the Circle, 
And join EF, FB, FD. © 7 
118. 1. . Ihen the Angle FED is F 21 Angle. And 
becauſe DE touches the Circle A B C, and DCA 
cuts it, the Rectangle under AD, and DC, will be 
4 5 Hyp. equal to the Square of DE. But the Rectangle u- 
7 der AD and DC, is + equal to the Square of DB 
| Wherefore the Square of D E ſhall be equal to the 
Square of D B. And fo the Line D E will be equi 
= * to the Line DB. But FE is equal to FB: There. 
fore the two Sides DE, EF, are equal to the two 
Sides DB, B F; and the Baſe F D is common. . 
Wherefore the Angle DE F is equal to the Angle 
DBF; but DEF is a Right Angle; wherefore DBM - 
is alſo a Right Angle, and F B produced is a Dir 
meter. But a Right Line drawn at Right Angles, on 
the End of the Diameter of a Circle, touches the 
Circle; therefore BD neceſſarily touches the Circle. 
We prove this in the ſame Manner, if the Center 
of the Circle be in the Right Line CA. If therefore 
any Point be alſum'd without a Circle, and two 750 
2 2 | 1 5 1e 
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Lines be drawn. from it to the Circle, ſo that one cuts 
it, aud the other falls upon it; and if the Rectangle un- 
der the whole Secant Line, and the Part thereof, with< 

out the Circle, be equal to the Square of the Line falling 
upon the Circle; then this laſt Line will touch the Cir- 
4 + : which was to be demonſtrated. 


7 
/ 


W Coroll, Hence, if from any Point without a Circle, 


= the Circle; the Rectangles comprehended under 
= the whole Lines AB, AC, and their external Parts 
= AE, AF, are equal between themſelves. For if 
the Tangent A D be drawn, the Rectangle under 
BA and AE, is equal to the Square of AD; and 


ſame Square of AD: Therefore the Rectangles 
ſhall be equal. Es | 


— . 


Ww 


= The Exp of the Tump Book: 


ſeveral Right Lines A B, AC, are drawn cutting 


the Rectangle under CA and AF, is equal to the 
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DEFINITIONS. 
7 ED Right-lin'd Figure if ſaid to be enſcris 


RG bed in 4 7 Hgure, whet 
4 0 


every one of the Angles of the in 
ſeribed Figure, touches every one if 
: the Sides of the Figare,. wherein it 
8 1 JJ Een 4 
II. In lite Manner a Figure is ſaid to be deſcrib'd about 
4 Figure, when every one of the Sides of the Figure, 
circumſcribed, touches every one of the Angles of ihe 
Figure about which it is circumſcribed. Ts 
III. A Rigbt-lin'd Figure is ſaid to be inſcribed in a Cu- 
cle, when every one of the Sides of that Figure awhich 
is inſcribed, touches the Circumferenge of the Circle. 
IV. A Rigbi-lin d Figure is ſaid to be deſcribed about 3 
Circle, when every one of the Sides of the circum: 
ſcribed Figure, touches the Cirenmference of the Cin. 


cle; | 
V. &. 
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V. So khkewiſe a Circle is ſaid to be inſcribed in a Rig be- 
lin d Figure, when the Circumference of the Circle 
touches all the Sides of the Figure in which it is in- 
| ſcribed. Fo ; 5 | | 
VI. A Circle is ſaid to be deſcribed about a Figure, when 
. the Circumference of the Circle touches all the An- 
les of the _—_ which it circumſcribes. e 
VII. A Right Line is ſaid to be apply'd in a Circle, 
_ its Extremes are in the Circumference of the 
ircle. V 


PROP OSITTION. k., 
PROBLEM. 


| To apply a Right Line in a given Circle, equal to a 
given Right Line, whoſe Length does not exceed the 
Diameter of ihe im, . 


'T ET the Circle given be ABC, and the given 
KRight Line not greater than the Diameter be D. It 
ss requir'd to apply a Right Line in the Circle ABC, 
equal to the Right Line 0. 
Draw BC the Diameter of the Circle; then if BC 
be equal to D, what was requir'd, is done; for in 
the Circle AB C there is applied the Right Line BC, 
equal to the Right Line D: But if not, che Diameter 
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and about the Center C, with the Diſtance CE, let 
the Circle AE F be deſcribed; and join CA. 

W Then becauſe the Point C is the Center of the Cir- 
cle AEF, CA will be equal to CE; but D is equal 
Wo CE. Wherefore AC is equal to D. And ſo in 
the Circle ABC, there is applied a Right Line AC, 
equal to the given Right Line D, not greater than the 
Diameter; which was to be done. . 


H 3 P R O- 


Bis greater than D, and put * C E equal to D; * 3. 1. 


02 
4 wu 1 2 


Circle ABC, and AC is drawn from the Point af 


1 Cor. 2. 
32. f. 


... PROPOSITION IL 

In a given Circle, to deſcribe a Triangle eguiangular t 
in the Circle A BC, equiangular to the Triangle DEF. 
Draw the Right Line G A H touching * the Circle 
Line A G, make the Angle GA B equal to the Angle i 
DEE, and join BC. „ 


of the Circle, 


other Angle ED 
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PROBLEM; . 


a given Triangle, F 
LE T ABC be a Circle given, and DEF a given 
Triangle, It is required to deſcribe a Triangle 


ABC in the Point A, and with the Right Line AH ME 
at the Point A, make 4 an Angle HAC, equal to the if 
Angle DEF. Likewileat the ſame Point A, with the 


£ o a 


Then becauſe the Right Line HAG touches the 


Contact in the Circle; the Angle H A C ſhall be 
equal to ABC, the Angle in the alternate Segment 
But the Angle HAC is equal to the 

Angle DE; therefore alſo the Angle A BC, is equa 
to the Angle DEF; For the ſame an, the Angle 
ACB is likewiſe equal to the Angle DFE. Where 
fore the other Anglo B A C, ſhall be 4 equal to the 
And conſequently, the T riangk 

ABC is equiangular to the Triangle DEF „ and | 
deſcribed in the Circle ABC; which was to be done. 


, REES, 


PROPOSITION III. 
PROBLEM, 


About à given Circle to deſcribe a Triangle, equiangula 
e zo a Triangle given. | 


ET ABC be the given Circle, and DEF te ot! 


given Triangle, It is required to deſcribe a I D 
angle about the Circle ABC equiangular to the I, B( 


angle DEF. ; f 
Produce the Side EF both Ways to the Points M gle 
and H, and find the Center of the Circle K, and al Hi 

I 


how draw the Line KB. Then at the Point K, 15 


„ 
: 
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K B make * the Angle B K A equal to the Angle * 23. 1. 
DEG; and the Angle BK C at the ſame Point K 
on the other Side the Line KB, equal to the Angle 
DF; and thro? the Points A, B, C, let the Right 
Lines LA M, M BN, N CE be drawn touching 


W the Circle ABC. 


Then becauſe the Lines LM, M N, N L touch 


E the Circle ABC in the Points A, B, C and the Lines 


K A, K B, K C, are drawn from the Center K to the 


q Points A, 'B, C: the Angles at the Points A, B, =: 
will be * Right Angles. And becauſe the four An- +46. 43- --- 


gles of the quadrilateral Figure A MB K are equal to 


bor Right Angles, (for it may be divided into two 


Triangles,) and the Angles K AM, K BM, are each 
Right Angles ; : therefore the other Angles A K g,. 

B are equal to two Right Angles. But DEG, 
DEF, are equal to two Right Angles ; therefore the 


145 AK B, AMB, are equal to the Angles DEG, 


F, whereof AK B is equal to DEG. Whore- - 
fore the other Angle AMB is equal to the other An- 
gle DEF. In like Manner we demonſtrate, that the 


Angle LN is equal to the Angle DF E. Therefore 


the other Angle ML N is + equal to the other Angle {Cor. 25 
FDF. Wherefore the Triangle LN M is equian- 32. 1. 
gular to the Triangle DEF, and is deſcribed about 

the Circle AB C; which was to be done. 


PROPOSITION. IV. 
PROBLEM. 


To inſcribe a Circle in a given Triangle. 


LIT. ABC be a Triangle given. It is required to 


inſcribe a Circle in the ſame. _ 
Cut * the Angles ABC, BCA, into two equal * g. 1. 
Parts by the Right Lines B D, D C, meeting each 


| Other in the Point D. And from this Point draw | t 
DE, DF, D G, + perpendicular to the Sides AB, + 12+ 1. 


BC, AC. 


Now becauſe the Angle EBDis equal to the An- 
1 FBD, and the Right Angle BED is equal ta the 
ight Angle BFD ; then the two Triangles EBD, 
DBF, have two Angles of the one, equal to two 

H 4 * 


14.5. 


Angles of the other, and one Side D B common to both, 


the other Sides of the one Triangle ſhall be 4 equal to the 


Therefore DE is alſo DEE D G. And ſo the 


E, F, and G, are Right Angles. For if it ſhould cut 
them, a Right Line drawn on the Extremity of the 
Diameter of 


Geſerid'd about the Center D, with either of the Di. 


the Circle EFG is deſerib'd in the given Triangle 


LEI ABC be a given Triangle. It is requir'd to 


from which Points let D F, EF, be drawn + at Right 
Angles to AB, AC, which will meet either within 
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vi2. that which ſubtends the equal Angles; therefore 


other Sides of the other; and ſo DE fhall be equal to 
DF. And for the fame Reaſon, DG is equal to DF: 


three Right Lines DE, DF, DG, are equal between 
themſelves. Wherefore a Circle deſcribed about the 
Center D, with either of the Diſtances DE, D F, DG, 
will alſo paſs thro? the other Points. And the Sides 
AB, BC, AC, will touch it; becauſe the Angles at 


a Circle at Right Angles, will fall with- 
in the Circle; which is * abſurd. Therefore a Circle 


ſtances DE, DF, DG, will not cut the Sides AB, 
BC, CA; wherefore it will touch them, and will be 
a Circle deſcrib'd in the Triangle ABC. Therefore 


ABC; which was to be done, 

PROPOSITION v. 

V 
: To deſcribe a Circle about a given Triangle. 


— deſcribe a Circle about the ſame. 
Biſe& * the Sides AB, A C, in the Points D, E; 


. 


the Triangle ABC, or in the Side BC, or without 
the Triangle. IO, Ne 8 | 
Firſt let them meet in the Point F within the Tri⸗ tin 
angle, and join BF, FC, FA. Then becauſe AD is C 
equal to DB, and DP is common, and at Right An- _- 

les to AB; the Baſe AF will be + equal to the Baſe I Cer 
FB. And after the ſame Manner we prove, that the, EI 
Baſe CF is equal to the Baſe FA. Therefore alſo is Wd 
BF equal to CF: And ſo the three Right Lines FA, Nare 


F B, FC, are equal to each other. Wherefore a Cir- W/ate 


cle deſcrib'd about the Center F, with either of the rect 
| | Diſtances 


- 
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Diſtances FA, FB, F C, will paſs alſo thro? the other 
Points, and will be a Circle deſcrib'd about the Tri- 
angle ABC. Therefore deſcribe the Circle ABC. 
Secondly, let DF, EF, meet each other in the 
Point F, in the Side BC, as in the ſecond Figure, and 
join AF. Then we prove, as before, that the Point 
F is the Center of a Circle deſcrib'd about the Trian- 
ET e 
Laſtly, let the Right Lines D F, EF, meet one 
another again in the Point F, without the angle, = 


as in the third Figure; and join AF, FB, FC. 
| becauſe AD is equal to DB, and DF is common, 
| and at 1 5 Angles, the Baſe AF ſhall be equal to 
the Baſe : 
| equal to AF. Wherefore BF is equal to CF. And 


F. So likewiſe we prove, that CF is alſo 


ſo again, if a Circle be deſcrib'd on the Center F, with 
either of the Diſtances FA, F B, F C, it will paſs 


* 


| thro? the other Points, and will be deſcrib'd about the 


Triangle ABC; which was to be done. 


| Coroll. If a Triangle be Right-angl'd, the Center of 


the Circle falls in the Side oppoſite to the Right 

Angle; if acute angl'd, it falls within the Trian- 
gle; and if obtuſe-angl'd, it falls without the Tri- 
angle. CCP : 


* 


PROPOSITION VL. 
PROBLEM. 


Ta inſcribe a Square in a given Citcle. 


| L ET ABCD be a Circle given. It is requir'd to 


inſcribe a Square within the ſame. SEES 
Draw AC, BD, two Diameters of the Circle cut- 


| (5 one another at Right Angles, and join AB, BC, 


DA. © . | 
Then becauſe BE is equal to ED, (for E is the 


| Center) and EA is common, and at Right Angles to 
BD, the Baſe BA ſhall be“ equal to the Baſe AD; * 4. x, 
and for the ſame Reaſon BC, CD, as alſo BA, AD, 


are all equal to each other. Therefore the Quadri- 
lateral Figure ABCD, is equilateral. I ſay it is alſo 
rectangular, For becauſe the Right Line A B is a 

; | Diameter 


* 
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Diameter of the Circle ABC D, BA D, will be a Se. 
* 31. 1. micircle. Wherefore the Angle BAD is * a Right 
: Angle. And for the fame Reaſon every of the An- 
gles ABC, B CD, CDA, is a Right Angle. There- 

fore ABCD is a rectangular quadrilateral Figure: 

Hut it has alſo been prov'd to beequiangular. Where- 

fore it ſhall neceſſarily be a Square, and is deſcrib' 

in the Circle ABCD; which was to be done. A 


PROPOSITION VI. 
PROBLEM. 
To deſcribe a Square about à given Circle. 


| ET ABCD be a Circle given. It is requir'd to 
gdeſcribe a Square about the ſa me. 
Draw AC, BD, two Diameters of the Circle cut- 
. On, other at Right Angles, and thro” the Points 
1. 3. A, B, C, D, draw *FG, G H, HK, KF, Tangents to 
„„ Gircle D... 1 


Then becauſe F G touches the Circle AB CD, and 

8 E A is drawn from the Center E to the Point of Con- 

718. 3. tact A, the Angles at A will be 4 Right Angles. For 

the ſame Reaſon, the Angles at the Points B, C, D, 

4ͤ4ͤkſare Right Angles. And ſince the Angle AEB is: 

428. 1. Right Angle, as alſo EBG, GH fhall be 4 parallel iſ 
to AC; and for the ſame Reaſon, AC to K F. In 

this Manner we prove likewiſe, that GF and HK 

are parallel to BED; and ſo G is parallel to HK 

Therefore GK, GC, AK, FB, BK, are Parallelo- 

+ and ſo GF is * equal to HK, and G H to 

* 34. 1. FK. And ſince AC is equal to BD, and A C* equal iſ 

do either GH, or F K, and BD equal to either GF, 

or HK; GH, or F K, is equal to & F, or HK. There 

fore F GH K is an equilateral quadrilateral F E d 

I fay it is alſo equiangular. For becauſe GB EA 1 

_ a Parallelogram, and A EB is a Right Angle, then 

AG ſhall be alſo a Right Angle. In like manner 

we demonſtrate, that the Angles at the Points H, K, E, 

are Right Angles. Therefore the quadrilateral F.. 

gure FGHK is rectangular; but it has been prov'd 

5 to be equilateral likewiſe. Wherefore it muſt neceſ- 

ſarily be a Square, and is deſerib'd about the Circle 

ABCD; which was to be done. 1 
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PROPOSITION VIII. 


P R O BL E M. 
To afferite a Circle in a given Os 


LET the given Square be ABCD. It is requir d 
to deferde a Circle within the ſame. 

Biſect * the Sides AB, AD, in the Points F, E; * 10. 1. 
and draw E H thro' E, parallel to AB, or DC; and 131. 1, 
FK thro' F, parallel + to BC, or AD. Then 'AK, 

KB, AH, HD. AG, GC, BG, GD, are all Parallelo- : 
grams, and their oppoſite Sides are + equal. And be- + 34. 1. 
E cauſe DA is e qual to AB, and AE is half of AD, 
and A F half of AB, AE ſhall be equal to AE; bur 
the oppoſite Sides are alſo equal. Therefore FG is 
equal to GE. In like manner we demonſtrate, that 
GH, or GK, is equal to either FG, or G E. There- 
fore 'GE, GE, GH, GK, are equal to each other: 
And ſo a Circle being deſerib'd about 1 Center G, 
with either of the Diſtances G E, G F, G H, GK, 
will alſo paſs thro* the other Points, and ſhall touch 
the Sides AB, BC, CD, DA, becauſe the Angles at 
E, E, E, K, are Right Angles. For if the Circle 
| ſhould cut the Sides of the Square, a Right Line, 
drawn from the End of the Diameter of a Circle at 
Right Angles, will fall within the Circle; which 
is abſurd. Wherefore a Circle deſcrib'd about the & 16.3, 
Center G, with either of the Diſtances & E, GF, 
G HF, GK, will not cut AB, BC, CD, DA, the 
Sides of the Square. Wherefore it ſhall neceſſarily 
touch them, Hh". will bedeſcrib'd in the Square AB D; 
which Was 70 be done. | 


PROPOSITION. IX. 


PR OB LE M. 
To deſcribe a Circle about a Square given. 


LET ABCD be a Square given. It is requir'd to 
circumſcribe a Circle about the fame. 


Join AC, BD, murually cutting one another in the 
Point E. And 


18.1 


16. 1. 


\ 
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Oy ſince DA. is equal to AB, and AC is com- 


mon, the two Sides DA, AC, are equal to the two 


Sides BA, A C; but the Baſe DC i is equal to the Baſe 
BC. Therefore the Angle DAC will * be equal to. 


the Angle BAC: And conſequently the Angle DAB 
is biſected by the Right Line AC. In the ſame Man- 
ner we prove, that each of the Angles ABC BCD, 


CD A, are bilected by the Right Lines AC, DB. 
Then becauſe the No le DAB: is equal to the Au. 
le ABC, and the Angle EA B is half of the Angle 
AB, and the Angle EBA half of the Angle A BC: 

the Angle EA B ſhall be equal to the Angle EBA: 

And ſo the Side E A is + equal to the Side EB. In 


like manner we demonſtrate, that each of the Right 


Lines EC, ED, is equal to each of the Right Lines 


EA,EB. Therefore the four Right Lines EA, EB, 


""M C, E D, are equal between themſelves. Where: 


fore a Circle being deſcrib'd about the Center E, with 


either of the Diſtances EB, EC, ED, will alſo pals 


thro? the other Points, and will be deſcrib'd about the 


Square ABCD; which was to be done. 
PROP 0 8 l TIO N 1 
PROBLEM. 


To make an Iſoſceles Triangle having each of he Au. 


1 11 4. 


gles at the * double to the other Angle. 


C UT * wen Right Line AB in the Point C, 


ſo that the ectangle contain'd under AB, BC 


be equal to the Square of AC; then about the Cen- 


ter A, with the Diſtance AB, let the Circle BDE 
be deſcrib'd; and + in the Circle BDE apply + the 
” Right Line BD equal to AC; which is not greater 


than the Diameter. This being done, join D A, DG, 


. and deſcribe 4 a Circle ACD about the Triage 
ADC. 


Then becauſe the Rectangle ABC is equal to the 


Square of AC, and AG is equal to BD, the Rectan- 
gle under AB, BC, ſhall be equal to the Square of 


BD. And becauſe ſome Point B is taken without 
the Circle A CD, and from that Point there fall two 
Right Lines BCA, BD, to the Circle, one of which 

Cuts 


pry =; 2 
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5 the Circle, and the other falls on it. And ſince 


Bo, the Right Line BD ſhall * touch the Circle 
K CD. And ſince BD touches it, and DC is drawn 
om the Point of Contact D, the Angle BD C is 


ircle, viz. equal 4 to the Angle DAC. And ſince 


e BDA is equal to the two Angles CDA, DAC. 
ut the outward Angle BCD is 
Ac. Therefore BDA is equal to BCD. But 
Wuſe the Side A D is equal to the Side AB. Where- 


Ingles BDA, DBA, BCD 


are equal to each other. 
(D, the Side BD is 4 equal to the Side DC. 


D. And ſo the Angle CDA is equal to the Angle 
BAC. Therefore the Angles CDA, DAC, taken 


| Wngle 
herefore BDA, or D 


ther Angle; which was to be done. 
PROPOSITION XI. 
PROBLEM. 


s deſcribe an equilateral and equiangular Pentagon in 
j ED a given Circle. 

Er AB CDE be a Circle given. It is requir'd 
| to deſcribe an equilateral and equiangular Pen- 
gon in the ſame. | 

Make an Iſoſceles Triangle F GH, having * each 
Fe the Angles at the Baſe GH, double to the other 
Pogle F; and deſcribethe Triangle A D Cin the Circle 


e Angle BDC is equal to the Angle DAC; if 
DA, which is common, be added, the whole An- 


e Angle BDA“ is equal to the Angle CBD, be- 
re DBA ſhalt be equal to BCD: And fo three 


Ind ſince the Angle DBC is equal to the Angle 


C. Brtt+6. r. 
D is put equal to CA. Therefore CA is equal to 


Therefore the Angle BCD is double to the Angle 
PAC. But BCD is equal to B D A, or DBA. 

1 B A, is double to DAB. 
Nnerefore the Ifoſceles Triangle ADB is made, ha- 

Ing one of the Angles at the Baſe, double to the 
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Rectangle under A B, BC, is equal to the Square 


* 37+ 3+- 


qual to the Angle in the alternate Segment of the _ 
1 32.3. 


equal to CDA, 4 32. 1. 


„„ 


gether, are double to the Angle DAC. But the 
BCD is equal to the Angles CDA, DAC. 


* Ioof this. 


CD E, equiangular to the Triangle FG H; ſo gs 12 of this. 
ae the 
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11 


of 


CD B, B b A, are equal to each other, But equal 
, Angles ſtand * upon equal Circumferences. "There: 
fore the five Circumferences AB, BC, CD, DE, EA, 


Right Lines AB, BC, CD, DE, EA, are equal to 
_ each other. Wherefore ABCDE is an equilateral 
Pentagon. I ſay, it is alſo equiangular ; for becauſe 


common, the whole Circumference ABCD is equal 
to the whole Circumference ED CB, but the Angle 
BA E on the Circamference ED CB: Therefore the 


Reaſon, each of the Angles 


be alſo equilateral. And conſequently there is an 
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the Angle CAD be equal to that at F and ACD, 


CDA, each equal to the Angles G. ot H. Wherefore 
the Angles ACD, CDA, are each double to the An- 
gle CAD. This being done, biſe& * ACD, CDA, 
by the Right Lines CE, BB. and join A B. BC 
Then becauſe each of the Angles ACD, CDA, is 
double to CAD, and they are biſected by the Right 
Lines CE, DB; the five Angles DAC, ACE, ECÞ, 


are equal to each other. But equal Circumferencey 
ſubtend 4 equal Right Lines. Therefore the five 


the Circumference A B is equal to the Circumference 
DE, by adding the Circumference BCD, which iz 


AED ſtands on the Circumference AB C D, and 
Angle BA E is equal to the 80 E D. For the ſame 

\ BC, BCD, ODE, i; 
equal to BAE, or AED, Wherefore the Pentagon 
ABCDE is equiangular ; but it has been prov'd to 


equilateral and equiangular Pentagon inſcribed in 4 
given Circle ; which was to be done, 


PROPOSITION XI. 


PROBLEM. 


To deſcribe an equilateral and equiangular Penta WE; 
I about a Circle given. = 


LET ABCD E be the given Circle. It is required 
*— to deſcribe an equilateral and equiangular Trian-· 
gle about the ſame. 

Let A, B, C, D, E, be the angular Points of a Pen- 
tagon ſuppoſed to be inſcribed * in the Circle; fo that 
the Circumferences AB, BC, CD, DE, E A, be 


equal; 


= RY 
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equal; and let the Right Lines GH, HK, KL, LM, 
M G, be drawn touching f the Circle in the Points J 13. 3. 
A, " C, D, E: Let E be the Center of the Circle 
AB DE, and join FB, FK, FC, FL, FD. 
Then becauſe the Right Line K L touches the Cir- 
cle AB CD E in the Point C, and the Right Line FC 
is drawn from the Center F to C, the Point of Con- 
tact; FC will be þ perpendicular to K L: And ſo ＋ 18. 3. 
both the Angles at C are Right Angles. For the fame © 
W Reaſon, the Angles at the Points B, D, are Right 
W Angles. And becauſe FCK is a 7 Angle, the 
W Square of FK will be * equal to the Squares of FC, & 45. 1. 
= CK : And for the ſame Reaſon, the Square of FK 
is equal to the Squares of FB, BK. Therefore the 
W Squares of FC, CK are equal to the Squares of FB, 
BK. But the Square of FC is equal to the Square 
W of FB. Wherefore the Square of CK ſhall be equal 
= to the Square BK; and ſo B K is equal to CK. And 
W becauſe F B is equal to FC, and FK is common; 
the two Sides BF, FK, are equal to the two CF, 
FK, and the Baſe BK is equal to the Baſe K C; and 
Wo the Angle BF K ſhall be f equal to the Angle + 5. 1. 
KFC, and the Angle BK F to the Angle FK C. 2 
Therefore the Angle B F C is double to the Angle 
KFC, and the Angle B K C double to the Angle 
FK C: For the ſame Reaſon, the Angle CFD is 
double to the Angle CF L, and the Kn le CLD 
double to the Angle CLF. And becauſe the Cir- 
cumference BC is equal to the Circumference CD, 
the Angle BF C ſhall be + equal to the Angle CFD. & 27. 3- 
But the Angle BF C is double to the Angle KFC _ 
pnd the Angle D F C double to L FC, Therefore 
he Angle KFC is equal to the Angle CFL. And 
oFKC, FLC, are two Triangles having two An- 
les of the one equal to two Angles of the other, 
Fach to each, and one Side of the one equal to one 
08 Wide of the other, vi. the common Side FC; where- 
ore they ſhall have I the other Sides of the one equal I 26. 1. 
0 the other Sides of the other; and the other Angle 
elk the one, equal to the other Angle of the other, 
an" Wherefore the Right Line K C is equal to the Right 
ine CL, and the Angle FK C to the Angle FLC. 
ud ſince K C is equal to CL, KL ſhall be double 
hu K C. And by the ſame Reaſon, we prove tha 
be Ge HK 


Al; 


| ſhall be equal to the Angle K LM. By the fame 
. _ Reaſon we demonſtrate, that every of the Angles 


1 9. I. 


t 4. 1.5 


prov'd to 


KLM, LMG, MG, are equal between them. 
ſelves. And fo the Pentagon G HK LM is equian- 


_ tera}, and deſcribed: about the Circle AB CDE; 


70 inſcribe a Circle in an equilateral and equiangilr 


Lines CF, DPF, and from the Point F wherein CH 


Baſe BF is + equal to the Baſe FD; and the Triany 


other, which are ſubtended by the equal Sides: Thel 


HK is double to BK. Again, becauſe B K has been 


| prov*d equal to KC, and KL the double tO K C, 48 
alſo HK the double of BK, HK ſhall be equal to 


K L. So likewiſe, we prove that GH, GM, and 


ML, are each equal to H K, or K L. Therefore 


the Pentagon G HK LM is equilateral. I ſay alſo, 
it is equiangular; for becauſe the Angle F K C is equal 
to the Angle FLC; and the Angle HK L has been 
de double to the Angle FK C; and alſo 
LM double to FLC: Therefore the Angle HK L 


KHG, H GM, G ML, is equal to the Angle HKI, 
or KLM. Therefore the five Angles G HK, HKI 
gular, and it has been proved likewiſe to be equil 
which was to be dune. 
PROPOSITION xm. 
„ POB IL E M. 


1 ET ABCD E be an equilateral and equiangulz 
Pentagon. It is required to inſcribe a Circle i 

the ſame. _ ir og . 8 
Biſe& * the Angles BCD, C D E, by the Rigit 


5 Pentagon. 


DF, meet each other, let the Right Lines FB, FJ 
FE, be drawn. Now becauſe BC is equal to CI 
and C F is common, the two Sides B C, CF, at 
equal to the two Sides DC, CF; and the An 
BCF is equal to the Angle DCF. Therefore ti 


BFC equal to the Triangle DCF, and the oth 
Angles of the one equal to the other Angles of f. 


fore the Angle CBE ſhall be equal to the Any 

CDF. And becauſe the yas. ay CDE is double 

the Angle CDF, and the Angle CD E is equal tod 
0 | 


Ang 


8 
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Angle ABC, as alſo CDF equal to CBE; the 
Angle CB A will be double to the Angle CBE; 
wo. ſo the Angle ABF equal to the Angle CBF. 
Wherefore the Angle ABC is biſeQed by the Right 
Line BF. After the ſame Manner we prove, that 
either of the —_— BAE or AED is biſected by 
the Right Lines AF, FE. From the Point F draw 


Right Lines AB, BC, CD, 

the Angle HCF is equal to the Angle K CF; and 
the Right Angle FH C equal to the Right Angle 
| FKC; the two Triangles F HC, FK C ſhall have 
two Angles of the one equal to two Angles of the 
other, and one Side of the one equal to one Side of 
rt vix. the Side FC common to each of them. 


And fo the other Sides of the one will be 4 equal to 


FH equal to the Perpendicular F K. In the ſame 


FG, FH F K, FL, FM, are equal to each other. 


ines AB, BC, CD, DE. EA; ſince the Angles 
at G, H, K. L, M, are Right Angles : For if it os 
not touch them, but cuts them, a Right Line drawn 
from the Extremity of the Diameter of a Circle at 


Circle ; which is + abſurd. Therefore a Circle de- 
{cribed on the Center F with the Diſtance of any one 


Lines AB, BC, CD, DE, EA; and ſo will neceſ- 
ſarily touch them; which was 10 be done. „ 


and aq boa F ee be biſe&ed, and from the 
Point in w tch the Lines biſecting the Angles meet, 
there be drawn Right Lines to the other Angles of 


biſected. 


* 


Right Angles to the Diameter, will fall within the 
+ 16. 3. 


of the Points G, H, K, L, M, will not cut the Right 


Coroll. If two of the neareſt An les of an eqilateral 


F G, F H, EK FL F M, K ndicular to the * 12. 1; 
CD, DE, EA. Then fince 


the other Sides of the other ; And the Perpendicular * „ 


Manner we demonſtrate, that FL, FM, or FG, is 
J <qual to FH, or FK. Therefore the five Right Lines 


And ſo a Circle deſeribed on the Center F „with either 
of the Diſtances F G, F H, F K, FL, F M, will 
| paſs thro? the other Points, and ſhall touch the Right 


| the Figure, all the Angles of the Figure will be 


4: PRO- 


11 


* Cor. 
| Precę 4 


16.1. 
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PROPOSITION xk V. 


PROBLEM. 


To aſide a Circle about a given een and equi- 
angular Pentagon. 


LET ABCDE be an equilateral and equian ular 


Pentagon. It is requir'd to 07 a ircle 


about the i lame. 


Biſect both the Angles BCD, CDE, 5 the Right 


Lines CF, FD, and draw FB FA, FE, from the 


Point F, in which they meet. Then each of the An- 
Fes CBA, BAE, AED, ſhall be biſected * by the 
ight Lines B E, F A, F E. And ſince the Angle 


BCD, is equal to the Angle. CDE; and the Angle 
1 CD, is half the Angle BCD, as likewiſe CDF, 
half CDE; the Angle FCP, will be equal to the 
Angie FD C: and ſo the Side CF 15 equal to the Side 


We demonſtrate in like Manner, that FB, 
FA, or FE, is equal to E C, or FD. Therefore the 
five Right Lines, FA, F B, FC, FD, FE, are equal 


to each other. And 1⁰ A Circle being deſerid'g 1 


the Center F, with any of the Diſtances F A, 


FC, FD, FE, will p 5 thro? the other Points, 0 


will be deſerib'd about the equilateral and equiangu· 


lar Feng ABCDE; which was to be done. 
7 PROPOSITION xv. 


PROBLEM. 


To inſeribe an i equilateral and e viangular Hexagon in 
a given Circle 


LET ABCDEF be a Circle given. It is requir'd 
to inſcribe an equilateral and equiangular Hexa- 


gon therein. 


Draw AD a Diameter of the Circle ABCDEF, 
and let G be the Center; and about the Point D, as 
A Center, with the Diſtance DG, let a Circle EG CH, 
be deſcrib'd ; join EG, GC, which produce to the 
Points B, F: n AB, BC, CD, DE 224 


N 
M 
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FA. I ſay ABC DEF is an equilateral and equian- 
f ˙ ˙ . 

For ſince the Point G is the Center of the Circle 
ABCDEF; GE will be equal to G D. Again, 
becauſe the Point D is the Center of, the Circle 
EGCH, DE fhall be equal to DG: But GE has 
been pro d equal ro GD. Therefore GE is' equal 
BD. And ſo EGDis an equilateral Triangle ;.and 
| conſequently the three Angles thereof, EG D, G DE, 
| DEG, are * equal between themſelves: But the * Cor. 5. r. 
three Angles of a Triangle are 92 55 to two Right T 32. 1. 
8 Angles. Therefore the Angle E GD, is a third Part 
of two Right Angles. In the ſame Manner we de- 
monſtrate, that DG is one third Part of two Right 
& Angles: And ſince the Right Line CG, itanding upon 
the Right Line EB, makes ſ the adjacent ngles # 13. . 
EG C, CGB; the other Angle CG B, is alſo one 
third Part of two Right Angles. Therefore the An- 
fie EG D, D GC, CG B, are equal between them- 


ſelves: And the Angles that are vertical to them, viz. 
me Angles BGA, AGF, F GE, are * equal to the 18. 1. 
Auges EG D, DG C, Cg B. Wherefore the fix 
Angles EG D, DGC, CG B, BGA, AGF, FGF, | 
are equal to one another. But equal Angles ſtand +on T 26. 3. 
equal Circumferences. Therefore ſix Circumferences, 
AB, BC, CD, DE, EF, FA, are equal to each other. 
But equal Right Lines wage oo Pg Circumfe- 4 29. 3. 
"WE fences. Therefore the fix Right Lines are equal be- 
tween themſelves; and accordingly the Hexagon 
ABCD EF is equilateral : I ſay it is alſo equiangu- 
lar. For, becauſe the Circumference A F is equal 
© to the Circumference E D, add the common Cir- 
cumference ABCD, and the whole Circumference 
FAB C D, is equal to the whole Circumference 
SEDCBA. , But the Angle FED, ſtands on the Cir- 
cumference FABCD; and the Angle AF E, on the 
Circumference ED CBA. Therefore the Angle AFE 
Is * equal to the Angle DEF. In the ſame Manner * 27.3. 
Ve prove, that the other Angles of the Hexagon 
ABCDEE, are ſeverally equal to A FE, or FED. 
berefore the Hexagon BCD EF is equiangular. 
But it has been prov'd to be alſo equilateral, and is 
inſerib'd in the Circle ABC DEF; which was to be 


one. 
I'2 | Coroll. 
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Cool. 1 hence i it is manifeſt that the Side of the 
| Hexagon i is equal to the Semidiameter of the Circle, 
And if we draw thro” the Points A, B, C, D, E, E. 
Tan rare to the Circle, an equilateral and equiangy: 
lar on will be deſeride about the Circle, as 
1 5 manife from what has been ſaid concerning the 
5 N n. And fo likewiſe may a Circle be in- 
ſerib'd and circumſcrib'd about a Bren . 
which Was to be done. 


PROPOSITION XVI. 


PR OBL E M. 
5 7 deſerib an equilateral and equiangalar Grice 


in 4 a given Circle. 


LE ABCD be a Circle given. Itis " Yeauir'd to 

_*— deſcribe an Wee and equiangular Quinde- 

c ̃ cagon in the ſame. | 

A et AC be the Side of an equilateral Triangle in. 

ſcrib'd in the Circle ABCD, and AB the Side of a MW 

Pentagon. Now if the whole Circumference of the 

Circle ABCD be divided into fifteen equal Parts, 

| the Circumference ABC, one third of the whole, 

3 hall be five of the ſaid fifteen equal Parts; and 

= the Circumference AB, one Fifth of the Whole 

= will be three of the ſaid Parts. Wherefore the te. 

maining Circumſerence B C, will be two of __ 77 

Parts. And if BC be biſected in the Sour Þ ; 

or EC, will be one fifteenth Part of the who ; 
cumference ABCD. And ſo if BE, EC, be no 

and either EC, or EB, be continually apply A; in the | 

Circle, there ſhall be an equilateral and equiangulat | 

Quindecagon deſcrib'd in the Le ABC ; which il 

was to be done. bog 


| x, according to what has been ſaid of the Penta on, 
= Right Lines are drawn thro” the Diviſions of the i 
= Circle touching the ſame, there will be deſcrid's 
about the Circle an equilateral and equiangula 
Quindecagon. And, moreover, a Circle- may be 
nerd d & or circumſcrib'd, about a given equilate- 

ral and equiangular. ' Quindecagon. 
EUCLID's 


— 
. 9 
"A — e 1 
n 
\ 
we. 


. N x 
a 
* 


Book V. Euclids ELEMENTS. 


PART, is a Magnitade of a Magnitude, 
“vb leſs of the greater, when the leſſer 
ER meaſures the greater... 
II. But s Multiple is a Magnitude of 4 
_ EEO Magniznde, the greater of the leſſer, 
.. when the leſſer meaſures the greater, 
III. Ratio, is @ certain mutual Habitude of the Magni- 

tudes of the ſame kind, according to Quantity. 
IV. Magnitudes are ſaid to bave Proportion to each 
other, which being multiplied can exceed one another. 
V. Magnitudes are ſaid to be in the ſame Ratio, the 
- firſt to the ſecond, aud thepbird to the fourth, when 
the 8 of the firſt and third, e gr, 
with the Equimultiples of the ſecond and fourth, ac. 
cording to any Multiplication whatſacuer, are eitber 
bath together greater,, equal, or leſs, than the Equis. 
9 — multiples 


{ * 


5 the Multiple of the third equal to the Multiple of the 
fourth: Or, laſtly, if the Multiple of the firſt be leſs 


happen according to every Multiplication whatſoever; 
then the four Magnitudes are in the ſame Ratio, the 


VI. - "Fax nitudes " that have 1. . Proportion, are 


which Euclid R has giver 


firſt is the ſame Equimultiple of the ſecond, as the third 


Commenſurable Quantities ; 


- ariSto ſubſtitute another general one, agreeing to all 
ceeaſier flows from that, than that ou this; ; which 


that Magnitudes in the ſame Ratio muſt have, laid 
. down in the fifth Definition. And let the firſt- be a 


 Euclid's ELEMENTS. Bock V. 
multiples of the 2 and fourth, if 8 be taken 


that ——.— eacl _ . 


.. * . 


3 


e To the Aut pe we gre eater than t] Rook of 
e ſecond, and alſo the Multiple of ths third greater 
an the Multiple of the fourth: Or, if the Multiple of 
xe firſt be equal Ftothe Nultiple of the ſecond; and alſo 


than the Multiple "bs the ſecond; "Ind alſo that of the 
third” leſs than that of the fourth ; and theſe Things 


firſt to the frond, F as third to the fpurt Ee 
* 15 J. 
c alled Proportionals.. 


— "Oey FS al. Acts * 


"Mr uſually lay doy * hers 
O 


50 Numbets Un 
venth Book, viz. 
- Magnitater are e ſaid to zo be P 838 "when the 


—— + ett > —2—2 — — vas — 


Definition 
„in his ſe- 


15 of the fourth, or the ſame Part, or Parts. 


But this Definition appertains only to Numbers and 

and ſo ſince it is not 
univerſal, Euclia did well to reject it in this Element, 
which treats of the Properties of all Proportionals; 


Kinds of Magnitudes.* In the mean time, Expound- 
ers very much endeavour to demonſtrate the Defini- 
tion here laid: down by Exclid, by the uſual received 
Definition of Proportional Numbers; but this much 


may be thus demonſtrated : | BY 


: 8 Let A, B. 0 T D, be ** Magihrades w which 
are in the ſame Ratio, according to the Conditions 


Maultple of the fecond. I lay, the third is . the 
0 1 ae 
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be equal to 5B. Then C ſhall be equal to 5D. Take 
any Number. For Example, 2, by which let 5. be 
multiplied, and the Product will 


uimultiples of the firſt and oe 15 
third Magnitudes A and C: Love, 10B, 20, 100 
| Alſo, let 10B and 10D be Equimulti les of the ſe- 
cond and fourth Magnitudes B and D. Then (by 


to 10D, and C 1 77 to 5 D; that is, C will be five 
Tikes Do. ß = at 

= Sccondly, Let A be any Part of B; then C will be 
= the ſame Part of D. For becauſe A is to B, as C is 


W ſame Multiple of C, and accordingly C ſhall. be the 
W fame Part of the Magnitude D, as A is of B. W. W. D. 
Thirdly, Let A be equal to any Number of what- 


be equal to 4 B. I ſay, C is alſo equal to 4 D. For 
becauſe A is equal to 4 B, each of them being mul- 
tiplied by 4, then 4A will be equal to 5B. And fo 
if the Equimultiples of the firſt. „.. | 
and third, viz. 4A, 40 be aſ- A: B:: C: P. 
of the ſecond and fourth, viz, ' | 
W5B, 5D, and (by the Definition) if 4A is equal to 
W 5B; then 4C is equal to 5D. But 4A has been prov'd 


C equal to 4D. W. W. D. 


equal to =D. For let A and C Ted eZ 

: be multiplied by m, ad Band A: B:: G D 

i D by». And becauſe A is n B C. „D 

10 = B; m A ſhall be equal to mA, uB, mC, u 

B; wherefore (by Def. 5 m C will be equal to 2 

d © equal to = D. W.W.D. 
ORD VII. When 


fame Multiple of the fourth. For Example: Let A 


be 10: And let 2A, 2C, be E- 5 


q 
— — 25 — _ — * Ed ES 3 1 
ol 2 = * "Duan "== — $3 2975 — * a} 


W Def. 5.) if 2 A be equal to 10B, 2 C ſhall be equal 
to 15D. But fince A (from the Hypotheſis) is five 
Times B, 2A ſhall be equal to 10B; and ſo 20 equal 


to D, and fince A is ſome Part of B; then B will be 
a Multiple of A: And ſo (by Caſe 1.) D will be the 


ſoever Parts of B. I ſay, C is equal to the ſame 
W Number of the like Parts of D. For Example: Let 
A be a Fourth Part of five Times B; that is, let A 
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ſum'd; as alſo the Equimultiples 4A, 5B, 1. 


equal to 5B, and ſo 4 C ſhall be equal to 5D, and 
8 And univerſally, If A be equal to 2 B, C will be 
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VI: When ef Equimultiples, the Multiple of the Firſt 


exceeds the Multiple the Second, but the Multiple 

- of the Third does not exceed the Multiple of thi 

Fourth; then the Firſt to the Second is 44 ro 4. 
eater Proportion than the Third to t Fourth. 

y 45 a Stmilitude of wor eee, 


ee Magnitudes are Proportionals, the Firſt 
* wy bs have to the Ti bird, a Duplicate Ratio to what 
it bas to the Second. 


xt, But when four ee, are Propertionals the 
rilic 


Lüirſt fe all have a ate Ratio to the Fourth of 
'. what it 275 to the Second; and fo always one more in 
Order, as the Pro ortionals on be extended. 
nitudes, or Magnitudes of a bike 

Ratio, are 12 1 15 ſuch whoſe utecedents are 10 
the Antecedents — ba . r 0 the CG onſe- 


ent. 


dk 8 of the Abe 
dens with the Amecedent, a be TO: With | 
-'tbe Conſequent. 


XIV. Inverſe Ratio, is e the C onſequent is rakes 


as the Antecedent, and ſo compared with the Amtece- 
* as a Conſe news. © 


XV. Compounded Ratio, is when the Antccedent and 


- e talen both as one, is compared to the Con- 
XC. ur ſelf. 

Divided Ratio, is when the Exceſs wherein the 
83 exceeds the C f ad, is compared with 
the Canſequent. * 

XVII. Converſe 7 WY is when the Antecedent is com- 
« pared with the . * which the A nrecedent ex. 
-ceeds the Conſe | 

XVIII. Ratio - fy, is des therd are taken 

more than two 2 in one Order, and a like 
Number of Magnitzdes in another Order, camparit 
tus to two being in the ſame Proportion; and 1 ſhall 


be in the firſt Order of Magnitude, as the Firſt i 


70 the Laſt, ſo in the ſecond Order of 1 Magnituder 
vs the Fi rſt to the Laſt : Or otherwiſe, it it the Com- 
pariſon of the — — the Bananas "oy 
paired. | | ; 


= 90 XIX. Or 
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XIX. Ordinate Freren is when, as the Antece- GX 
dent it to the 0 1s the Antec edent to 
—— nent; Cots 4 <a Went 55 zo a, 
is the Conſequent to any other. 
XX. P pol hr Pro 2 is when there are three 
| Magnitudes, and others alſo, that arg equal to theſe in 
Mulitude as in the firſt Magnitudes the Antecedent 
is to the Conſequent , ſo in Sho Second Magnitndes 
it the * 70 the - Conſeq went ; And as in the 
Vrrſt Magnitnaes the C ee ig to ſome other, ſo 
in the ſecond 3 10 ſome other to the Ante- 
CE de nt = | 


. 2 5 5 a Des 4 2 
4 _ F - 
x _ - c 2 * 
3 rr Wanted re TS =_ —_— \ 
& 2 e n — 25 


* 
— 2 . 1 
5 * * * 
- » ES ITS 
pu EO. 7s WV . pa af 
—— 17. 2 — — 


AX IO MS. 
1 50 QUIMULTIPLES of the =_ 


; 


of equal Magnitudes, are equal 70 each 


| 7k 


agnitudes that have the ſam ſome e 
; 1 e or whoſe * iples 
ere equal, are equal to * "other, 


i 


PRO- 


_— 


422 


© 
+ its Correſpondent one, the ſame Multiple 


pu k \ - © A 4 
3 4 1 V > a - 


> 4 : a * Y gl 
T , Co? 7 wt 6 7 
\ 2 & 2 NN 29 * * = 2.4 "LS 
 __—_ PROPOSITION I 
1 & 489 * 7 . + p * | 8 ava y «.. * 

2 3 | | | 5 1 4 T 4 | 7? o - th R oF þ ; | , 

| : | : % G4," " 

1 : * ? 


of a like Number of Magnitu 


the former Magnitudes of, all the latter. 


AGY I fay 


| # oy t 


If there 'be any Number of Mognitades Equimule o 
2 do a 2 


ever Multiple any one of the former Magnitudes s 
is 


I there be any Number of Magnitudes 
AB, C D, Equimultiples of a like Num- 
7 ber of Magnitudes E, F, each of each, 

POAA0S what Multiple the Magnitude AB 
is of E, the ſame Multiple A B, and 


CD, together, is of E and F together. 


For becauſe AB and CD. are Equjmultiples of f 
and F, as many Magnitudes equal to 
E, that are in AB, ſo many ſhall be 

__ equal to F in CD. Now divide AB 


into Parts equal to E, which let be AG, 


GB, and CP into Parts equal to F, vix. 


CH, HD. Then the Multitude of 


Parts, CH, HD, ſhall he equal to the 
Multitude of Parts A G, G B. And 


ſince AG is equal to E, and C H to F; 
AG and CH, together, ſhall be equal 


to E and F together. By the ſame Rea- 


” 


ſon, becauſe & B is. equal to E, and 
HD to F, GB and HD will be equal 


to E and F together. Therefore, as 


Often as E is contain'd in A B, ſo often 


is E and F contain'd in AB and CD. 


And ſo, as often as E is contain'd in 


D 


v7; | z 
"a. 13 1 4 


4 4 


EIS 


F 


AB, ſo often are E and E, together, contain'd in 


AB and CD together. Therefore, if there are a 


Namber of er Equimultiples of a like Num: 


ber of Magnitu 


tudes af, all the latter; which was to be demonſtrated 


s, each to each; whatſoever Multiple 
any one of the former Magnitudes is of its C 7 
dent one, the ſame Multiple is all the former 


| 
* 
B 


Hag. 
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PROPO SIT ION IL 
\ THEOREM. 


If the Firſt be the ſame Multiple of the Second, as the 
Third is of the Fourth; and if the Fifth be the ſame 
Multiple of the Second, as the Sixth is of the Fourth ; 
then ſhall the Firſt, added to the Fifth, be the ſame 
Maliiple of the Second, as the Third, added to the 
Sixth, 4s of ithe Fourth. N 
ET the firſt AB be the ſame Multiple of the ſe- 
2 cond C, as the third DE is of the fourth F; and 
let the fifth B G be the ſamne _ © 
Multiple of the ſecond: C, as 
the ſixth E H is of the fourth F. 
ſay the firſt added to the fifth, „ | 
z. AG, is the ſame Multiple | - 
Wf the ſecond C, as the third ad. 
led to the ſixth, ui. DH, is o ß 1 
„ 


efqurh rf. 0 
For becauſe AB js the fame "© 
ultiple of C, as DE is of F, there are as many 
aghitudes equal to Cin AB, as there are Magni- 
des equal to F in DE. And for the ſame Reaſon 
here are as many Magnitudes equal to C in BG, as 
ere are Magnitudes equal to F in EH. Therefore 
ere are as many Magnitudes equal to C, in the whole 
, as there are Magnitudes equal to F in D H. 
Vherefore AG is the ſame Multiple of C, as DH is 
FF. And ſo the firſ} added to the fifth A G, is the 
me Multiple of the ſecond C, as the third, added to 
le fixth DH, is of the fourth F. Therefore, f the 
rſt be the ſame Multiple of the Second, as the Third is 
the Fourth; and if the Fifth be the ſame Multiple of 
e Second, as the Sixth is of the Fourth ;, then . the 
in , added to the Fifth, be the ſame Multiple of the 
cond, as the T bird, added to the Sixth, is of the 
arth; which was to be demonſtrated. 
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PROPOSITION. III. 


THEOREM. 


1 f the Fi 1 be the ſame * wltiple of the Second, as th 
Third it of the Fourth, and there be talen Equimy|. 
** of the Firſt and T bird; then will each of th 

2 talen be ee hy the Second aud 


LI ihe firſt A be the ſame FOR of the ſe 
cond B, as the third Ci is of the fourth D; * 
let E E, GH, be Equi- | a SAC 3 

| multiplex of A and C. 

I fay EF is the -; : td * 

Multi le of B, vnd ag ne 


* 280 4. 
5 For g uſe 5 Bhs 10 
theſ⸗ Multiple of A. „„ 
as GH is of C there 
are as} many Ma . Le 
tudes equal to A in [| 
. as there are Fiege n 
Now to. in. 8 H, 
divide EF into the Magnitudes EK, K F,equl 
to A, and GH into the Magnitudes G L, LH, 
wo C Then the Number; of the Magnitudes | 
| zill be equal to the Number of the Magnitude 
aL 2 55 And becauſe A is the ſame Multiple 
„ is of B, and E K is equal to A, and GL. 
85 EK will be the Res Nane of B, as GLöt 
For the ſame Reaſ on, K F ſhall: be the fan 
Multiple of B, as LH is Therefore b 
the firſt EK is the ſame Multiple of the fond Ba 
the third & L is of the fourth D, and KF, L. 
Equimultiples of the ſecond B and fixth D. Tbeſ 
2 of this. added to the fifth, E E, ſhall be. the ſame Ml 
of the ſecondB, as the third added to the ſixth G 
is of the fourth D. FH, therefore, the Firſt ſt bet 
ſame Multi mw of the Soren, as the T bird is of i 
A Fourth, and there be taken Equimultiples of the bv 
4; and Third; then will each of the Magnitudes talen 
|  Equimultiples of the Second and Fourth; which Wi 
to be demonſtrated. EY 


PROPOSITION . 


THEOREM. 


155 Firſt have the ſame Proportion ro the Stew as 
the 9255 to the . then alſo all the E 2 
| tiples of the Firſt and T hird have the ſame Pre 
tion to the Equimultiples of the Second and Forrth, 

; according to any Multiplication whatſoever, if they 
be. ſo taken as to anſwer each other. 


ET the firſt A have the ſame proportdo to the 
ſecond B as the third C hath to the fourth D; and 
t E and F, the Equimul- 
vles of A and C, be any 
ww taken; as alſo G, H, the 
quimultiples of B and D. | 
ay E is to G as. F is to HH. 
For take K and L, any f p, 
quimultiples of E and 3 
d alſo M and Nof G and 1 


Then betauſe E is the | 
e Multiple of A, as Fis | 
C, and K, L are taken 
vimultiples of E „F, K will 
the ſame Multiple of A, 
is of C. For the ſame 1 
Non, M is the fame Mul- 
e of B as N is of D. 
ans as C is 
D, and K and Lan 0 5 
tples of A and C; and | 
and N Equimuttiples | 
and D. If K exceeds 
then L will exceed N; 
qual, , equal; or leſs, leſs. 
L are Equimultiples 
E DI and M, N, 
er Equimulti les of 6H. 
terefore, as E is to G, 
1} F be to H. e if the Fir have the + 5 Def. 
e P roportion 0 the Second, as the wo We . 
oart 
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126 Euclid's ELEMENTS. Book V; 
; Fourth; then alſo ſhall the Equimultiples of the Hyſ 
and Third have . ene or ves 5 the Eren 
ples of the Second and prin according to any Multi. 
plication whatſoever, if th be fo taken as to anſwer 
each other ; which was td be demonſtrated. 
Becauſe it is demonſtrated, if K exceeds M, then 
L will exceed N; and if it be equal to it, it will be 
equal; and if leſs, leſſer. It is manifeſt likewiſe, if 
* exceeds K, that N ſhall exceed L; if equal, 
3 but if leſs leſs. * therefore as G is to E, fo 
Df. 7s. He. NN 


Az, ® © =» a r * 


Cc oroll. From hence it is manifeſt, if four Magnitudes 
be proportional, that they will be alſo inverſel 
6 4 


PROPOSITION. . 


THEOREM. 


If o one Magnitude be the ſame Maltiple of an other Max 
nitude, as a Part taken from the one is of a Part ta. 
ken from the other; then the Reſidue of the one ſbal 

47 ame Multiple of the Reſidue of the e 
oe is of the Whole 3 


ah the Mag nitude AB be the ſame Multiple 1 
the Magn Aude CD, as the Part taken away Al 
is of the Part taken away CF. Ify B 
that the Reſidue E B is the ſame Mul- 7. 
tiple of the Reſidue FD, as the Whole 
AB is of the whole CD. py 
For let EB be ſuch a Multiple of. 1 
CGasAEis of CF. | E | 
Then becauſe AE is the fame Mul- 
tiple of CF, as EB is of CG, AE | | 
* x of this. will be * the ſame Multiple of CF, „ 
AB is of GF. But AE and AB are D 
py ut Equimultiples of C F and CD. A 
herefore A B is the ſame Multiple of & Fas of CD; 
+ 2 Axiom and ſo G F is + equal to CD. Now let CF, which 
of thi. is common, be taken away; and the Reſidue GC 
equal to the Reſidue DF. And then becauſe ABi 
the ſame Multiple of CF, as EB is of CG, and C6 


| demonſtrated. 


is equal to DF; AE ſhall be the ſame Multiple of 
CF, as EB is of FD. But AE is put the ſame 


Multiple 'of CF as AB is of CD. Therefore EB 
is the ſame Multiple of FD, as AB is of CD: And 


ſo the Reſidue EB is the ſame Multiple of the Reſi- 


due FD, as the whole AB is of the whole CD, 
Wherefore, i one Magnitude be the ſame Multiple of 
another Magnitude, as a Part taken from the one is of 
a Part taken from the otber; then the Reſidue of the 
one ſhall be the ſame Multiple of the Reſidue of the 
other, as the Whole is of the 2 


PROPOSITION VI. 
THEOREM. 


P 


tuo Magnitudes be Equimultiples of 59 Magnitudes, 
and ſome Magnitudes Equimultiples of the yore be 


taken away; then the Reſidues are either equa 
Aagnitudes, or elſe Equimultiples of them. 


to thoſe 


ET two Magnitudes A B, CD, be Equimulti- 
— ples of two Magnitudes E, F, and let the * 
tudes AG, CH, Equimultiples of the ſame E, F, 
taken from AB, CD. I fay, the Reſidues G B, 
_ are either equal to E, F, or are Equimultiples 
them. „„ e 
For firſt, Let GB be equal to E. I ſay, H is 
lo equal to F. For let CK be 
qual to F. Then becauſe AG A 
the ſame Multiple of E, as CH 5 
of P; and GB is equal to E; 15 
d CK to F; AB will be * the 10 
e Multiple of E, as K H is of 
But AB and CD are put 
dumultiples of Eand F. There- G },. | | 
re KH is the ſame Multiple of | H | J. 
as CD is of F. B D E F 
And becauſe K H and CD are E 
Ve: Equi- 


ole; which was to be 
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HD. But K C is equal to Ff. 
Therefore H D Is equal to F; and 


HD to F. 
if G B was a Multi ple of E, that 0 1 
HD is the like Multiple of F. | * 
Therefore, F tuo Magnitudes be B D E 
= and ſome Magnitudes I les of the ſame be take 


nitudes, or elſe — of them; which was h 


| 
D 
Multiple of A, as E is of B, and 
Ais equal to B, D ſhall be alſo 


* Def. 5. fore it will be as A is to C, ſo is B to C. 


1 
* 
x % 
AS. tt 7 
*% = 


Earls EE EN ENM Tü. Bock 


Equimultiples of E; K H will be 
equal to CD; Take away CH 
which is 3 then the Reſi- 
due K C is equal to the Refidue 


ſo GB ſhall be equal to E, and G | _ 


In like Manner wedcmnonfinte, 8 


Equimultiples of two Magnitudes, 


away ; then the Reſidues are either equal to theſe My: 
be demonſtrated. 


PROPOSITI ON vn. 
PROBLEM. 


Equal Magnitudes have the ſame Proportion to the ſax 
Magnitude ; and one and the ſame Magnitude has 1 
ſame Proportion to equal Magnitader. 7” | 


LET A, B, be SY 1 and let C wi 
other Magnitu A and B have the ſu 
Proportion to 90 - likewlfe 8 
has 35 ſame Proportion to A as | 
to | 
For takeD, E, Equimultiples of | 5 
A and B, and let F be any other | > ol 
Multiple of C. 1 4 f 
| 1 


D exceeds F, then E will exceed 1 | 6 
E; 1 de equal to P, E will be © | 

al to F; and if lels, leſs. But D, E are Eq 
multiples of A,B; and Fis any Multiple "of C. The! 


[6 


Now becauſe D ) is the ſame 


_- 


equal to E; but F is a Magnitude | 
taken at Pleaſure. Therefore if 
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I ſay, moreover, that C has the ſame Proportion to 
A as to B. For the ſame Conſtruction remaining, 
we prove, in like Manner, that D is equal to E. 
Therefore if F exceeds D, it will alſo exceed E; if 
it be equal to D, it will be equal to E; and if it be 
leſs than D, it will be leſs than E. But F is Multiple 
of C; and D, E, any other Equimnltiples of A, 8B. 
Therefore as C is to A, ſo ſhall * C be to B. Where- * Def.s. 
fore equal Magnitudes have the ſame Proportion to — 
the ſame Magnitude, and the ſame Magnitude to | 
equal ones; which was to be demonſtrated. 1 
PROPOSITION VIII. 
„ TBREOESES..:' yz 
The greater of any two unequal Magnitades, has a greater 
Proportion to ſome third Magnitude, than the leſs 
bas; and that third Magnitude hath a greater Pro- 
portion to the leſſer of the two Magnitudes, than it 
| bas to the greater. JJC 
[ET AB and © be two unequal Magnitudes, 
| whereof A B is the greater; and let D be any 
third Magnitude. I ſay, AB has a greater Proportion 
to D, than C has to D; and D has a greater Propor- 
ton to C, than it has to AB © 
W Becauſe AB is greater than C, make B E equal to 
—S ] ˙ ˙·˙» 1 
by AE; then AE multiplied * —_ 
ſome Number of Times, will | . . 9 
be x= than D. Now let 7 
AE be multiply'd until it ex- 
ceeds D, and let that Multiple 
of A E, greater than D, be FG. | 
K 
| 


= = 


Make & H the ſame Multiple 
of EB, and K of C, as FG 
is of AE. Alſo, aſſume L 
double to D, P triple, and ſo 
On, until ſuch a Multiple of © 
Vis had, as is the neareſt | | 
| WE cater than K; let this be NT“. 
Fa let M be a Multiple of | |} 
VD the neareſt leſs than N. | 
EG Now becauſe N is the N M P 
Theiß neareſt Multiple of D Poe 2 N 


[i 


Mi * * * * 2 * K - * 
"IR x Ui; * * 4 4 7 * * * 8 * 4 A * * 8 
; % 7 * Wan : 1 
N 


man K, M will not be greater than K, that is, K 
| will not be leſs than M. And fince FG is the fame 
Multiple of AE, as G H is of EB; FG ſhall de 

1 of this, * the ſame Multiple of AE, as FH is of AB; but 
; F G is the ſame. Multiple of A E, as K is of C; 
wherefore HH is the ſame Multiple of AB, as K 
of C; that is, F H, K, are Equimultiples of AB and 
C. Again, | Becauſe & H is the ſame Multiple of i | 
E, as K is of C, and EB is equal to C; GH ſhall WF 
1 Ax. be f equal to K. But K is not leſs than M. Ther 
ore GH ſhall not be leſs than M; but F G is greate 
than D. Therefore the whole F H will be greater 
than M and D; but M and D 2. are equal to 
N becauſe M is a Multiple of D, the neareſt leſſer 
than N: Wherefore FH is greater than N. And ſo 
fnce FH exceeds N, and K does not, and F H and 
Kare Equimultiples of AB and C, and N is another 
+ Def. 7. Multiple of D; therefore A B will have } a greats 
Ratio to D, than C has to D. I fay, moreover, that 
D has a greater Ratio to C, than it has to AB; forthe 
fame Conſtruction remaining, we demonſtrate, as be. 
fore, that N exceeds K, but not FH. And Nis! 
Multiple of D, and FH, K, are Equimultiples of AB 
and C. Therefore D has + a greater Proportion to 
C, than D hath to B. Wherefore he greater of ay 
- ewo unequal Magnitudes, has a greater Proportion iu 
ſame third Magnitade, than the leſs has; and that tm 

| Magnitude hath a greater Proportion to the leſſer of i 
tuo Magnitudes, than it has to the greater. Mi 


. PROPOSITION IK. 
4 THEOREM 
Ma nitudes which have the ſame Proportion to one au ud 
the ſame Magnitude, are equal to one another; andi 
a Magnitude has the ſame Proportion to other Map 
nitudes, theſe Magnitudes are equal to one another. 
LET the Magnitudes A and B have the ſame iwf 
portion to C. 5 ſay, A is equal to B. 1 


| | | 
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For if it was not, A and B would not * * have the © 28 of thi, 

ſame Proportion to the ſame Magni: 

ſtuds C; but they have. Therefore 1 


Is equal to B. | A 
f Again, let C wave the ſame Propor- 1 


Fon to A as n I fay, A is equal — 
B. „„ 
| For if it be not, C will not have the |} © OR 
1 Fame Proportion to A as to B-; bat it 
Fath: Therefore A is neceſſaril equal | B 

B. Therefore Magnitudes that * the 3 
| ame Proportion to one and the ſame 
pitude, are ee to one another; „ if a Ma nds 
12 the ſame Proportion to other Magnitndes, the Mag- 
itudes are ** to one another; which was be „N 
| onſtrated. | 


PROPOSITION K. 


THEOREM. 


1 f Magnitudes havin Proportion 70 the Tas Ma gu- 
| n that which bas the greater Proportion, is SI 
greater Magnitude : And that Magnitude to which 


the ſame bears a greater Proportion, is the fer Megs... 
nitude. 


ET A have a greater Proportion. to C than B 
has to C. I ſay, A is greater than B. 

For if it be not greater, it will either be equal 0 or 
es. But A is not equal to B, becauſe _ 


Shen both A and B would have « _ 5 | * 7 of this, 

me Proportion to the ſame Magni- | , 985 
Ade C; but they have not. There ore Re 
FF, | 3 not equal to B: Neither is it less 
m nan B; for then A would have 4 alefs | C +8 of this, 
. Proportion to C than B would have: 


but it hath not a leſs Proportion: There- B 
re A is not leſs than B. But it has | © 
een prov'd likewiſe not to be equal to | 

herefore A ſhall be greater than B. 
ein, let C have a greater Proportion to B chan 1 to 
I'foy, Bis teſs than A. 


On 
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For if it be not leſs, it is greater, or equal. Noy 


ef n. B is not equal to A; for then C would have *th 


ſame Proportion to A as to B; but this it has not. 
Therefore A is not equal to B; neither is B greater 
than A; for if it was, C would have a leſs Propor. 
tion to B than to A; but it has not: Therefore Bi 


not greater than A. But it has alſo been proved nd 


to be equal to it, Wherefore B ſhall be leſs than A. 
Therefore of Magnitudes having Proportion to the 
ſame Magnitude, that which has the greater Projur 
tion, is the greater Magnitude : And that Magnitude t 


which the ſame bears a greater Proportion, is the laſa 


Magnitude; which was to be demonſtrated. 
THEOREM. 


| Proportions that are one and the ſame to any T bird, a 


alſo the ſame to one another. 


— to F. I ſay A is to B as E is to F. 


For take G, H, K, Equimultiples of A, C, E; ai 


VVV ˙ 1 Fooconens 
B. — 5 F — 0 
L 222 — N 


bdiaicauſe A is to B as C is to D, and there are tis 


G, H, the Equimultiples of A and C, and L, Ma 


* 5 Def. Equimultiples of B, P; if G exceeds L,“ then HW 


Ti. 


exceed M; and if G be equal to L, H will be egi 


to M; and if leſs, leſſer. Again, becauſe as G's) 


D, ſo is E to F; and H and K are taken Equimil 
ples of C and E; as likewiſe M, N, any Equim 
tiples of D, F; if H exceeds M *, then K will ex 
; and if H be equal to M, K will be equal to 
and if leſs, leſſer. But if H exceeds M, G will | 
exceed L; if equal, equal; and if leſs, leſs. Wh 
tore if G exceeds L, K will alſo exceed N; and 


YR. ( (( ( 


LET A be to B as C is to D, and C to D 3 


I., M, N, other Equimultiples of B, D, F. II 
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Gtbe equal to L, K will be equal to N; and if leſs, 
leſs. But G, K are Equimultiples of AE, and L, N, 
any Equimultiples of B. F. Conſequently, as A is 
to B, ſo ? is E to F. Therefore, Proportions that are * 5 Def. of 
one and the ſame to any T hird, are alſo the ſame to one tha. 
another ; which was to be demonſtrated. 


PROPOSITION XI. 
THEOREM. 


Fay Number of Magnitudes be of, af vo, as one 
| of the Antecedents is to one of the Conſequents, ſo is 
all the Antecedents to all the Conſequents. 9 1285 


| LE T there be any Number of proportional Mag: 
nttudes, A,B, C, D, E, F; whereof as A is to 


— L, » Aw 2s. „ / Goa = 

TTT! — oe oa 
— — . N — 

= ſoCistoD, and ſo E to F. I ſay, as A is to B, fo 


; I 4 on Antecedents A, C, E, to all the Conſequents 
n 0 5 3 
For let &, I, K, be Equimultiples of A, C, E; and 

L, M, N, any Equimultiples of B, D, F. 

Then becauſe as A is to B, ſo is C to D, and ſo 

to F; and G, H, K, are Equimultiples of A, C, E, 

and 1 N, Equimultiples of B, D, F; if G ex- 
eeds L, H * will alſo exceed M, and K will exceed“ Def. 5 

N; if G be equal to L, H will be equal to M, and this. . 

Kto N; and if leſs, leſs. Wherefore alſo, if G exceeds 

L. then &, H, K, together, willlikewiſe exceed L, M,N, 

ogether; and if & be equal to L, then G, H, K, toge- 

her, will be equal to L, M, N, together; and if leſs, 

cls: But G, and G, H, K, are Equimultiples of A, and 

V CE; becauſe, if there are any Number of Mag- 

| itudes Equimultiples to a like Number of Magni- 

des, each to the other, the ſame Multiple that one 

Magnirude is of one, ſo ſhall + all the Magnitudes be f 1 Th. 

of all. And for the ſame Reaſon, L, and L, M, N, 


7 


— | _ 


| 
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are Equimultiples'of B, and B, D, F. Therefore, 3 

+5 Def f A is to B, + i AG, to B, D, F. Wherefore 
this. "If there be any Number of Mognitu proportional, g 
due of the Artecedents is to one of the Conſequents, | 
i all the Antetedents to all the Conſequents; which 


was tobe demonſtrated. 2 
PROPOS! T-roN Nin. 
3 


F the Firſt bas the ſame Proportion to the Second, 
tte Third to the Fourth, and if the Third has agreate 
Proportion to be Fourth than the Fifth to the Sixth; 
then alſo ſhallthe Firſt have a greater Proportin # 
ße Second, than the th bas to the Sixth, 

5 - Þ ET the Firſt A have the ſame Proportion to the 
+ Second B, as the third C has to the Fourth; 
and let the Third C have a greater Proportion to tx 
Fourth D, than the Fifth E to the Sixth F. Iii, 


; 1 6 ** 4 : 8 Nr * WY ; 
— r SAFER beg” oe EE IIA as 


yo, . %) Qik... % © © tows wk ESE 


N. K — — 1 — — — U 

likewiſe, that the Firſt Ato the Second Bhas a great B 
Proportion than the Fifth E to the Sixth TF. h 

For becauſe C has a greater Proportion to 1, © 

* 7. Def. than E has to F; there are * certain Equimultiple 2 
of this, of C and E, and others of D and F, ſuch that tie he 
| Multiple of C may exceed the Multiple of D; bit C 
the Multiple of E net that of F. Now let the * 
Equimultiples of C and E, be G and H; and K Fe 

I,, thoſe of D and F; ſo that & exceeds K, andÞ V 

net L: Make M the ſame Multiple of A, as Gil © 

of C; and N the ſame of B, as K is of D. li 

Then, becauſe A is to B as C is to D, and M ali © 

| Gare Equimultiples of A, C; and N, K, of B. Dll © 
. Def. If Mexceeds N; then 4G will exceed K; andif A 
be equal to N; G will be equal to K; and if 1& f ; 


leſs. But G does exceed K. Therefore M will 7 


5 
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ſo exceed N. But H does not exceed L. And M, 

H, are Equimultiples of A. E; and N, L, any others p | 

| of B, F. Therefore A has a greater Proportion *7 Def. 
to B than E has to F. Wherefore, I the Firſt has of this. 


the ſame Proportion to the Second, as the Third to the 
Fourth ; aud if the Third bas a greater Proportion to 


te Fourth than the Fifth to the Sixth ; then alſo ſhall 
the Firſt have a greater Proportion to the Second, than 


the Fifth has to the Sixth ; which was to be demou- 
| ſtrated. | 5 . 


sI ION XIV. 
THE R E M. 


If the Firſt has the ſame Proportion to the Second, as 
| the Third has to the Fourth; and if the Firſt be greater 
than the Third; then will the Second be greater than 
But if the Firſt be equal to the Third, 
then the Second Hall be equal to 70. Fourth; and if 
the firſt be leſs than the Third, then the Second will 


the Fonrth. 


 belefs than the Fourth. 


than D. 353 

For becauſe A is greater than C, and 
B is any other Magnitude : A will 
have“ a greater Proportion to B than 
O has to B; but as A is to B, fo is 
C to D; therefore, alſo, C ſhall + | 
have a greater Proportion to D than 
C hath to B. But that Magnitude to- 
which the ſame bears a greater Pro- 
| portion, is + the leſſer Magnitude : | 
Wherefore D is leſs than B; andcon- { | 
ſeqently B will be greater than D. In 13 8 
like Manner we demonſtrate, if Abe | 
equal to C, that B will be equal to D; and if A be 
leſs than C, that B will be leſs than D, Therefore, 
if the Firſt has the 2 Proportion to the Second, as 
the Third has to the 'ourth, and if the Firſt be greater 


= 


than the Third, then will the Second be greater than 


K 4 0 


135 


ET the firſt A have the ſame Proportion to the 
ſecond B, as the third C has to the fourth BD: 
And let A be greater than C. I ſay, B is alſo greater 


„Hu. 
113 of this: 8 


| +rooftbi. | 


\ 
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the Fourth. But if the Firſt be equal to the Third, they 


the Second ſhall be equal to the Fourth; and if the Hrſt 


be leſs than the Third, then the Second will be leſs thay 
tbe Fourth ; which was to be demonſtrated, 


PROPOSITION xv. 
THEOREM, 


Parts have the ſame Proportion as their like Multiple, 


if taken coreſpondently. 


T ET AB be the ſame Multiple of C, as DE is of 
44 F. I fay, as C is to F, fois AB to DE. 
For becauſe AB and DE are 
Equimultiples of Cand FE, there A 

ſhall be as many Magnitudes e- 

qual to C in AB, as there are 
Magnitudes equal to Fin DE. G 4 
Now, let AB be divided into [| K 
the Magnitudes aG& GH HEB. 1: , 
each equal to C; and CD into Ss 
the Magnitudes DK, zLLE RH] . 
each equal to F. Then the um- | 
ber of the Magnitudes AG, GH, 
HB, will be eqal tothe Number 
%%% 3+) os & FT 
LE. Now, becauſe AG, GH, HB, are equal, as 
likewiſe DK, KL, LE, it ſhall be * as AG is to 
DK: So is GH to KL, and ſo is HB to LE. But 


as one of the Antecedents is to one of the Conſe- 


quents, ſo + all the Antecedents to all the Conſe 


quents. Therefore, as AG is to DK; ſo is ABto 

DE. ButAG isequal to C, and DK to F. e, 

asCis to F, ſo ſhall AB be to DE. Thergtore, 

Parts have the ſame Proportion as their like Multiples, 

10 _ coreſpondently ; which was to be demon- 
rated. | | 


P RO. 
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PROPOSITION XVI. 
THEOREM. 


| If four Magnitudes of the ſame Kind are proportional, 5 
I they alſo ſhall be alternately Proportional. e 


IJ ET four Magnitudes ABCD, be proportional; 
& — whereof A is to B as C is to D. I ſay likewiſe, 
| that they will be alternately proportional, vis. as A 
is to C, ſo is B to D; for take E, E, Equimultiples of 
A and B, and G, H, | 


. C) Van ER — e —— | | Ma 
| any Equimultiples of : F 8 55 = 


Then becauſe E 6 — 
the ſame Multiple of p. 1 
A, as F is of B, and N . ny we 
Parts have the ſame Proportion * to their like Multi- * rx ef this. 
les, if taken correſpondently ; it ſhall be as A is to Iv 
SB ſo is E to F. But as A is to B, ſo is C to D. 
Therefore alſo as C is to D, ſo f is E to F. Again, 4 11 ofthis, 
becauſe G, , are Equimultiples of C and D, and 
Parts have the ſame Proportion with their like Multi- 
ples, if taken Ne agony it will be as C is to D, 
N 


ſo is & to ; but as C is to D, ſo is E to F. There- 
fore alſo as E is to E, ſo is & to H; and if four Mag- 
nitudes be proportional, and the firſt greater than the 
| third, then the ſecond will be greater than the fourth ; + 14 of this. 
and if the firſt be equal to the third, the ſecond will 5 
de equal to the fourth; and if leſs, leſs. Therefore, 
if E exceeds G, F will exceed H; and if E be equal 
to G, F willlbe equal to H; and if leſs, leſs. But 
E, F are any Equimultiples of A,B; and G, H any 
FEquimultiples of C, D. Whence, as A is to C, ſo 
mall B be to D. Therefore, four Magnitudes of || Def. 5. 
the ſame Kind are proportional, they alſo ſhall be alter- 
nately proportional. 
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PROP O SIT 10 N XVII. 
THEOREM. 


If Mognitades compounded, are roportional,; ey ſpall 
l {ſo be proportional when divided. 


1 ET the compounded Magnitudes AB, BE, cn, 
DF, be proport 10nal, that: is, let AB be to BE | 
as CDisto DF. ſay theſe Magnitudes divided are i 


proportional, vis. as AE is to EB, ſo is CF to F). 
For let GH, HK, LM, Ge Rs 


= N be Equimultiples of © X ii 
E, BB, 0 FED, and K X 4 
uimultiples . 3205 
EB, $55 K 
Becauſe G H is the fame 2 
. Multip le of AE as HK is of 
ih. EB; Gate GH * js the 
fame 1 4" of AE, as . 
GK is of A But GH is 
the ſame Multiple of AE, as 
LM is of CF. Wherefore G 1 
GK is the ſame Multiple of ; 
AB, as LM is of CF. Again, ak LMi is th . 
ſame Multiple of CF as MN is of FD, LM vill 
be * the ſame Multiple of C F, as LNis of CD 
Therefore G K is the ſame Multip le of AB, as LW 
is of CD. And mal GK, LN, wil be Equimult | 
ples of AB, CD. Again becauſe HK is the (ame 
Multiple of EB, as MN is of FD; as likewiſe KA 
the ſame Multip le of EB, as NP is of FD, the 
2 of this. compounded Magnitude HX is f alſo the ſame Mal 
tiple of EB, as MP is of FD. Wherefore, ſince 
is as ABisto BE, fois CD to DF; and G K, LN 
are Equimultiples of AB, CD; and alſo HX, "MY, 
. any Equimultiples of EB, FD: If GK exceeds H]. 
+ Def. 5. then LN will +exceed MP: and if GK be equal t 
: HX, then LN will be equal to MP; if leſs, 1:6 
5 | Now let GK exceed HX; then if H K, which i 
common, be taken awa GH ſhall exceed K 
But when GK exceeds HS, then LN exceeds MP, 
therefore LN does exceed NP. If M N, which b 
common, 


82 gr, Seeg. So r ww 
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common, be taken away, then LM will exceed NP. 
| And fo if GH exceeds KX, then LM will exceed 
NP. In like manner we demonſtrate, if G H be 
M equal tO K X, that LM will be equal to NP; and if 
leſs, leſs, But GH, LM, are Equimultiples of AE, 
CF; and K X, NP, are any Equimultiples of EB, FD. 
| Whence, *as AE is to EB, ſo C to FD. There- * Def 5. 
fore, if Magnitudes compounded, are proportional; they . 


| foall alſo be proportional when divided; which was to 
Sk po: A 


PROPOSITION XVII 


= If Magnitudes divided be proportional, the ſame alſo 

being compounded, 2 be proportional. 

| 2 LEI the divided proportional Magnitudes be AE, 
EZB, CF, FD; chat is, as A E is to EB, fois 

Fro FD. I ſay they are alſo propor- "LY 

W tonal when compounded, viz. as AB {7 C 

So BE, fois CD ⁰˙ P. 1 

= Forif AB be not to BE, as CD is to 

WDF, AB ſhall be to BE as CD is to 

. 3 either greater or leſs than 


Firſt let it be to a leſſer, wiz. to . G | 


Then becauſe ABis to BE as CD is to 
& DG, compounded Magnitudes are pro- 1 
portional; and conſequently * they will 5 

be proportional when divided. Therefore A E is 41 of zhis. 
to EB as CG is to GD. But (by the My.) as AE ; 
is to EB, ſo is CF to FD. Wherefore alſo as CG | 
W is to GD, ſo4 is CF to FD, But the firſt CG js +11 of this. 


— 1 — 


Nl framer than the third CF; therefore the ſecond PG 

dal be + greater than the fourth DF. But it is leſs, + 14 of ehic. 
which is abſurd. Therefore AB is not to BE, as OD 
i is to DG. We demonſtrate in the ſame Manner, 


dat AB to be BE, is not as CD to agreaterthan DF. 
1 1 1 herefore AB to B E, muſt neceſſarily be as CD is to 
pF. And ſo if Magnitudes divided be proportional, 
ID they will alſo be proportional when compounded ; 


h 9 wbich was to be demonſtrated, 1 
00, 2 P R O- 


i PROPOSITION XIX. 
| : THEOREM. A 
If the I hole be to the Whole, as a Part taken away is 


to a Part taken. away; then ſhall the Reſidue be ty 
the Reſidue, as the M hole is to the Whole. 


LET the Whole AB be to the Whole CD, a3 
= the Part taken away AE is the Part taken awa 
CF. I fay the Reſidue EB is to the Reſidue FD, 2 
the Whole AB is to the Whole CD. 

For becauſe the Whole AB is to the Whole CD, 
e AE is to CF; it ſhall be“ alternately as AB is to 
* 16 of tÞ1s. AE, ſo is CD to CF. Then becauſe compounded 

Magnitudes, being proportional, will b 

3 bis 52 proportional when divided. As A4 
+17 ofthis. BE is to EA, ſo is DF to FC: And II C 
__ again, it will be by Alternation, as BE 
to DF, ſo is EA to FC. But as EA to | 

FC, fo (by the Pp) is AB to CD. EI F 

And therefore the Reſidue EB, ſhall be! 
to the Reſidue FD, as the Whole AB [ 
to the Whole CD. Wherefore, If be 
Whole be to the Whole, as a Part taken D 
away it to a Part taken away; then ſhall the Reſidue 
4 | be to the Reſidue, as the Whole is to the Whole ; which 

W + was to be demonſtrated, ON 
= Coroll. If four Magnitudes be proportional, they wil 
be likewiſe converſely proportional. For let AB 
de to BE, as CD to DF; then (by Alternation 
it ſhall be as AB is to CD, ſo is BE to DF. 
Wherefore ſince the Whole AB is to the Whole 
CD, as the Part taken away BE is to the Part ti 
ken away DF; the Reſidue AE to the Reſidue 
CF, ſhall be as the Whole AB to the Whole 
CD. And again, (by Inverfion and Alternation) 
as AB is to AE, fois CD to CF, Which 

by Converſe Ratio. „ 
The Demonſtration of Converſe Ratio, laid down i 
this Corollary, is only particular. For Alternatio 
(which is uſed 3 cannot be apply d but when tht 
four proportional Maguitudes are all of the ſame Kina tt: 
as will appear from the 4th and 17th Definitions ff * tic 


00k 


Book. B at Converſe Ratio may be uſe Awben the . 


not be improper to add this Demonſtration following : 
| four Magnitudes are proportional, 1% Nel be ſo con- 
verſly : Er let AB be to BE, as C 


And this inverſiy is, as BE is to AE, ſo is DF to CF; 
| which by compounding becomes, as AB is 10 AF, ſo is 


| Katio. By S. Cunn. 

--\PROPOSITION: XX. 
THEOREM. 

in Number, which being taken two and two in each 


tude be greater than the third, then the fourth willbe 


| third, then the fourth will be equal to the ſiæxth; and 
if the firſt be leſs than the third, the fourth will be 
— AAA ooo none 


ET A,B, C, be three Magnitudes, and 
P, E, F, others equal to them in Num- 
ber, taken two and two in each Order, are 
in the ſame Proportion, vix. let A be to 
B, as D is to E, andBtoC,asEtoF; and 
let the firſt Magnitude A be greater than 
| the third C. I ſay the fourth D is alſo 
greater than the fixth F. And if A be f 
equal to C, D is equal to F. But if A be 
leſs than C, D is leſs than F. 
For becauſe A is greater than C, and B 
is any other Magnitude; and ſince a greater 
Magnitude hath * a greater Proportion to 
do the ſame Magnitude than a leſſer hath, | 
A will have a greater Proportion to B, than 
OC to B. But as A is to B, ſo is D to E; 
100 e and inverſly, as C is to B, ſo is F to E. 


| Therefore alſo D will have a greater Proportionto E, 
in than F has to E. But of Magnitudes having Propor- 
don to the ſame Magnitude, that which has the greater 
ook Proportion 


of the firſt Ratio are not of the ſame Kind with the 
Terms of the latter. T herefore znſtead of that, it any 
i 


| ) zo DF. And 
| then dividing, it is, as AE is to BE, ſors CF to DF: 


| CD to CF; which by the 17th Definition is Converſe 


there be three Ma nitudes, and others equal to them 
Order, are in the ſame Ratio. And if the firſt Magni- 
greater than the fixth 2 But 16 the firſt be e 2 al to th * 
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* roof this. Proportion 1s * the greater Magnitude. Therefore 


D is greater than F. In the ſame Manner we demon. 


ſtrate, if A be equal to C, then D will be alſo equal 


to F; and if A be leſs than C, then D will be le 


than F. Therefore, if there be three Magnitudes, ani 


others equal to them in Number, which being taken twy 
and two in each Order, are in the ſame Ratio. If th, 


firſt Magnitude be greater than the third, then the fourth 


will be greater than the Sixth: But if the firſt be equi 
fo the Dine: then the fourth will be equal to the ſixth: 
and if the firſt be leſs than the third, the fourth will he 


_ tefs than the ſixth; which was to be demonſtrated. 


PROPOSITION XX. 
__THEOREM. 


If there be three . others equal to then 
in Number, which taklys us and two, are in th 
ſame Proportion, and the Proportion be perturbate; 
of the firſt Magnitude be greater than the third, tha i 
Zhe fourth will be greater than the ſixth; but if the 
firft be equal to the third, then is the fourth equalti 
%% oh. OOO EC 


LI. three Magnitudes, A,B, O, be proportional 


„ DD 8d mean Fon 


* of this. 


«Which has a greater Proportion to the ſame 
} roof this. Magnitude, is 4 the, lefler Magnitude. | 


and others D, E, F, equal to them in Number 
Let their Ana likewiſe be pertuxbate, , 
12, as A is to B, ſo is E to FE; ad as | Big 
b to C ſo is D to E; if the firſt Mag- | _ 
nitude A be greater than the third C. Iſay, 
the fourth D is alſo greater than the ſixth | | 
F. And if A be equal to C, then D is | | 
equal to F; but if A be leſs than C, then 5 


* ſince A is greater than C, and B is 

ſome other Magnitude, A will have a1 

"he 8 roportion to B, than C has to B. 

ut as A is to B, fois E to F; and in-“ 

verſly, as C is to B, ſo is Eto D. Where- [ 

fore alſo E ſhall have a greater Proportion | Wn 
D 


to F than E to D. But that Magnitude 


Therefore is leſs than D; and ſo D ſhall 
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be greater than P. ; After the ſame Manner we de- 5 
monſtrate, if A be equal to C, D will be alſo equal 
to F; and if A be leſs than C, D will alſo be leſs 
than F. V, therefore, there are three Magnitudes, 
and others equal to them in Number, which talen two 
and two, are iu the ſame J due and the Proportion 

be perturbate; if the ff lagnitude be greater than 
the third, then the fonrth will Jo reater than the fixth ; 
but if the firſt be equal to the third, then is the fourth 

| equal to the ſixth; if leſs, leſs; which was to be de- 


PROPOSITION XXII 
_THEOREM. 


If there be any Number of Magnitudes, and others equal 
to them in Number, which taken two and tur; We in 
the ſame Proportion; then they ſhall be in the ſame 
Prep. by Equatry, __ 

] ET there be any Number of Magnitudes A,B, 8 
and others D, E, F, equal to them in Number, 
which taken two and two, are in the ſame Proportion, 
that is, as A is to B, fois D to E, and as B is to C 

ſois E to WW 
alſo proportional by Equa- 
ly, viz. as A is to C, ſo is 
to F. 1 
For let G, H, be Equi- 
multiples of A, D; and K, L, 
of . 8 ey. of B, E = 
and likewiſe M, N, any E- A F 
quimultiples of o F Ihen & * a 
Ibecauſe A is to B, as D is to & K LN | 
E, and G, H, are Equimulti- 4. 4 [ 
ples of A, D, and K, L, Equi- |} | F WO 
*$ 1 | * 4 of this. 


multiples of B, E; it ſhall be * 
3 G is to K, 1o is H to 1 
L. For the ſame Reaſon | 1 
allo it will be, as K is to M, „ b 
0 is L to N. And fince | | — 
there are three Magnitudes, 3 
K, M, and others H, L, N, equal to them in N od 
? 


| — 
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ider, which being taken two and two in each Orde 
®200f this. are in the ſame Proportion. If G exceeds M, *} 
will exceed N; if & be equal to M, then H ſhall h 
equal to N; and if G be leſs than M, H hall be le 
than N. But G, H, are Equimultiples of A, D, a 
M., any other oP nn of C and F. When 
. + Def.5 as A is to C, ſo ſhall F D be to F. Therefore, 
cf this, there be any Number of Magnitudes, and others equl 
1 998 to them in Number, which, taken two and two, are n 
the ſame Proportion, then they ſhall be in the ſame Pn. 
portion by Equality; which was to be demonſtrated, 


PROPOSITION XXIV. 
THEOREM. 
If there be three Magnitudes, and others equal to thi 


in Number, which, taken two and two, are in the ſan 
Proportion; and if their Analogy be perturbate, thi 
Hall they be alſo in the ſame Proportion by Equali). 


LE T there be three Mag- 
| nitudes A, B, C, and o- 
thers equal to them in Num- 
ber D, E, F, which, taken 
two and two, are in the ſame 
Proportion, and their Ana- 
. logy be perturbate, that is, as | | 
, As to B, ſo is E to F; and A B 
as B is to C, fois D to E. 
1 ſay, as A is to C, fois D 
WW. Lo # 
For let G, H, L, be Equi- | 
multiples of A, B, D, and 
K, M, N, any Equimultiples 
of C E, F. F 
Then becauſe G, H, are Sb 33 
Equimultiples of A and B, 1 
and ſince Parts have the ſame 3 
Proportion as their like Multiples when taken cort 
* 15 ofthis. pondently, it ſhall be * as A is to B, ſo is & to f 
and by the ſame Reaſon, as E is to F, ſo is Mto N 
+ 110f this, But A is to B as E is to F. Therefore, 4 as G 15 
H, ſo is M to N. Again, becauſe B is to C, as) 


„ K „ „ „„ hank, lent . „ „ = $A + and Woes. land 


with the ſixth has to the fourth. | 1 
[ET the firſt Maynitude AB | _ 
have the ſame Proportion to F 
the ſecond C, as the third DE has 81 
to the fourth F. Let alſo the fifth Þ 


BG have the ſame Proportion to 
the ſecond C, as the ſixth EH has | 1 
to the fourth F. I fay, AG the | “ 
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s to E, and H, L are Equimultiples of B and D, as 
| likewiſe K, M any Equimultiples of C, E; it ſhall be 
2s H to K, ſo is L to M. But it has been allo ptov'd, 
that as G is to H, ſo is Mto N. Therefore, becauſe 
three Magnitudes, G, H, K, and others, L, M, N, 
equal to them, in Number, which taken two 1 


two are in the ſame Proportion, and their Analogy is 
erturbate; then if G exceeds K, alſo L* will exceed 
N, and if & be equal to K, then L will be equal to 


N; and if G be leſs than K, L will likewiſe be leſs 
than N. But G, L are Equimultiples of A, D; and 
Ek, N Equimultiples of C, F 

ſo ſhall D be to F. Wherefore, f there be three 
| Magnitudes, and others equal to them in Number, which 


Therefore, as A is to C, 


talen two aud two are in the ſame Proportion; and if 

the ſame Proportion by Equality; which was to be de- 

monſtrated. e V 
THEOREM. 


the fourth, 1 
fifth, have the ſame Proportion to G 
the ſecond, as the third compounded 


firſt compounded with the fifth, has = 
the ſame Proportion to the ſecond 0 
C. as DH the third compounded | 
With the ſixth, has to the fourth E. 1 \ F 
For becauſe BG is to C, as EH 1 
15 to F, it ſhall be oy as Cis to BG, ſo is F 
d 


If the firſt Magnitude has the ſame Proportion to be 
ſecond, as the third to the fourth; and if the fifth has 
the ſame N to the ſecond as the ſixth has to 

en ſhall the firſt, compounded with the 
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„21 of this. 


their Analogy be perturbate, then ſhall they be alſo in 


7 * 199f this, Alſo be * as the Reſidue GB to 
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toEH. Then lines AN bs 9 C, ine 
£1: as C is to BG, ſo is F to 1 1 be ua 

y — lity as AB is to BG, fo is DE to EH. bd be 
” cauſe Magnitudes, being divided, are proportional, 
4 18 of chis, they ſhall alſo be + proportional when compounded, 

"Therefore, as A G is to GB, fo is DH to HE: By 

4 Ep. 28 G is + to C, ſo alſo is HE to E. Wherefore 
as by Equality®, it ſhall be as AG is to C, ſo is DH to 
F. Therefore, if the firſt Magnitude has the ſane 
Proportion to the ſecond, as the third to the fourth; ani 
— the 5 has the ſame Proportion to the ſecond, as the 

| fixth has to the fourth; then ſhall the firſt, compounded 
with the fifth, have the ſame by fg to the ſecond 
as the third compounded with the fixth has to the fourth; 
which was to be demonſtrated. ﬀÞ_" ; 


PROPOSITION XXV. 
THEOREM. 


Tf four Magnitudes be proportional, the greateſ, a 
the leaſt of them, will be greater than the other tw, 


. ET four Magnitudes AB, CD, E, E, be propot- 
| tional, whereof AB is to CD, as E is to P; la 
AB be the greateſt of them "2 | 
and F the leaſt. I fay AB,and B 
F, are greater than CD and E. 
For let AG be equal to FE, | 
and CH to F. Then becauſe G 
A is to CD, as E is to FF; 
and fince A G, and CH, are 
each equal to E and F, it ſhall 
be as A is to DC; ſo is AG 
to CH. And becauſe the whole 
AB is to the whole CD, as the 
Part taken away AG, is to the | 
Part taken away CH; it ſhall PO | 


the Reſidue HD; fo is he 1 J E f 
Whole AB to the whole CD. 8 
But AB is greater than CD; therefore alſo GB {bl 
be greater than HD. And ſince AG is equal to 
and CH to F, A G and F will be equal to Ch 
wo all 
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and E. But if equal Things are added to unequa! 
Things, the Wholes ſhall be unequal. Therefore 

GB, HD being unequal, for GB is the greater. If 

AG, and E, are added to GB, and C H, and E, to 

HD; AB and F will neceſſarily be greater than CD and 

E. Wherefore, F four „ ge, be proportional, 

the greateſt, and the leaſt of them, will be greater than 

the other two ; Which was to be demonſtrated. 
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DEFINITIONS. 


Fall! MILLAR Right-lin'd Figures, at 
uch as have each of their ſeveral Ang 
equal to one another, and the Sidei + 
out the equal Angles proportiond i 
l each other. 


II. Figures are ſaid to be reciprocal, when the Anti 
dent and Conſequent Terms of the Ratios are int 

Figure. . | 

III. A Right Line is ſaid to be cut into mean and ts 
treme Proportion, when the Whole is to the greu 
Segment, as the greater Segment 1s to the leſſer. 

IV. The Albitude of any Figure, is a Perpendidi 
Line drawn from the Top, or Vertex, to the Ba. 


V. A Ratio is ſaid to be compounded of Ratio“, wht 


the Quantities of the Ratio's beiag multiplied mi ® 


another, do produce a Ratio. 


p RC 
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PROPOSITION I 
THEOREM. 


7 Trigerles and Parallelograms that have the ſame Altt- 
Piude, are to each other as their Baſes. 


= ET the Triangles A BC ACD, and the 
PS Pardliclograms E C, C E, have the ſame 
EI Altitude, vz. the Perpendicular drawn 
from the Point A to BD. I ſay, as the Baſe 
B C, is to the Baſe CD, ſo is theTrian . 
ABC, to the Triangle AD: and ſo is the! 

I rallelogram EF to the Parallelogram * 
Peor produce BD both ON ys to the Points Hand L, 
and take GB, GH, any Number of Times equal to the 
W Baſe BC; and D K, "KL. any Number of Times equal 
o the Baſe C D, and join AG, AH, AK, AL. 
Then becauſe CB, BG, G H. are equal to one 
mother, the Triangles AG, AGB, ABC, alſo 


8 that the Baſe HC is of BC, ſhall the Trian- 
* e AH be of the Triangle AB 8. By the ſame 
Keaſon, the ſame Multiple that the Baſe LC is of 
the Baſe CD, ſhall the Triangle A LC be of the Tri- 
angle AC D. And if HOC be equal to the Baſe CL, 
the Triangle AHC is * alſo equal to the Triangle 
ALC: And if the Baſe HC, exceeds the Baſe CL, 
then the Triangle AHC, will exceed the Triangle 
ALC. And if HO be leſs, then the Triangle AHC, 
E Will be leſs. Therefore ſince there are four Magni. 
tudes, 2/2. the two Baſes BC, CD, and the two 
Triangles AB C, ACD; and 'fince the Baſe HC, 
| and the Triangle AHC, are Equimultiplies of the 
Baſe B C, and the Trian le ABC: And the Baſe 
Ne and the Triangle ALC, are Equimultiplies at -- 
| the Baſe CD, and - Triangle ADC. And it has 
deen proved, that if the Baſe HC, exceeds the Baſe 
L, the Triangle AH C, will excecd the Triangle 
IL; 2 ALC 


will be * equal to one another: Therefore the ſame * 38.1 I, 


"ae. > * 22 
ö nf 4 4 * * 
7 4 "I" > —_ 4 Y : x 
n * 9 8 FILE 
* V's 3 
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: ALC; and if equal, equal; if leſs, leſs. Then as 
Def. 5.5. the Baſe B C, is to the Baſe CD, fo * is the Triangle 
ABC, to the Triangle ACD. _ 

141. 1. And becauſe the Parallelogram EC, is + double to 
oe the Triangle A BC; and the Parallelogram FC, doy. 
| ble to the Triangle AC D; and Parts have the ſame 
Proportion as their like Multiples. T herefore as the 
Triangle ABC is to the Triangle ACD, fo is the 
Parallelogram E C to the Parallelogram CPF, And 
ſo ſince it has been proved, that the Baſe BC is to 
the Baſe CD, as the Triangle ABC, is to the Tri. 
angle ACD; and the Triangle ABC is to the Tri 
angle AC, as the Parallelogram EC is to the Pa 
F 11. 3. rallelogram CE; it ſhall be + as the Baſe BC, is to 
5 the Baſe CD, ſo is the Parallelogram E C to the 
Parallelogram FC. Wherefore Triangles, and Pa. 
rallelograms, that have the ſame Altitude, are to eat 

other as their Baſes; which was to be demonſtrated, 


PROPOSITION IL. 
THEOREM. 4 
If a Right Line be drawn parallel to one of the Si . 
of a Triangle, it ſhall cut the Sides of the Triamt Wi 
cee and if the Sides of the Triangle be , 


proportionally, then a Right Line joining the Pom Wi 
of Section, all be parallel to the other Side of | 


Triangle. 1 = 

IE. DE be drawn parallel to BC, a Side o 

1 * 3 ABC. I'fay, DB is to DA, as CI 
18 to 5 5 


"For let BE, CD, d eoeindg. 
37. 1 Then the Triangle BD E is * equal to the Triang 
C D E, for they itand upon the ſame Baſe DE, a 
are between the ſame Parallels DE and BC; all 1 
ADE is ſome other Triangle. But equal Mag 
+7-5- tudes have + the ſame Proportion to one and the an 
Bs Magnitude. Therefore as the Triangle B D E is 
the Triangle ADE, ſo is the Triangle C D E 
the Triangle A D E. | 1 
But as the Triangle BD E, is to the Trial 

+10f thi, ADE, ſo i is BD to D A; for ſince they have 

| | N 


1 e * Ae e 2 


„ he Triangle proportionally; and if the Sides of the 
le be cx proportionally, then f Right Line joiniv 
bie Points of Section, ſhall be parallel to the other Jad 
We of the Triangle; which was to be demonſtrated. 


; HF one Angle of a Triangle be biſected, and the Right Line 


: LEX there be a Triangle ABC, and let its Angle 
Way, as BD is to DC, ſo is BA to AC. 
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ſame Altitude, viz. a Perpendicular drawn from the 

Point E to A. B, they are to each other as their Baſes. 

And for'ithe ſame Reaſon, as the Triangle C DE, is 

to the Triangle ADE, ſo is CE to EA: And © 

therefore as BD is to D A, ſo * is C E to EA. 11.5. 
And if the Sides AB, AC, of the Triangle ABC, 


| be cut proportionally, that is, ſo that BD be to DA, 


as CE is to; CA; and if DE be joined, I ſay, DE 
is parallel to BC A 4 
For the ſame Conſtruction remaining, becauſe BD 


= 


zs to DA, as CE is to EA; and BD is to DA, as t 1 of this. 
W the Triangle BDE is to the Triangle ADE; and 
[CE is to EA, as the Triangle CDE is to the Tri- 
angle ADE: It ſhall be as the Triangle BD E, is to 

W the Triangle ADE, ſo is * the Triangle CD E to 

W the Triangle ADE. And ſince the Triangles ADE, 
CDE, have the ſame Proportion to the Triangle 
WADE, the Triangle BDE, ſhall be + equal to the 9. 5. 
Triangle CDE; and they have the ſame Baſe DE: 
But equal Triangles being upon the ſame Baſe, are + þ 39. 1, 
between the ſame Parallels; therefore DE is parallel 
to BC. Wherefore if 4 Right Line be drawn parallel 


70 one of the Sides of a Triangle, it ſhall cut the Sides 


PROPOSITION m. 
THEOREM. 


that biſects the Angle, cuts the Baſe alſo; then the 
Segments of the Baſe will have the ſame Proportion, 

as the other Sides of the Triangle. And if the 75 : 
ments of the Baſe have the ſame Proportion that the 
other Sides of the Triangle have; then a Right Line 
drawn from the Vertex, to the Point of Section of the 
Baſe, will biſe& the Angle of the Triangle. | 


ABC, be * biſected by the Right Line AD. I * 9.1: 
L 4 + Bo 
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LELS I. 


. 


"© ACE, has been proved equal to the Angle BAD: 
Therefore A CE, ſhall be equal to AE C; and ſothe 


£6. 1. 
* 2 of this. 


17. 


to AC, ſo is BA to 


* 29.1. 


duce BA till it meets CE in the Point E. 


the Angle 


Line AD is drawn parallel to CE, the Side of th: 
BA to AE; but AE is equal to AC. Therefore i 
5 Right Line AD be joined, then, I fa B. the Angle 
BAC, is biſeQted by the Right Line A | 
is to DC, as BA is to AC; and as B is to DC, ft 


: Euclids EI E MENTS: Book VI. 
For thro C draw * CE parallel to DA, and pro 


Then becauſe the Right Line! AC, falls on the 
Parallels AD, EC, the Angle ACE, will be f equal 
to che Angle CAP): But the Angle CAD (by the 
Hypotheſi 37 is equal to the Angle BAD. Therefore 
AD, will be 9282 to the Angle ACE. 
Again; becauſe the Right Line BAE, falls on the 
Parallels AD, EC, the outward Angle BAD, is 
}'equal to the inward Angle AEC; but the An le 


Side AE is equal 1 to the Side A C. And becauleth 
Triangle BCE, it ſhall be * as BD is to DC, ſo 5 
B is to DC, Jo is f BA to Ad. 
And if BD be to DC, as BA is to AC; a the 
For the ſame Conſtruction remainin „ becauſe BD 
is + BA to AE; for A D is drawn parallel to one 


Side EC of the Trian le BCE, it ſhall be as Bas 
RE. Therefore A C is equi 


0 

to AE; and accordingly the Angle AE C, is equi 
to the Ang le ECA: "Pac the 1 le AEC, is equal b 
„to the Wha ard Angle BAD; 2 the An le Ack 1 
equal * to the alternate Angle CAD. herefor (i; 
the Angle BAD is alſo equal to the Angle CAD; 7 
and ſo . Angle BAC is biſected by eke ht Lie © 
AD. Therefore if the Angle of a Triangle be Sel t 
and the Right Line that biſocts the Angle, cuts the Bi * 
alſo; then the Segments of the Baſe will have the ſuu © 
Proportion as the other Sides of the Triangle. Au © 
the Segments of the Baſe have the ſame Proportion 1 
the other Sides of the Triangle have; then a Right Ll 1 
draws from the Vertex, to the Point of Se&ion of MM 
Baſe, willj biſect the Angle of the N : Which M 
Vas to be demonſtrated. 8 
o 

A; 


PROM 


de CE; and becauſe the Angles 
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PROPOSITION: EFV. 
THEOREM. 

The Sides about the equal Angles of equiangular Tri- 
| angles, are proportional; and the Sides which. are 
 ſubtended under the equal Angles, are homologous, or 
EB of hke Ratio. ons WO 


b LET ABC, DCE, be equiangular 41 
having the Angle ABC equal to the Angle D CE; 
the Angle A CB equal to the Angle DEC, and the 
Angle 540 equal to the Angle CDE. I fay, the 
Sides that are about the equal Angles of the I riangles 
| ABC, DCE, are proportional ; and the Sides that 
are ſubtended under the equal Angles, are homolo- 
gous, or of like Ratio. 3 
W- Sect the Side BC, in the fame _—_ Line with the 
\ngles ABC, ACE, are 
W * lcſs than two Right Angles, and the Angle ACB * 17.r. 
is equal to the Angle DE C, the 1 ABCGDEC - 
are leſs than two Right Angles. And ſo BA, ED, 
produced, will meet 4 each other; let them be pro- f 12 Ax, 
duced, and meet in the Point F. Then becauſe the 
Angle DCE, is equal to the Angle ABC, BF ſhall 
be ? parallel to D C. Again, becauſe the Angle ACB 
is equal to the Angle DEC, the Side AC will be + +28. r. 
parallel to the Side FE; therefore FACD is a Pa- 
rallelogram ; and conſequently FA is * equal to CE, * 34. 1. 
and AC to FD; and becauſe A C is drawn parallel 
to FE, the Side of the ne F BE, it ſhall be f + 2 of this. 
as BA is to AF, ſo is BC to CE; and (by Alterna- 
tion) as BA is to B C, fois C D to CE. Again; 
becauſe C D is parallel to BF, it ſhall be + as B C is 
to CE, ſo is FD to DE; but FD is equal to AC. 
Therefore as BC is to CE, ſois+ ACto DE: And 4 7 · 5. 
10 (by Alternation) as BC is to CA, ſo is CE to ED. 
Wherefore becaule it is demonſtrated that AB is to 
| BC, ax DC is to CE; and as BC is to CA, ſo is | 
| CEtoED; it ſhall be *by Equality, as BA is to AC, * 21. 1. 
ſo is CD to DE. Therefore the Sides about the equal 
| Angles of equiangular Triangles, are proportional; pro 
* - BY FL . 0 . . 7 e 
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Ag C, equal to the Angle D E P; and the Angle 
BCA equal to the Angle EF D, and the Angle 
BAC equal to the Angle ED TF. 

For at the Points E and F, with the Line E E, make 


| * 23. | I. 


T Cor. 32. 
| 1. | 


Triungle EGF; and conſequently the Sides that are 


5 # 4 of this. 
* 11. F. 
1 9.5. 


1 8. 1. 


to BC, as DE is to EF; and as BC to CA, fois 


angle DEF; and the Angles equal, under which the 


Angle EFG, equal to the Angle BCA: Then the 


| 


the Sides, which are ſubtended under the equal Angles 


are homologous, or of hike Ratio; which was to be de. 


monſtrated. 
PROPOSITION v. 
THEOREM. 


If the Sides of two Triangles are proportional, the Tri 
angles ſhall be equiangular ; and their Angles, under 
. evhich the homo ou Sides are ſubtended, are equal 
LET there be two Triangles, ABC, DEF, ha. 

ving their Sides proportional, that is, let ABhbe 


EF to FD. And alſo as BA to CA, ſo ED to DF, 
I ſay, the Triangle A BC is equiangular to the Ti 


homologous Sides are ſubtended, viz. the Angle 


*the Angle FEG, equal to the Angle ABC; and the 


remaining Angle BAC, is f equal to the remaining 
Angle BGF. nc ED 
nd ſo the Triangle ABC is equiangular to the 


ſubtended under the equal Angles, are proportional. 
Therefore as AB is to BC, ſo is + GE to EF; but 
as AB is to BC, ſo is DEtoEF: Therefore as DE 
is to E F, fois GE to EF. And ſince DE, EG, 
have the ſame Proportion to EF, DE ſhall be + equi 
to EG. For the ſame Reaſon, DF is equal to FG. 
but E F is common. Then becauſe the two Sides 

EF, are equal to the two Sides GE, E F, and 


DE | 
the Baſe DF is equal to the Baſe FG, the Angle 
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DEF is + equal to the Angle GEF; and the 1 rian- t 


gle DEF equal to the Triangle GEF; and the o- 
ther Angles of the one, equal to the other Angles of 


the other, which are ſubtended by the equal Sides. 


Therefore the Angle DEF is equal to the Angle 


GEF, and the gle EDF equal to the Ap 
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EG FE; and becauſe the Angle DEF is equal to the 
Angle GE E; and the Angle GEF equal to the 
Angle AB C; therefore the Angle ABC ſhall be 

| alſo equal to the Angle FE D: For the ſame Reaſon, 
the Angle ACB ſhall be equal to the Angle DFE; 
as alſo the Angle A equal to the Angle D; there- 
fore the Pas, e ABC will be equiangular to the 
Triangle DEF. Wherefore if the Sides of two Tri- 
angles are 1 ortional, the Triangles for be equian- 
gular; and their Angles, under which the homologus 
Sides are ſubtended, are equal; which was to be de- 
monſtrated. 2 e 
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PROPOSITION VI. 
T HO RE M. 


I two Triangles have one Angle of the one equal to 
RE ove Angle of the other; and if the Sides about the 

equal Angles be Fig pigs then the Triangles are 

eguiangular, and have thoſe Angles equal, under 
which are ſubtended the. homologous Sides. : 


= ET there be two Triangles ABC, DEF, having 
one Angle BAC of the one equal to the Angle 
EDF of the other; and let the Sides about the equal 
Angles be proportional, viz. let AB be to AC, as 
Eb is to BF. I ſay, the Triangle ABC is equian- 
gular to the Triangle DEF; and the Angle ABC 
equal to the Angle DEF; and the Angle A CB e- 
qual to the Angle DFE. N 

For at the Points D and F, with the Right Line : 
DF, make *the Angle FD G equal to either of the * 23. 1. 
Angles BAC EDF; and the Angle DFG equal 
to the Angle ACB. . = 


les Then the other Angle B, is + equal to the other + Cor. za. 
nd Angle G; and fo the Triangle ABC, is equiangular 2. 

ole to the P'riangle DGF; and conſequently, as BA is 

n- WO A ©, fo is + GD to DF: But (by the Hyp.) as 4 4 of this. 
oP 4\isto AC, ſo is ED to DF. Therefore as ED 

of WS * to DF, ſo is GD to DF; whence ED is + equal * 17. 5. 

le. to DG, and D F is common; therefore the two Sides Þ 9. 5- 


} D, DF , are equal to the two Sides GD, DF; 
pnd the Angle EDE, equal to the Angle 3 
5 | | On- 
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* 4. 1. 


19290 


_ Conſequently the Baſe EF is * equal to the Baſe FG 


other Angles of the other, each to each; under which 
the equal Sides are ſubtended. Therefore the Angle 
DFG is equal to the Angle DFE, and the Angle 
G, equal to the Angle E; but the Angle DPG, i; 


equal, under which are ſubtended the homolog ous Sidi, 


FF there are two Triangles, having one Angle of the on 


'T ET two Triangles ABC, DEF, have one At 
iz. the Angle BA C equal to the Angle EDS, 


both leſs, or both not leſs than Right Angles. I 1s 
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and the Triangle DEF equal to the Triangle 
G DF; and the other Angles of the one, equal to the 


equal to the Angle AC B: Wherefore the Angle 
ACB is equal to the Angle DFE; and the Angle 
BAC is f alſo equal to the Angle EDE: Therefore 
the other Angle at B is equal to the other Angle 3 
E; and ſo the Triangle A BC is equiangular to the 
Triangle DE F. Therefore if #wo Triangles have on 
Angle of the one, equal to oue Angle of the other; aul 
zf the Sides about the equal Angles be proportignal, then 
the Triangles are equiangular ; and have thoſe Auge 


Which was to be demonſtrated. 
PROPOSITION VI. 
THEOREM. 


equal to one Angle of the other, and the Sides abu 
other Angles proportional; and if the remaining thi 
Angles are either both leſs, or both not leſs that 
. Right Angles, then ſhall the Triangles be equianguiir 
and have thoſe Angles equal, about which are in 
proportional Sides, © 


— gle of the one, equal to one Angle of the other 


and let the Sides about the other Angles ABC, DE, 
be W viz, as DE is to EF, ſo let A 
be to BC; and let the other Angles at C and F, * 


the Triangle ABC is equiangular to the Triang* 
DEF; and the Angle ABC is equal to the Aug! 
DEF; as alſo the other Angle at C, equal to i 

other Angle at F. | 
For if the Angle ABC be not equal to the Aug 
DEF, one of them will be the greater, Which, 50 


by he 0 mw _ © ca. td. 8 5 8 2 8 


0 


— 
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ABC. Then at the Point B, with the Right Line 3 
AB, make * the Angle ABG equal to the Angle * 23. 1. 


DEF. „„ 
Now becauſe the Angle A is equal to the Angle 
D, and the Angle ABG, equal to the Angle DEF; 


| the remaining Angle A GB, is 4 equal to the remain- f Cor. 32. 


| is equiangular to the Triangle DEF; and ſo as AB 


ſo is A 
Ag to BG; and ſince A B has the ſame Proportion 
to BC, that it has to BG, B C ſhall be 4 equal to 

BG; and conſequently the Angle at C equal to the 


GC is leſs than a Right Angle; and conſe- 
quently, AGB is greater than a Right Angle. But 
the Angle AGB has been proved equal to the Angle 
at F; therefore the Angle at F, is greater than a 
© Right Angle: But (by the Hp) it is not greater. 
ſice C is not greater than a Right Angle, Which is 


to the Angle DEF; and ſo it muſt be equal to the 


remaining Angle at F; and conſequently the Triangle 
fore if there are two Triangles having one Angle of the 
one, equal to one Angle of the other, and the Sides 


Right Angles, then ſhall the Triangles be equiangular ; 
| and have thoſe Angles equal, about which are the pro- 
portional Sides; which was to be demonſtrated. 


P R O- 


| Angle BGC. Wherefore each of the Angles BCG, 
| or 


* 


ſame; but the Angle at A is equal to that at D; 
wherefore the Angle remaining at C is equal to the 


Ah is equiangular to the Triangle DEF. There- 


about other Angles proportional; and if the remaining 


third Angles are either both leſs, or both not leſs than 


ing Angle DFE: And therefore the Triangle ABG, 1. 


is to BG, ſo is} DE to EF: but as DE is to EF, #4 of this. 
B to BC. Therefore as ABl is to BC, ſo is * by Hyp. 


19.5. 


| abſurd. Wherefore the Angle AB C is not unequal 5 


1 Fa Perpendicular be drawn, in a Righi-angld Triangl, 


I fay, the Triangles ABD, ADC, are ſimilar to one 
another, and to the whole Triangle ABC. 


Cr. 32. I. 


1 u. 


of the Triangle ABD, ſo is AB ſubtending the An- 


Angle equal to the Angle C, viz. the Angle BAD, 
of the Triangle ABD. And fo moreover is ACto 


Def of 


this. 


ABD. By the fame Way we demonſtrate, that the 
Triangle ADC is alſo ſimilar to the Triangle ABC 


I fay, the ſaid Triangles are alſo ſimilar to one ano- 
ther. 


T 4 of this. 


the two Triangles. Therefore the Triangle ABC 


Right Angle ADC, and the Angle BAD has bee! 


Euclid's ELEMENTS. Book VI 
PROPOSITION VIII. 
5 THEOREM. _ 


from the Right Angle to the Baſe, then the Trianpln 
on each Side of the Perpendicular are ſimilar both u 
the Whole, and alſo to one another. I 
LE T ABC be a Right-angl'd Triangle, whoſe 
Right Angle is BAC; and let the Perpendiculu 
AD be drawn from the Point A to the Bale BC, 


For becauſe the Angle BAC is equal to the Angle 
ADB, for each of them is a Right Angle, and the 
Angle at B is common to the two Triangles ABC 
ABD, the wig prin, Sa A CB ſhall be * equal to 
the remaining Angle BAD. Therefore the Triangle 
ABC is equiangular to the Triangle ABD; and 6 
as F BC, which ſubtends the Right Angle of the Tri 
angle ABC, fs to BA, ſubtending the Right Angle 


gle C of the Triangle ABC to DB, ſubtending a 


AD, ſubtending the Angle B, which is common t 


is + equiangular to the Triangle ABD; and the Side 
about the equal Angles are proportional. Where 
fore the Triangle ABC is + fimilar to the Triangle 


Wherefore each of the Triangles ABD, ADC, i 
ſimilar to the whole Triangle. 


For becauſe the Right Angle BDA is equal to the 


prov'd equal to the Angle C; it follows, that the fe- 
maining Angle at B ſhall be equal to the remaining 
Angle A. And fo the Triangle AB D is equi 
angular to the Triangle ADC. Wherefore as f BD 

| ſubtendilg 
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ſubtending the Angle BAD of the Triangle ABD * 

is to DA, ſubtending the Angle at C of the Triangle "nl 
ADC, which is equal to the Angle BAD, fois AD 1 
ſubtending the Angle B of the Triangle ABD to a 
DC, ſubtending the Angle DA C equal to the An- 1 
gle B. And moreover, ſo is BA to AC, ſubtending i 
the Right Angles at D; and tory ip the Tri- 117 
langle ABD is ſimilar to the Triangle A DC. Where 480 
fore, if a Perpendicular be drawn, in a Right-angÞ 4 i 
Triangle, from the Right Angle to the Baſe, then the 1 
riangles on each Side of the Perpendicular are ſimilar bl 
both to the Whole, and alſo to one another; which was hs! 
to be demonſtrated, „ ki: 
Coro. From hence it is manifeſt, that the Perpendi- "0 
& cular drawn in a Right-angl'd Triangle from the 4 1 
| Right Angle to the Baſe, is a Mean proportional 4 
between the Segments of the Baſe. Moreover, 9 
either of the Sides containing the Right Angle is 4 


| a Mean proportional between the whole Baſe, and 
| that Segment thereof which is next to the Side. 


T I 
9 . 
— * 
— 7g — 9 
r = = 


1 


PROPOSITION. IX. 
PROBLEM. 

Lo cut off any Part requir'd from a given Right Line. 
ET AB be a Right Line ren from which 


— muſt be cut off any requir'd Part; ſuppoſe a third. 
Draw any Right Line A C from the Point A, 


CEC 


2 
* 


le Peking an Angle at Pleaſure with the Line AB. Aſ- 
eme any Part D in the Line AC, make * DE, EC, * 3: 1. 
(Fc equal to AD, join BC, and draw f DF thro? D, f 37: 7: 
5 allel to BC. N pO 


Then becauſe F Dis drawn parallel to the Side BC 
the Triangle ABC, it ſhall be 4 as CD is to DA, + 2 of this. 


is BF to FA. But CD is double to DA. There- 7 
nere BF ſhall be double to FA; and ſo BA is triple i 
en AF. Wherefore there is cut off AF, a third Part = 
te- uir'd of the given Right Line AB; which was to 
in de. | 
4 | 
3D 


ing PRO. 
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531. 1. 


1 34. 1. 
42 this. 


E be to FA. But it has been prov'd, that CI 
to ED as BG is to GF. Therefore, as CE if 


A, is divided as the given Line A C is; lich ul 


* 31. 1 


KH to HD. But K H is equal to BG, and HD 
GF. Therefore, as CE is to ED, fo is BG toGt 
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PROPOSITION. X. 
PROBLEM. 


To divide a given undivided Right Line, as another 
= given Right Line is divided. 


ET AB be a given undivided Right Line, an 

— AC a divided Line. It is requir'd to divide AB 
SACHS. oo ond ey 
Let AC be divided in the Points D and E, and 
placed, as to contain any Angle with AB. Join te 
Points C and B; thro D and E let DF, EG, vi 
drawn * parallel to BC; and thro' D, draw DHI, 
eARMSS onion 
Then FH, HB, are each of them Parallelogram; 
and ſo DH is + equal to FG, and HK to GB. Ant 
becauſe HE is drawn parallel to the Side K C, of ti 
Triangle DK C, it ſhall be + as CE is to ED; foi 


Again, becauſe FD is drawn parallel to the Side EG 
of the Triangle AGE, as ED is to DA, ſo ſhall 


ED, ſo is BG to GF; and as ED is to DA, 6 
GF to FA. Wherefore the given undivided Li 


to be done. 
PROPOSTTLO N „ 


Wo} 
PFRUBLE M: 

Two Right Lines being given, 10 find a third pn 
| 9 to them. e | 

| | m 
ET AB, AC, be two given Right Lines! 
placed; as to make any Angle with each 00 

It is requir'd to find a third proportional to AB, a 
Produce A B, A C, to the Points D and 
make BD equal to AC, join the Points B, C1 
draw * the Right Line DE thro D parallel to Þ 74 
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Then becauſe BC is drawn parallel to the Side 
DE, of the Triangle ADE, it ſhall be“ as AB is to * 2 of thin 
BD, ſo is AC to CE. But BD is equal to AC. 
Hence as AB is to AC, ſo is ACto CE. Thete- 
fore a third proportional CE is found to two given 
Right Lines AB, AC; which was to be done, 


' PROPOSITION xu. 
n 
Tree Right Lines being given, to find a fourth pro- 


Peortional to them. 


ET A,; B, C, be three Right Lines given. It is 

requir'd to find a fourth proportional to them. 

Let DE and DF be two Right Lines, making 
any Angle E DF with each other. Now make DC 
equal to A, GE equal to B, DH equal to C, ang 
may -y Line GH, as alſo * EF through E, parallel # 3 1. x; 
Then becauſe G H is drawn parallel to EF, the 


die of the Triangle DEF, it ſhall be as DG is to 
CE, fois DH to HF. But DG is equal to A, GE 
B, and DH to C. Conſequently as A is to B, fo 
Co HF. Therefore the Right Line HF, a fourth 


Proportional to the three given Right Lines A, B, C, 
found; which was to be done. „ 


PROPOSITION XIII 
PROBLEM. 


ſo find a Mean proportional between two given Right 
, 


Er the two given Right Lines be AB, BC, It 

is requir'd to find a Mean proportional between 
hem. Place AB, B C, in a direct Line, and on the 
whole AC deſcribe the Semicircle A DC, and draw * « 11. I, 
2D at Right Angles to AC from the Point B, and 
et AD, DC, be joined. | | 
Then becauſe the Angle ADC, in a Semicircle, 
| 2 Right Angle, and ſince the Perpendicular 4 31. 3; 
'| B is drawn from the Right Angle to tke Baſe; 
M theretore 
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* Cor. 8 of therefore D B is * a Mean Proportional betwee 
i., 72 Segments of the Baſe AB, BC. Wherefore , 
Mean proportional between the two given Lines AB 

BC, is found; which was to be done. 5 


PROPOSITION XI. 
THE OR E M. 


Equal Parallelograms having one Angle of the one equi 

to one Angle of the other, have * Sides about the 

N Angles reciprocal; and thoſe Parallelogran 

that have one Angle of the one equal to one Ang: if 

the other, and the Sides that are about the equal In 
,* gles reciprocal, are equal between themſelves. 


LET AB, BC, be equal Parallelograms, havin 
#4 the Angles at B equal; and let the Sides DR 


$ia . E, Jen one ſtrait Line; then alſo will * the Se 
1 5 Q, be in one ſtrait Line. I ſay, the Sides oi « 
the Parallelograms AB, BC, that are about the equi! 
Angles, are reciprocal; that is, as DB is to BE, 

11 Ed en! ct 
For let ame F E be compleated. U 
Then becauſe the Parallelogram AB is equal vw E 
. the Parallelogram BC, and F 5 is ſome other Pri e. 
+7.5. lelogram; it ſhall be as AB is to FE, ſo is * 1 
41 this. FE; but as AB is to FE, fois + DB to BE; H 
| as BC is to FE, ſo is GB to BF. Therefore, AW ar 
D is to B E, fois GB to BF. Wherefore T 
Sides of the Parallelograms AB, B C, that are abi an 
the equal Angles, are reciprocally proportional. A 
And if the Sides that are about the equal a U 
are reciprocally proportional, viz. if BD be to 
as GB is to BF. I ſay the Prallelogram AB is eq a 
to the Parallelogram BC. SET | 1 

For ſince D is to BE as GB is to BF, and A 
to BE as the Parallelogram AB + to the Para du 
gram F E, and GB ; to BF as the Parallelo g. ! 
B to the Parallelogram FE; it ſhall be as AB JW" t 
FE, ſo is BCto FE. Therefore the ParalelogM * ri 
AB is equal to the Parallelogram BC. And ſo % Ab 


Parallelograms having one Angle of the one equal i. her 
Angle of the other, have the Sides about the _ 4 A 


Wd 
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gles A pe tek ; ad thoſe Parallelograms that have one 


Angle of the one equal to one E of the other, and the 


Sides that are 3 the equal An ger rect 0 60 are 


Tr 


equal betwees #/ beach, which 19 to 


PROPOSITION XV. 
THEOREM. 


= Equal Trienzles having one Angle of the one equal 5 2 


one An gle of the other, have their Sides about the 
equal Angles reciprocal ; and thoſe Triangles that have 
one Angle of the one equal to one Angle of the other, 
and have alſo the Sides about the equal Angles reci- 
Procal, are equal between themſelves. | 


[ET the equal Triangles ABC, ADE, have one 


Angle of the one equal to one Angle of the 


| other, 4 the Angle BA C equal to the Angle 
| DAE. I ſay the Sides about the equal Angles are te- 


ciprocal, that is, as CA is to AD, ſo is EA to AB. 
For place C A and AD in one ſtrait Line, then 


EA and AB ſhall be * alſo in one ſtrait Line, and let * 14. xc: 
| BD be joined. Then becauſe the Triangle ABC is 


equal to the Triangle ADE, and ABD is ſomeother 


Triangle, the Triangle CAB ſhall be 4 to the Tri- + 7. F. 


angle A D, as the Trianę le 115 is to the Tri- 


Tüte BAD. But as the riany le CAB is to the 
Triangle BAD, ſo is CA f, to AD; and as the Tri- #1 of this: 


1 AD is to the T . — BAD, ſo is f EA to 
Therefore as CA is to AD, ſois EA to AB. 
Frese the Sides of the Triangles ABC, ADE, 
ut the equal Angles, are recipracal. 
And if the Sides about the equal Angles of the Tr: 
N ABC, ADE, be reciprocal, viz. if CA be to 
as EA is to AB. 1 157 the Triangle ABC! is e- 
qual to the Triangle 
For, again let 8D be be del Then becauſe CA 
to AD as EA is to AB, and CA to AD + as the 
\ Tangle ABC to the Triangle BAD, and EA to 
as: as the Triangle EA D to the Triangle BAD; 
herefore, as the Tr le ABC is to the Triangle 


> AD, 10 ſhall the Triaggle E AD he tothe 545. 
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the ſame Proportion to the 


IF four Right Lines be proportional, the R eftangle con- 


. . Angles to AB and CD, and make A G equal to , 
and CH equal to E, and let the Parallelograms BG, 


Ihen becauſe AB is to CD as E is to E, and ſince 


equal to one Angle of the other, have their Sides about 
the equal Angles reciprocal; and thoſe Triangles that 
| have one Angle of the one equal to one Angle of the other, 
and have alſo the Sides about the equal Angles reciprocal 


monſtrated. 


: LE T four Right Lines AB, CD, E, F, be propor- 

tional, ſo that AB be to CD, as E is to F. Iay 
the Rectangle contain'd under the Right Lines AB 

and FP, is equal to the Rectangle contain'd under the 
Right Lines CD and E. 8 
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BAD. Whence the Triangles ABC, ADE, have 

Triangle BAD: And ſo 
the Triangle ABC is equal to the Triangle ADE. 
Therefore eaal Triangles having one Angle of the one 


are equal between themſelves, Which was to be de 


—PROPDS1TION Xyt- © 
„%%% ᷣ ͤ « & 


tained under the Extremes is equal to the Rectang 
contained under the Means; and if the Redanyh | 
contained under the Extremes be equal to the Recta. 
gle contained under the Means, then are the four Rilt 
Lines proportional. F 


hu, © BY an 1 


For draw AG, CH, from the Points A, C, at Rr 


DH, be compleated. 


CH is equal to E, and AG to E, it ſhall be as Ab 4 
is to CD, ſo is CH to AG. Therefore the Sides thi | 
are about the equal Angles of the Parallelograms Bd, | 
D Hare reciprocal; and ſince thoſe Paralleſograms at 
equal *, that have the Sides about the equal Angle the! 
reciprocal. Therefore the Parallelogram B G is equi the s 


* 14 of this. 


to the Parallelogram DH. But the Parallelogral 
A is equal to F, and the Parallelogram DH equi aua! 


to E. Therefore the Rectangle contain d under Ab 


Fe 


BG is equal to that contain'd under A B and E; fu T 


to that contain'd under CD and E, fince C H is equi wk 
Lie 


Reck, 


d under CD and E. 


and F is equal to that contain ru 
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And if the Rectangle contained under AB and F, 
be equal to the Rectangle contained under CD and 


E, I ſay the four Right Lines are Proportionals, viz. 
as AB is to CD, ſo is E to F. e 


For, the ſame Conſtruction remaining, the ReQ- 
angle contained under AB and F is equal to that 
contained under CD and E; but the Rectangle con- 
tained under AB and F is the Rectangle BG; for 
AG is equal to F: And the Rectangle contained un- 
der CD and E is the Rectangle D H, for CH is e- 
qual to E. Therefore the Parallelogram BG, ſhalt. 


be equal to the Parallelogram DH, and they are equi- 


angular; but the Sides of equal and equiangular Pa- 


rallelograms, which are about the equal Angles, are . 
3 * reciprocal. Wherefore as AB is to CD, fo is CH * 14 thut. 


to AG; but CH is equal to E, and A & to F; there- 
fore as AB is to CD, fois E to F. Wherefore, 7 


four Right Lines be proportional, the Rectangle con- 


tained under the Extremes, is equal to the Rectangle 
contained under the Means; and if the Rectangle con- 


| tained under the Extremes be equal to the Rectangle 
ontained under the Means, then are the four 3 
Lines proportional; which was to be demonſtrated. 


* 
- . 


PROPOSITION XVII. 
T THEOREM. 


If three Right Lines be proportional, the Rectangle con- 


tamed under the Extremes, is equal to the Square of 
the Mean; and if the Rectangle under the Extremes, 
ve equal to the Square of the Mean, then the three 
Kight Lines are Proportional. 5 


[ET there be three Right Lines A, B, C, propor- 
tional; and let A be to B, as B is to ol ſay, 
me Rectangle contained under A and C, is equal to 
the Square of B. Bd oe 
For make P equal to B. 


Then becauſe A is to B as B is to C, and B is e- 


. 


* 


Qual to D, it ſhall be * as A is to B, ſo is D to C. 7. 3. 


But if four Right Lines be Proportionals, the Rectan- 


Ne contained under the Extremes is + equal to the +1 


Rectangle under the Means. Therefore the Rectan- 
| "3: gle 


6 of this. 


gle en ad 12 is equal to the Red. 
ü le under B and D; Reda le under B and 
ual to the . e B for is equal to D. 
WE the Recta angle contained under A, G i 
equal to the Square of 
And if che eetangle Contained under. A. C 
eee I., as A is to uk 


For the ſame Kanuten! remaining, the Rectal 
gle contained under A and C is equal to the Square of 
8. but the Square of B is the Rectangle een 
der B, D, for B is equal to D, and the Rectangle con 
tained under A, C, ſhall be equal to the ReQan ge 
contained oder r B, D. Burt if the Rectangle coo 
ed under the Extremes, be equal to the. ReQanol 
contained under the ak, Th the four Fight, 10 
ual to 


* 


308 of this, ſhall þe + B e, herefore A i 05 to B 
is 88 ; but G. Ber re Af is ay, 
Bis to C Relig ore if three Vheufor Honey be pre 
ona), tbe R gle contained under the Extreme, 
45 equal to the Square * the Mean; and if the Leck 
le under the Extremes, be equal to the Square of it 
Aer, ben the three Right Lines are Proportind 
which was to be demonſtrated. 


PROPOSITION Xv. 
PROBLEM. 


 familar, and wks ftnate i to 4 AK r. in d F gl 
given. 
LF AB ks the Right Line given, 1 b te 
Right-lin'd Figure. It is required to deſem 
upon the Right Line AB a Figure ſimilar, and 6 
milarly ſituate to the Righ bt Line Fi igure CE. 
* 23.1, Join DF, and make“ at the Points A and B, wi 
the Line AB, the Angles GAB, ABG, each equs 
; to the Angles CandCDE. Whence the other Al 
| Cor. 32. gle CFD is WP val to the other Angle A GB; i 
I. 1o the Triangle FCD. is qc} = to te Tri 
| AB; and conſequently 19 is to GB, 
+4 of thi FEG GA; and ſo is CD to AB. Again, mit 


Lie Book VI. 


he a given or "ty x ” Ard. 4 bs l dn 
m 
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the Angles BGH, GBH, at the Points B and G, 


with the Right Line BG, each equal to the Angles ON 
EFD, EDF; then the reqpaining Angle at E, is + 1 Cor. 32. l. 
equal to the remaining Angle at H. Therefore the 
Triangle F DE, is equiangular to the Friangle GBH; e 
and conſequently, as F D is to GB, ſo is 4 FE to +4 of this. 
GH; and fo ED to HB. But it has been proved © 
that FD is to GB, as FC is to GA, and as CDto 
AB. And therefore as F C is to AG, ſois*CD to 11. 5. 
AB; and ſo FE to GH; and ſo E D to HB. And 
becauſo the Angle CF D is equal to the Angle 
AGB; and the Angle D F E equal to the Angle 
BGE; the whole Angle CF E ſhall be equal to the 
whole Angle AGH. By the ſame Reaſon, the An- 
I gle CDE is equal to the Angle ABH; and the An- 
gle at C equal to the A A; and the Angle E 
equal to the Angle H. Therefore the Figure AH 
is equiangular to the Figure CE; and they have the 
Sides about the equal Angles proportional. Conſe :- 
© quently, the Right-lin'd Figure AH will be + ſimi- + Def. 1 ff 
lar to the Right-lin'd Figure CE. Therefore there this. | 
is deſcribed upon the given Right Line A B, the Right- 
lin'd Figure AH ſimilar, and fimilarly ſituate to the 
given Right-lin'd Figure CE; which was to be done. 


PROPOSITION XIX. 
HE ORE M. 


VVnilar Triangles are in the duplicate Proportion of 
5 their homologous Sides. 


LET ABC, DEF, be ſimilar Triangles, having 
the Angle B equal to the Angle E; and let AB 

de to BC as DE is to EF, fo that BC be the Side 
zomologous to EF. I ſay, the e ABC, to 
inc Triangle DE F, has a duplicate Proportion to 
that of the Side BC to the Side EF, 
For take * BG a third Proportional to BC and x of thi;, 
1 that is, let BC be to EF, as EF is to BG, and 

n : 5 | | 
Then becauſe AB is to BC, as DE is to EF; it 
ul be (by Alternation) as AB is to DE, ſo is BC 
f;, dut as BC is to EF, ſo is EF to BG. There- 


168 
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fore as A B is to D E, fo is 4 EF to BG; conſe 


quently, the Sides that are about the equal Angles of 


the Triangles AB G, DEF, are reciprocal : By 


Et r5 ofthis. 


F. 


© Def. 10. 
8 


thoſe Triangles that have one Angle of the one, equi 
to one Angle of the other; and the Sides about the 
equal Angles reciprocal, are + equal. Therefore the 
Triangle A BG, is equal to the Triangle DEF; an 
becauſe B C is to EF, as EF is to BG, and if three 
Right Lines be proportional, the firſt has * a dupli 
cate Proportion to the third, of what it has to the 


ſecond. BC to BG ſhall have a duplicate Propor- 


tion of that which BC has to EF; but the Triangle 


ABG is equal to the Triangle DEF. Therefore 
the Triangle ABC, to the Triangle DEF, ſhall be 
in the duplicate Proportion of that which the Side 
BC has to the Side EF. Wherefore ſimilar Triangle 
are in the duplicate Proportion of their homologous Sides, 


which was to be demonſtrated. 


cell. Prom henee it is manifeſt, if three Right Line 


be proportional, then as the firſt is to the third, ſo 
is a Triangle made upon the firſt to a fimilar, and 
ſi milarly deſcribed Triangle upon the ſecond: Be. 
cCauſe it has been proved, as CB is to BG, ſo is the 
Triangle ABC to the Triangle ABG, that is, to 
the Triangle DEF; which was to be demonſtrated, 


PROPOSITION XX. 
THEOREM. 


Similar Pol gong are divided into ſimilar Triangles, 6. 


qual in Number, and homologous to the I holes; ani 

Polygon to Polygon, is in the duplicate Proportion 
that which one omologous Side has to the other. 
TFT ABCDE, FGHKL, be ſimilar Polygons 
and let the Side AB be homologous to the Side 


FG. I fay, the 8 ABC DE, FGHKL, 


are divided into equal Numbers of ſimilar Triangles, 
and homologous to the Wholes; and the Polygon 
AB CDE, to the Polygon EG HK L, is in the dup- 


licate Proportion of that which the Side A B has 3 


the Side . 1 4 
For let BE, EC, GL, LH, be joined. Then 


rr 4 a 


$3 . © ws mp oo AW ;,. mand 


* I 
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Then becauſe the Polygon ABCD E is ſimilar to 
the Polygon FGHK L, the Angle BAE is equal 
to the Angle GFL; and BA is to AE as GF is to 
FL. Now ſince A BE, F GL, are two I Triangles, 
having one Angle of the one equal to one Angle of 
the other, and the Sides about the equal Angles pros; 
portional; the Triangle ABE will be * equiangular * 6 he. 
to the Triangle F G L; and fo alſo fimilar to it. | 
| Therefore the Angle A BE, is equal tothe Angle FGL; 
but the whole Angle A BC is equal to the whole + Def 1. 
Angle F GH, becauſe of the Similiarity of the Poly- of this. * 
| gons. Therefore the remaining ANCE KB 0 18 
equal to the remaining Angle LGH: And fince (b 
the Similarity of the __ ABE, FGL) as E 
is to EA, ſo is LG to G F: And fince allo (by the 
| Similarity of the Polygons) AB is to BC, as FG is 
to GH; it ſhall be + by Equality of Proportion, as 3 21. 5. 
B is to BC, ſo is LG to GH, that is, the Sides 
about the equal Angles EBC, LG, are proportio- 
nal. Wherefore the Triangle EBC is equiangular 
to the Triangle LGH; and conſequently alſo ſimilar 
to it. For Nie ſame Reaſon, the Triangle ECD. is 
likewiſe ſimilar to the Triangle LH K; therefore the 
ſimilar Polygons ABCDE, FGHKL, are divided 
into equal Numbers of fimilar Triangles. © 
I fay, they are alſo homologous to the Wholes, 
that is, that the Triangles are proportional; and the 
LAntecedents are ABE, EBC, ECD, and their Con- 
ſſequents FG L, LGH, LH K. And the Polygon 
ABC DE, to the Polygon FG HK L, is in the dup- 
licate Proportion of an homologous Side of the one, 
to an homologous Side of the other, that is, ABto FC. | 
| For becauſe the Triangle AB E is ſimilar to the 
Triangle FG L, the Triangle ABE, ſhall be * to the * 19 7 
? 


161 F GL, in the duplicate Proportion of B E this. 
0 GL: For the ſame Reaſon, the Triangle BEC, 
0 the Triangle GLH, is * in a duplicate Proportion LY 
of BE to GL: Therefore the Triangle ABE is + to 4 1177. 
he Triangle FG L, as the Triangle BE C is to the = 
tiangle ELI. Again, becauſe the Triangle EBC 
$ fimilar to the Triangle LG H; the Triangle EBC 
0 the Triangle L GH, ſhall be in the duplicate Pro- 
Orton of the Right Line CE to the Right Line 
L; and ſo likewiſe the Triangle ECD to the . 
angle 
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1127. 


a 
| BG 


Triangle E BC is to the Triangle IL. G H, as the 
. Triangle ABE is to the Triangle F GL: There- 
fore as the Triangle ABE is to the Triangle FGL, 


id is the Triangle EG to the Triangle LH K. But 


Folygon FGHK L: But the, Triangle AB E to the 


Bono 


bde in the duplicate Proportion of that which one 
 - homologous Side has to the other; that is, AB to 


2. Therefore univerſally it is manifeſt, if three Rigi. 


 Euclid's Exzxey Ts. Book VI, 


N LH, ſhall be in the duplicate Proportion f 
CE to HL. Therefore the Triangle B E C is to 


the l L GH, as the Triangle CED is to the | 


Triangle LHK. But it has been proved, that the 
ſo is the Triangle BEC to the Triangle GHL; aud 


as one of the Antecedents is to one of the Conſe 


quents, ſo are þ all the Antecedents to all the Conſe- 


13 - Wherefore as the Triangle ABE is to the 
Triangle F GL, fo is the Polygon AB CDE to the 


Triangle F GL, is in the duplicate Proportion of the 
homologous Side AB to the homologous Side FG; 
for ſimilar Triangles are in the duplicate Proportion 
of the homologous Sides. Wherefore the Polygon 
ABCD E, to the Polygon FGHK L, is in the du. 


plicate Proportion of the homologous Side AB to 


the homologous Side FG. Therefore ſimilar Fo. 
ons are divided into ſimilar Triangles, equal in Nun. 
er, and homologous to the holes ; and Polygon to Pr- 
5e 7s in the duplicate Proportion of that which ont 
logous Side has to the other; which was to be de- 
' It may be demonſtrated after the ſame Manner that 
ſimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides; and 
this has been already proved in Triangles. 


Coroll. 1. Therefore univerſally ſimilar Right-lin'd 
Figures, are to one another in the duplicate Pro- 
portion of their homologous Sides; and if X be 
taken a third Proportional to A B and F G, then AB 
will have to Xa duplicate Proportion of that which 
Ah has to FG; and a Polygon to a Polygon, and 

a quadrilateral Figure to a quadrilateral Figure will 


FG; but this has been proved in Triangles. _ 
Lines be proportional, as the firſt is to thethird, 10 


is a Figure deſcribed upon the firſt, to a file 


F i. RS” 


Book VI. Euchd's ELEMENTS. 


| imilarly deſcribed Figure on the ſecond; which 
af to be demonſtrated. e 


17 * 


120 1 i 9 7 
45 141 ain 


PROPOSITION . 


gures that are ſimilar to the ſame R 8 Hgrre, 
„ are alſo ſimilar to one another. 


T ET each of the Right-lin'd Figures A, B, be ſi- 
14 milar to the Right-lin'd Figure C. I ſay, the 
Right-lin'd Figure X. is alſo ſimilar to the Right- 
. ot 167055. 5 il ods." 
For becauſe the Right-lin'd Figure A is ſimilar to 
the Right-lin'd Figure C, it ſhall be * equiangular * Def 1. 
| thereto; and the Sides about the equal Angles pro- of this. 
portional. Again, becauſe the Right-lind: Figure B 

is ſimilar to the Right-lin'd Figure C, iit-ſhall * be e- 
qniangular thereto; and the Rides about the equal 
Angles will be proportional. Therefore each of the 
Ripht-lin'd Figures A, B, are equiangular to C, and 

they have the Sides about the equal Angles proportio- 

nal. Wherefore the 9 3 Figure A is equian- 

gular to the Right- lind Figure B; and the Sides a · 

bout the equal Angles are proportional; Wherefore 
| A is fimilar to B; which was to be demonſtrated. : 


PROPOSITION XXI. 
A THEOREM | | -: 
If four Right Lines be proportional, the Right-lin'd Fr 
gures ſimilar aud ſimilarly deſcribed upon them, ſhall 
be proportional; and if the ſimilar Right-lin'd Figures 


fumularly deſcribed upon the Lines, be proportional, 
then 25 Rigbt Lines ſhall alſo be proportional. 


proportional; and as AB, is to CD, fo let EF 
de 196: 1 
ilar Figures KAB, LCD, be ſi? 


Now let the fi | 

mlarly deſcribed * upon AB, CD; and the. fimilar & 18 of this, 

Figures MF, NH, fimilarly deſcribed upon the Right 
| et ines 
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211. 8. 


+12 this. For make I EF to PR, as ABis to CD, 410 | 


4 9. 5. ſhall be + equal to the Kight-lin'd Figure Rz; it! 


ad 


Lines E F, G H. I fay, as the Right-lin'd Figure 
K A; is to the Right-lin'd Figure LED, fo is the 
Right- lind Figure MF to the Right-lin'd F igure N H. 
11 fh. For take N a third Proportional to AB, Cb, 
| and O a third Proportional to EF, GH. 
Then becauſe ABis to'CD, 48 EF i is to GH: mi 
+ 22.5. — CD is to X, ſo is GH to O; it ſhall be f by Equz 
lity of Proportion, as AB is to X, ſo is EF to 0. 
But AB is to X, as the Right - lind Figure K AB i; 
+ Cor. 20. f to the Right-lin'd Figure LCD; and as EFist 
of this. , ſo is + the Right-lin'd Fig re ME, to the Right: 
5 lin'd Figure N H. Therefore as the R 165 
Lure K AB is to the Right-lin'd Figure LCD, ſo b 
the = ht-lin'd Fi igure MF to the Right-lin' Bi 
e 
* * "Band if the Righ \t-lin'd Figure K A B be to the 
| ht-lin'd. = e LCD, as the Rig ht. ln d Figur 
is to the Right-lin'd Figure N ; 1 boy a AB 
is * CD, ſo is EF to GH. 


ſcribe upon PR a Right-lin'd Fignre SR ſimilar, an 
alike ſituate, to either of the Figures MF and NH 
Thhen becauſe AB is to CD, as E F is to PR, and 
there are deſcribed upon AB, GD, ſimilar and alike 
ſituate Right-lin'd Figures K AB, LCP, and pn 
EF, PR, ſimilar and alike ſituate Fi igures M F, SR; 
it ſhall be (by what has been already proved) a5 the 
Right-lin'd Figuce K A; is to the Right-lin'd Figur 
LCD, ſo is the Right-lin'd Figure M F to the Rigit 
lin'd Figure R S: But (by the 2%.) as the Right- lin' 
Figure KA; is to the Right-lity d Figure LCD, f 
is the Right-lin'd Figure MF to the Right ud E. 
gute NH. Therefore as the'Right-lin'd Figure M! 
zs to the Ri ht-lin'd Figure NH, fo is the Right-lin! 
Figure MF to the Right-lin'd Fi igure SR: And find 
the-Right-lin'd Figure M F has the fame Proport 
to NH, as ithath to S R, the Right-lin'd Pigure N 


alſo ſimilar to it, and alike deſcribed; therefore 6 

is equal to PR. And becauſe A B is to CD, as! 

is to PR; and P R is equal to & H, it ſhall be a5 AP 

to CD, ſo.is EE to GH. Therefore if four Nb 

21+ Lines be proportional, the Right-lin'd Fignres, fi mil 
Aud _ untlarly. deſcribed upon them, ſhall be proportion 
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and if the ſimilar Right-lin'd Figures ſimilarly deſcribed 
upon the Lines, be Neve , then the Right Lines 
fat alſo be proportional; which was to be demonſtra- 
ted. eee e 


LEMMA 
| Any three Right Lines A, B, and C, be- 


77 given, the Ratio of the firſt A to 
the third C, is equal to the Ratio com- 


ſecond B to the third C. 


ent of the Ratio of B to C; then the Number 12 pro- 


led by the Multiplic ation of 4 and 3, is the compound- 
Exponent of the Ratio of A to C: For fince A con- 
, B thrice, and B contains C four times, A will 
en C thrice four times; that is, 12 times, This 
%%% true of other Multiples, or Submultiples; but 

be beorem may be univerſally demonſtrated thus: The 
uanti ty of the Ratio of A to B, is the Number 5 viz. | 
10 lich multiplying the Conſequent, produces the Ante- 


0 

F. e. And theſe two Quantities multiphed by each other, 
1 duce the Number PR, which is the Quantity of the 
ine 7hat the Rectangie ne under the Right 
to e A and B, has to the Rectangle comprehended un- 
Ne Right Lines B and C; and ſo the ſaid Ratio of 
ite Rectangle under A and B, to the Rectangle under 
G C, 75 that which in the Senſe of Def. 5 of this 
E is compounded of the Ratio's of A to B, and Bro 


; but (by 1. 6.) the Rectangle contained under A and 
is to the Rectangle contained under B and C, as A 
to C; therefore the Ratio of A to C, is equal to the 


Ratio 


pounded of the Ratio of the firſt A to 
the ſecond B, and of the Ratio of the 


| Fo R Example, ler the Number 3 be the Exponent, | 
or Denominator of the Ratio of A to B; that 1s, let 
Ae three times B, and let the Number 4 be the Expo- 


edent, So likewiſe the Quantity of the Ratio of B 10 C, 


1 
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BCD of the firſt to the ſecond, of the ſecond to the third 


3 manifeſt (by 22. 5.) by Equality of Proportion, i 


| Line A to the loſt Right Line, is equal to the 0 


the ſecond B, and of the Ratio of the ſecond Bw th 


, demonſtrated, #hat the Ratio of A to C is equal t 
Ratio compounded of the Ratio's of A to B, andBy 
C. Therefore the Ratio of A #0 D is equal to the i 
tio compounded of the Ratio's of A to B, of B to C, al 
| | of CzoD. After the ſame Manner we demonſtrate, i 


Lines, which will be manifeſt, if the ſame Number 
aſſumed in the ſame Ratio, viz. ſo that the Right Im 


Ars to the Right Line B, as the firſt Magnitude i 
the ſecond, and the Right Line B to the Right Liu 


that neareſt it. And therefore the Ratio of the firſt l 
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Ravi compound of the Ratio's of A 10 B, and of By 

| I 5 four Right Lines A, B, C. and D be prom 
ſed, . of the firſt A 70 the four th 9 
to the Ratio compounded of the Ratio of the firſt A þ 


ird C, and of the Ratio of the third C to the fou 


hs: For in three Right Lines A, C, and D, the Rat 15 
A zo D, is equal to the Ratio s compounded of the u. 
zi0's of A to C, and of © to D; and it has been wy | 

th 


any Namber of Right Lines, that the Ratio of the fiſt 
the laſt 15 equal ta the Ratio compounded of the Nuui 


a, «a. — % at. 


the third to the fourth, and ſo on to the laſk, 
T his is true of any other Quantities beſides Rh 


den Lines A, B, C, &c. as there pre Magnitude h 


as the ſecond Magnitude is to the third, and ſo on. | 


the firſt Right Line A is to the laſt Right Line, «i 
firſt Magnitude is to the laſt; but the Bus of the ki 


TJ Cl 8 HY oO Oo o = AG 


N of the Ratio's of A to B, B to C, and] 
to the laſt Right Line: But (by the Hyp.) the Rai 
any one of the Right Lines to that neareſt to it, 1 
Same as the Ratio of a in a of the ſame Order 


nitude to the loft ig equal to the Ratio compᷣoundii 
the Ratio's of the fi Mognitaue to the ſecond, i 
ſecond to the third, and ſo on to the laſt; which vu 
be demonſtrated. e hh 


p R 
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PROPOSITION XXII. 
THEOREM. 

Equiangular Parallelograms 'have the fs ogg 70 

one another that 15 compounded of their Sides. 

LET AC, CF, be equiangular Parallelograms, 
having the Angle B CD equal to the Angle ECG. 

I ay, the Parallelogram AC, to the Parallelogram 
CF, is in the Proportion compounded of their Sides, 
viz, compounded of the Proportion of BC to CG, 

and of DC to CE. per „ 
| For let BC be placed in the ſame Right Line with 


Then DC fhall be * in a ſtrait Line with CE, * 14. 1. 
and compleat the Parallelogram D G; and then + Þ 12 ofthis. 
as BC is to CG, ſo is ſome Right Line K to L; and 
a DC is to CE, ſo let LbetoM 
Then the Proportions of K to L, and of L to M, 
are the ſame as the Proportions of the Sides, viz. of 
BCto CG, and DC to CE; but the Proportion of . 
K to M is . compounded of the Proportion of K ꝙ Com. 
to L, and of the Proportion of L to M. Wherefore proceed. 
alſo K to M hath a Proportion compounded of the 
Sides. Then becauſe BC is to CG as the Parallel- 
ogram AC is * to the Parallelogram CH: And fince * 1 of this. 
BCisto CG as K is to L, it ſhall be f as K is to L, + 11. 5. 
Io is the Parallelogram A C, to the Parallel ogram 
CH. Again, becauſe DC is to CE as the Parallelo- 
N am CH is to the Parallelogram CF; and fince as 
Dis to CE, ſo is L to M. Therefore as L is to 
M, fo ſhall 4 the Parallelogram CH be to the Paral- 
lelogram CF; and conſequently fince it has been pro- 
ed that K is to L, as the Parallelogram AC is to the 
Farallelogram CH, and as L is to M, fo is the Pa- 
alelogram CH to the Parallelogram CF; it ſhall 
de + by Equality of Proportion, as K is to M, ſo is 20. 5. 
he Parallelogram A C to the Parallelogram CF; but 
to M hath a Proportion compounded of the Sides: 
herefore alſo the Parallelogram AC, to the Paral- 
ogram CF, hath a Proportion compounded of the 
des. Wherefore eguiangular Parallelograms mw 
the 
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the Proportion to one another that is compounded of 


te every Parallelogram , the Parallelograms that are 


ö 14 this. 


LE T ABCD be a Parallelogram, whoſe Diame. 
ter is AC; and EG, H K, be Parallelograms 
about the Diameter AC. I ſay the Parallelograms 


. compounding, as BA is to A 


AG. Therefore the Sides of the Parallelogram 


_ Triangle AF E. Therefore the whole Tara cnn 


Euclid's ELEMENTS. Book VI. 
their Sides; which was to be demonſtrated. 
PROPOSITION XXIV. 


about the Diameter, are ſimilar to the whole, and al 
To owe another. W 


EG, H K, are ſimilar to the Whole A B CD, and 
alſo to each other. ) oor 
For becauſe EF is drawn parallel to BC, the Sid 
of the Triangle ABC, it ſhall be * as BE to EA 
ſo is CF to FA. Again, becauſe FG is drawn pr 
rallel to CD, the Side of the Triangle A CD, it ſhall | 
be as CF to FA, ſo is DG to GA. But CF iſ 
to FA, (as has been prov'd) as BE is to EA. Thee 
fore, as BE is to EA, ſois+DG to GA; and i 
, fois + DA to AG; 
and by Alternation, as BA is to AD, ſo is EA t 


ABCD, EG, which are about the common Ant 
BAD, are proportional. And becauſe G P is py 
lel to DC, the Angle AGF is * equal to the Ang 
AD C, and the Angle G F A equal to the Angle DCA, 
and the Angle DAC is common to the two Tria) 
gles ADC, AGF. Wherefore the Triangle ADV 
will be equiangular to the Triangle A G FE. For ti 
ſame Reaſon, the Triangle A.CB is equiangular tot 
ABCD is equiangular to the Parallelogram 
and ſo AD is to DC as AG is f to GF. But Db 
is to CA as G is to FA; and AC is to CB, as Af 
is to FE; and moi eover, CB is to BA as FE N 
EA. Wherefore, ſince it has been prov'd, that 0 
is to CA, as GF is to FA, and ACis to CB, as þ 
is to FE; it ſhall be, by Equality of Proportion 
DC is to CB, ſo is G F to FE. Therefore the Sie 
that are about the equal Angles of the Parallelogri' 
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AB CD, EG, are 1 8 and accordingly the 
Parallelogram ABC is ſimilar to the Parallelogram 
EG. For the ſame Reaſon the Parallelogram ABCD 
is ſimilar to the Parallelogram K H. I herefore both 
the m EG, HK, are ſimilar to the Pa- 
rallelogram ABCD. But Right-lin'd Figures that 
are ſimilar to the ſame Right-lin'd Figure, are * ſimi- * 2 1 of zhis. 
lar to one another. Therefore the Parallelogram EG 
is ſimilar to the Parallelogram HK. And ſo ia every 

| Parallelogram, the Para 9; 1 that are about the 

| the Diameter are fimilar to the Whole, and alſo to one 
another ; which was to be demonſtrated. 


PROPOSITION XXV. 
' PROBLEM. 


To deſcribe a Right-lin'd Figare ſimilar to a Right-lin'd 
 Fignre which ſhall be given, and equal to another 
I IS 

= LE T ABC be a given Right-lin'd Figure, to which 
- is requir'd to deſcribe another ſimilar and equal 
V erm Kt 
On the Side BC of the given Figure ABC, make* * 4, 1. 
the Parallelogram BE equal to the Right-lin'd Figure 
ABC; and on the Side CE make * the Parallelo- 
gram CM equal to the Right-lin'd Figure D, in the 
Angle FCE 7 to the Angle CBL. Then BC, 
eas LE, EM, will be + in two ftrait Lines. 14. l 
Find GH a Mean proportional between BC, CF, +13 of this. 
and on GH let there be deſcrib'd “ the Right-lin'd & 18 5:his. 
'yure K GH ſimilar and alike ſituate to the Right- | 
. 8 
And then becauſe BC is to GH, as GH is to CF, 
and ſince when three Right Lines are proportional, the 
rſt is to the third as the Figure deſcrib'd on the firſt 
to a ſimilar and alike ſituate Figure deſcrib'd on + Cor. 20 
he ſecond, it ſhall be as BC is to C F, ſo is the Right- of zhis: 
nd Figure ABC to the Right-lin'd Figure K H. 
fut 2s BC is to CF, ſo is þ the Parallelogram BE to 4 1 cf ibis. 
he Parallelogram EF. Therefore, as the Right-lin'd 
W Sure ABC is to the Right-lin'd Figure K GH, ſo 
the Parallelogram B E to the Parallelogram. E * 
| N | Where- 
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Wherefore, (by Alternation) as the Right-lin'd Fi. 
re ABC is tothe Parallelogram BE, ſo is the Right- 
find Figure K & H to the Parallelogram EF. But 
the Right-lin'd Figure ABC is equal to the Parallelo- 
gram BE. Therefore the Right-lin'd Figure K GH 
1s alſo equal to the Parallelogram EF. But the Pa- 
_ rallelogram EF is equal to the Right-lin'd Figure D. 
Therefore the Right-lin'd Figure K GH is equal to D. 
But K GH is ſimilar to ABC. Conſequently there is 
deſcrib'd the Right-lin'd Figure K G H fimilar to the 
given Figure ABC, and equal to the given Figure D; 


which was to be done. 


PROPOSITION XXVII. 
THEOREM. : 


| Bf from a Parallelogram be 'taken away another ſimilar 
to the Whole, and in like manner ſituate, having ali 
an Angle common with it, then is that Parallelogran | 
about the ſame Diameter with the Whole. 


LET the Parallelogram AF be taken away from 
the Parallelogram ABCD {ſimilar to ABCD, 
and in like manner fituate, having the Angle DAB 
common. I ſay the Parallelogram A BCD is about 

the ſame Diameter with the Parallelogram AF. 
For if it be not, let AH C be the Diameter of the 
Parallelogram BP, and let GF be produc'd to H, 

alſo let HK be drawn parallel to AD, or BC. 
Then becauſe the Parallelogram A BCD is about te 
the ſame Diameter as the Parallelogram K G, the P. e 
#24 of this, rallelogram ABCD ſhall be * fimilar to the Parall- A 
+1 Def. ef logram KG; and ſo as DA is to AB, ſo is +GAt0 1 
this. AK. But becauſe of the Similarity of the Parallel- 
grams ABCD, EG, as DA is to AB, fo is GAH 
4 11. J. AE. And therefore as GA is 4 to AE, fois GA 
to AK. And ſince G A has the ſame Proportion to jor 
69. . AK as to AE, AE is jj equal to AK, the leſs to ere 
greater, which is abſurd. Therefore the Parallels 
am ABCD is not about the ſame Diameter as the 
arallelogram AH. And therefore it will be about ti ' 
ſame Diameter with the Parallelogram A F. Therctorgp 

if from a Parallelogram be taken away another Enis 
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20 the Whole, and in like manner ſituate, having alſo an 
Angle tommon with it, then is that Parallèlogram abo 
the ſame Diameter with the Whole ; which was ta 
demonſtrated: _ RT 


PROPOSITION XXVII. 
THEOREM. 


alike ſituate, deſcrib'd on the half Line, the greateſt 
is that which is apply'd to the half Line, being ſimi- 
lar to the Defect. e LOS TOE | 


I ET AB be a Right Line, biſected in the Point C, 
and let the Parallelogram AD be 2 to the 
Right Line AB, wanting in Figure the Parallelo- 
gram GE, ſimilar and alike ſituate to that deſcrib'd 
on half of the Right Line AB. I fay, AD is the 
8 of all Parallelograms apply'd to the Right 
ine AB, wanting in Figure by Parallelograms ſimi- 
lar and alike ſituate to E. For let the Parallelogram 
AF be apply'd to the Right Line AB, wanting in 
Figure the Parallelogram HK, ſimilar and alike ſitu- 
ate to the Parallelogram CE. I fay the Parallelo- 
Tram AD is greater than the Parallelogram A F. 
For becauſe the Parallelogram CE is ſimilar to the 


qual to FE, let HK, which is common, be added; 
nd the Whole CH is equal to the Whole K E. But 


qual to CB. Therefore the whole AF is equal to 
e Gnomon LNM,; and ſo CE, that is, the Paral- 
looram AD is greater than the Parallelogram AF. 
\terefore, of all Parallelograms apply'd to the ſame 
'ght Line, and wanting in Figure by Parallelograms 
mlar and alike ſituate, deſcrib'd on the half Line, the 
eateſt is that which is apply'd to the half Line, being 
ar to the Defect; which was to be demonſtrated. 


Nis: P R O- 


S Of all Parallelograms apply'd to the ſame Right Line, | 


| and wanting in Figure by Parallelograms ſimilar and 
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arallelogram HK, they ſtand * about the ſame Dia- * 26 this. 
ter, let DB their Diameter be drawn, and the Fi- 
ure deſcrib'd. Then ſince the Parallelogram CF is + + 43. 1. 


His t equal to CG, becauſe the Right Line AC is + 36. f. 
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 _ PROPOSITION XXVII. 


LEIL AB be a given Rigat Line, and let the given 
to be apply'd to the Right Line AB mult be equal, 


* 18 of this. 


C, what was propos'd will be done; for the Parallels 
gram AG is apply'd to the A Line AB, equal t 
2 


rallelogram EF, ſimilar to the Parallelogram D. Bu 


+4 oof this. 


Toa Right Line given 10 | apply a Parallelogram equal 


gram apply'd to the half Line, the Defects being ſim- 
lar; and let D be the Parallelogram, to which the 
Defect of the Parallelogram to be apply'd is ſimila. i 


and compleat the Parallelogram AG. 
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PROBLEM. 


to a Right Line Figure given, deficient by a Paral- 
lelogram, which is ſimilar to another given Paralle- 
logram ; but it is neceſſary that the Right-hn'd H. 
gure given, to which the Parallelogram to be apply 
'. nuſt be equal, be not greater than the Parallelogran 
' which is apply'd to the half Line, ſince the Defed; 
muſt be ſimilar, vit. the Defect of the Parallelogran 
apply'd to the half Line, and the Defect of the Pa. 
rallelogram to be apply d. | EE, 


Right-lin'd Figure, to which the Parallelogran 


be C, which muſt not be greater than the Parallelo- 


Now it is requir'd to apply a Parallelogram equal v 
the given Right-lin'd Figure C to the given Rigit 
Line AB, deficient by a Parallelogram ſimilar to D 

Let AB be biſected in E, and on E B deſcribe *the 
Parallelogram EBF G, ſimilar and alike ſituate to, 


Now AG. is either equal to C, or greater than i 
becauſe of the Determination. If AG be equal t. 


the given Right-lin'd Figure deficient by the Pt 
if it be not equal, then HE is greater than C; Wi 
E F is equal to HE. Therefore EF ſhall alſo l 
reater than C. Now make + the Parallelogral 
LMN fimilar and alike ſituate to D, and equal 
the Exceſs, by which EF exceeds C. But D is fimls 
to EF. *Wherefore K M ſhall alſo be ſimilar to Ef 
Therefore let the Right Line K L be homologous" 
GE, and LM to GP. Then becauſe E F is equal! 
Cand KM together, EF will be greater than KN 
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and ſo the 5 00 Line GE is greater than K L, and 
GF than LM. Make GX equal to K L, and GO 
equal to LM, and compleat the Parallelogram 
X GOP. Therefore X O is equal and ſimilar to 
KM, but K M is ſimilar to EF; therefore XO is * *2r ofthis. 
ſimilar to EF, and ſo XO is 4 about the ſame Dia- I 26 of this. 
meter with FE: Let GPB be their Diameter, and 
the Figure be deſcribed, — _ n 
Then ſince EF is equal to C and K M together, 
and X O is equal to K M, the Gnomen 1 remain- 
ing, is equal to the remaining Figure C; and becauſe 
OR is equal to X S, let SR, which is common, be 
added; then the Whole OB is equal to the Whole 
XB; but X B is equal to T E, ſince the Side A E is 
equal to the Side EB. Wherefore TE is equal to 
OB. Add X'S, which is common, and then the whole 
TS is equal to the whole Gnomen 1 but the 
Gnomen 1 has been proved equal to C; and fo. 
TS ſhall be equal to C; and ſo the Parallelogram T'S 
is apply'd to the 4. AB, equal to the given 
Right-lin'd Figure C, and deficient by a Parallelogram 
SR, ſimilar to the Parallelogram D, becauſe SR is 
limilar to FE ; which was to be done. 


PROPOSITION XXIX. 
THEOREM. 


To a Right Line given, to apply a Parallelogram equal 
70 « Ricke-lew's Fi ** Wett exceeding ED 5 ä 
lelogram, which foal be ſimilar to another given Pa- 
rallelogram. ti bes, 

LET AB be a given Right Line, and let C be the 

given Right-lin'd Figure to which that to be ap- 
py to AB muſt be equal. Likewiſe let D be the 
rarallelogram to which the exceeding Parallelogram 

Is to be ſimilar; it is required to apply a Parallelo- 

gram to the Right Line AB, equal to the given Right- 

12 Figure 05 exceeding by a Parallelogram ſimilar 
0 D. 1 

Biſect AB in E, and let the Parallelogram EL be 

deſeribed * upon the Right Line E B, ſimilar and alike * 18. 1. 

ituate to D; and that 55 Parallelogram G H equal f 25 of this. 
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Side homologous to FL, and K G to FE. Then 
becauſe the Parallelogram G H is greater than the Pa- 
rallelogram EL, the Right Line KH will be greater 
than FL, and K G greater than FE. Let EL, F E 
be produced, and let FL M be equal to K H, F EN 


$2] r his. 
® 26 of this, 


deſcribe the Figure. 


 likewiſeto MN; therefore MN ſhall be equal to EL 


be alſo equal to theParallelogram E P, that is, to LO; 
and if EX, which is common, be added, then the 


fore AX fhall be alſo equal to C. Wherefore the Pa- 


_ exceeding by the Parallelogram P O, ſimilar to the 


LET AB a given terminate Line; it is required to 
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to EL and C together, but ſimilar to D, and alike 
ſituate. Therefore G H is ſimilar to EL; let KH bea 


equal to K G, and compleat the Parallelogram MN, 
Therefore MN is equal and ſimilar to GH; but GH 
is ſimilar to EL, and ſo MN ſhall be + fimilar to 
EL; and accordingly EL is * about the fame Dia- 
meter with MN. Let FX be their Diameter, and 


* 


Then ſince & H is equal to EL and C together, as 


and C. Let EL, which is common, be taken away, 
then the Gnomon remaining, is equal to C; and 
ſince A E is equal to EB, the Parallelogram AN will 


whole Parallelogram AX is equal to the Gnomon 
T but the Gnomon TSVY is equal to C. There- 


rallelogram AX is apply'd to the given Right Line 
AB, equal to the given Right-lin'd Figure C, and 


Parallelogram D; which was zo be done. 
PROPOSITION. XXX. 
PROBLEM. 


To cut a given terminate Right Line according ti 
| extreme aud mean Ratio. 


cut the fame according to extreme and mean 
Ratio. VV 
Deſcribe * B C the Square of AB, and apply the 
Parallelogram CD to AC, equal to the Square BC, 
exceeding 4 by the Figure A ſimilar to BC; but 
BC js a Square, therefore AD ſhall alſo be a Square. 
| Now becauſe BC is equal to C D, take away CE, 


which is common; then BF remaining hall be che 


Book VI. Euclids ELRMEN TSG 183 


to AD remaining; but BF is equiangular to AD; 

therefore the Sides that are about the equal Angles 

are N proportional; and ſo as F Eis to ED. + 14 of this, 

ſo is AE to EB, but FE is * equal to AC, that is, * 34. 1. 

to AB, and E B to AE. Wherefore as BA is to Tm 

AE, fois AE to EB, but A B is greater than AE; 

therefore AE is + greater than EB; and fo the Right f 14. 5. 

Line A B is cut according to extreme and mean Ratio 

in the Point E; and AE is the greater Segment there- 

of; which was to be done. e 
Otherwiſe thus: Let AB be the Right Line given; 

it is required to cut the ſame into extreme and mean 

Ratio. . i 5 

| Divide} AB ſo in C, that the Rectangle contained t 11. 2. 

under AB, B C, be equal to the Square of & C. ” 

Then becauſe the Rectangle under AB, B C, is 


AC, ſo is AC to CB; and ſo the Right Line AB is 
cut into mean and extreme Ratio; which was to be 
| done, . En | 553 


PROPOSITION. xxx. 
THEOREM. 


Any Figure deſcribed upon the Side of a Right-angled 
Triangle ſubtending the Right Angle, is equal to the 
Figures deſcribed upon the Sides containing the Right 
Angle, being ſimilar and alike ſituate to the former 

gure. 


LET ABC be a rectangular Triangle, having the 
Right Angle BAC. i ſay the Figure deſcribed 
on BC, is equal to the two Figures together deſcri- 
ved on BA, AC, which are ſimilar and alike fituate 
to the Figure deſcribed on BC. 55 
For draw the Perpendicular AD. 
Then becauſe the Right Line AD is drawn in theRight- 
angled Triangle A CB, from the Right Angle A, per- 
pendicular to the Baſe BC; the Triangles ABD, ADC, 
Which are about the Perpendicular AD, will be * *8 gf this, 
milar to the whole Triangle ABC, and alſo to each 
ther. Then becauſe the Triangle ABC is ſimilar to 
be Triangle ABD, it wal be * as CB is to BA, 0 
NR 4 18 


equal to the Square of A C, it ſhall be * as BA is to * 17 of this, 
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ſimilar and alike ſituate Figure deſcribed on B A. For 


. 


are deſcribed ſimilar and alike ſituate on BA, AC, 
fore the Figure deſeribed on BC is equal to thoſe to- 
' gether deſcribed on BA, AC, ſimilar and alike fity- 
ate to that on BC. Wherefore, any Figure deſcribed 


Right Angle, is e ual to the FRET deſcribed upon th 
e 


* 29.1, 


is BA to BD; and ſince when three Right Lines ar 


gure deſcribed on the firſt, to a ſimilar and alike ſity. 
ate Figure deſcribed on the ſecond. Wherefore 3 
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proportional, the firſt ſhall be + to the third, as a H. 


CB is to BD, ſo is a Figure deſcribed on CB toy 


the ſame Reaſon as BC is to CD, ſo is a Figure de. 
{cribed on BC to one deſcribed on CA. Wherefore 
alſo, as BC is to BD and DC together, ſo is þ the 
Figure deſcribed on BC, to thoſe two together that 


but BC is equal to BD and DC together: There. 


2 the Side of a Right-angled Triangle ſubtending the 
Sides containing the Right Angle, being ſimilar and alk 
fituate to the former Figure; which was to be demon- 
itrated. 8 


PROPOSITION XXXII. 
THEOREM. 


If two Triangles _—_ two Sides proportional to tus 
Sides, be ſo compounded, or ſet together at one Aug 
that their homologons Sides be parallel, then the 
ther Sides of theſe Triangles will be in one ſtrait Lit, 


E there be two Triangles ABC, D CE, having 
* two Sides BA, AC, of the one, proportional 
to two Sides CD, DE, of the other, vt. Let BA 
be to AC, as CD is to DE; alſo let A B be paralle 
to DC, and AC to DE. I ſay BC, CE, are boi 
in one {trait Ine. 
For becauſe A is parallel to DC, and the Right 
Line AC falls on them, the alternate Angles BAG 
ACD, will be * equal to each other: And by tt 


ſame Reaſon, the Angle CDE is equal to the Aug 
ACD; wherefore the Angle BA C is equal to th ren 
Angle CDE. Then becauſe ABC, DCE, are tu Nu 
Triangles, having one Angle A equal to one Ange G! 


D, and the Sides about the equal Angles prop 


{ 
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nal, viz. BA to AC, as CD to D E, the Triangle 3 
ABC will be N to the Triangle DCE: 


5 * Is, 
wherefore the Angle A B C is equal to the Angle 6 of this. 
DCE; but the Angle ACD has been proved to be 
equal to the Angle BA.C; therefore the whole An- 
ole ACE is equal to the two Angles ABC, BAC; 
and if ACB, which is common, be added, then the 
Angles ACE, ACB, are equal to the Angles BA C, 
ACB, CBA; but the Angles BAC, ACB, CBA, 
are equal to two Right Angles. Therefore the 
| Angles ACE, A CB, will alſo be equal to two Right 

Angles, and fo at the Point C in the Right Line AC, 
wo Right Lines BC, CE, tending contrary Ways, 

| makes the adjacent Angles ACE, ACB, equal to 
two Right Angles; therefore BC ſhall be f in the 4 14.1; 
ſame Right Line with CE. Wherefore, if #wo Tri- | © 
angles having two Sides proportional to two Sides, be ſo 
compounded, or ſet together at one Angle, that their ho- 
mologous Sides be parallel, then the other Sides of theſe 
Triangles will be in one ſtrait Line; which was to be 
| demonſtrated,  _ . LE. 


| _ PROPOSITION XXXII. 
THEOREM. 
In equal Circles the Angles have the ſame e pg 


with their Circumferences on which they ſtand, whe- 
ther the Angles be at the Centers, or at the Circum- 


ferences; and ſo likewiſe are the Sectors, as being at 7 


the Centers. 


ET ABC, DEF, be equal Circles, and let the 
Angles BGC, E H E, be at their Centers G, H, 
and the Angles BAC, EDF, at their Circumferen- 
ces. I ſay, as the Circumference BC is to the Cir- 
cumference E F, ſo is the Angle BG C to the Angle 
EHP; and ſo is the Angle BAC to the Angle EDF; 
and fo is the Sector BG C to the Sector EHF. 

For aſſume any Number of continuous Circumfe- 
rences CK, K L, each equal to BC; and alſo any 
Number F M, MN, each equal to EF, and join 
GK, GL, HM, HN. | 

Then 
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Euclid's ELEMENTS. Book VI. 
Then becauſe the Circumferences BC, C K, KL, 


are equal to each other, the Angles BGC, CR. 


K GL, will be * alſo equal to one another; and ſo 
the Circumference BL is the ſame Multiple of the 


Circumference BC, as the Angle BG is of the An- 


le BGC. For the ſame Reafon, the Circumference 
E is the ſame Multiple of the Circumference EF, 
as the Angle EH N is of the Angle EHF; but if the 
Circumference B L be equal to the Circumference 


EN, then the Angle BGL ſhall be equal to the An. 


gle EHN; and if the Circumference B be greater 


than the Circumference EN, the Angle BGL will 


be greater than the Angle EH N, and if leſs, les, 


Therefore here are four Magnitudes, viz. the two 


Circumferences BC, E E, and the two Angles BGC 


EHF; and ſince there are taken Equimultiples of the 


10 Equimultiples of the Cireumference EF, and the 
Angle EHN. And becauſe it is proved if the Cir- 


Circumference BC, and the Angle BG C; to wit, 
the Circumference BL, and the Angle BG L; asal 


Angle EHF, vix. the Circumference E N. and the 


cumference BL exceeds the Circumference E N, the 


t. 5.5- 


17. 5. 
* 26.3. 


Angle BGL will likewiſe exceed the Angle EHN: 
and if equal, equal; if leſs, leſs. It ſhall be as the Cir- 
cumference'BC is to the Circumference E F; ſo is 
he Angle BGC to the Angle EHE; but as the An: 
gle BGC is to the An le HF, ſo is 1 the Angle 
AC to the Angle EDF; for the former are * dou: 


ble to the latter. pere as the Circumference BC 


is to the Circumference E E, ſo is the Angle BG C to 
the Angle EHF; and ſo the Angle BA C to the An- 


gle EDF. 
Wherefore in equal Circles, Angles have the fame 


proportion as the Circumterences they ſtand on, whe- 


ther they be at the Centers, or at the Circumferences. 


I fay, moreover, that as the Circumference BC is 
to the Circumference EF, ſo is the Sector GBC to 
the Sector H FE. 

For join BC, CK, and aſſume the Points X, O, 


in the Circumferences BC, CK, and join BX. XC, 


CO, OK. 


T4 ® 


Angles, the Baſe B C ſhall be equal to 28 81 


Then becauſe the two Gidas BG, GC, are equal 
to the two Sides CG, G K, and they contain equal 


1 
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CK: as likewiſe the r GBC to the Triangle 
G CK. And becauſe the Circumference BC is equal 


to me Circumference CK, and the Circumference re- 


maining which makes up the whole Circle ABC, is 
equal to the remaining Circumference which makes 
up the ſame Circle, the Angle BX C is equal to the 
Angle COX; and ſo the Segment BX C is ſimilar 
to the Segment CO K; and they are upon equal Right 
Lines BG CK ; but ſimilar Segments of Circles that 


Segment CO K. But the Triangle BG C is alſo 
equal to the Triangle C G K; and ſo the whole Sector 


the Sector G BC, or G CK; therefore the three Sec- 
tors BG C, CG K, K GL, are equal to one another. 
ſo likewiſe are the Sectors HE F, HF M, HMN. 

Wherefore the Circumference LB is the ſame Mul- 
tiple of the Circumference BC, as the Sector GBL 


E Circumference N E is the ſame Multiple of the Cir- 


HEF; but if the Circumference BL be equal to the 
Circumference E N, then the Sector BG L will be 
equal to the Sector EH N; and if the Circumference 


BGL will alſo exceed the Sector EH N, and if leſs, 
Jets, Therefore ſince there are four Magnitudes, to 
vit, the two Circumferences BC, EF, and the two 
vectors G BC, EH F; and there are taken of the Cir- 
umference BL, and the Sector G BL, Equimultiples 
i the Circumference BL, and the Sector GBL; as 


; alſo of the Circumference EN, and the Sector HE N, 
" WF 4uinultiples of the CircumferenceE F, and the Sec- 
EF. And becauſe it is proved, that if the Cir- 


umference BL exceeds the Circumference EN, the 
dector BG L will alſo exceed the Sector EH N; and 
dequal, equal, if leſs, leſs. Therefore as the Cir- 
umference B C is to the Circumference EF, ſo is 


ic Sector & BC to the Sector HE E; which was #0 
e empnſtrated. - 


- Coroll. 1. 


BGC will be equal to the whole Sector C GK. By 
the fame Reaſon, the Sector G K L will be equal to 


is of the Sector GBC. For the ſame Reaſon, the 
cumference E F, as the Sector HEN is of the Sector 


BL exceeds the Circumference EN, then the Sector 


| and upon equal Right Lines, are * equal to each 24. 3. 
other: Therefore the Segment BX C is equal to the 
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Coroll. 1. An Angle at the Center of a Circle is to four 

Right Angles, as an Arc on which it ſtands is to 

; the whole Cireumference; for as the Angle BAC 

_ is to a Right Angle, ſo is the Arc BC to a Quz- 

; drant of the Circle: Wherefore if the Conſequents 

be quadrupled, the Angle BAC ſhall be to four 

Right Angles, as the Arc BC is to the whole Cir. 
r WE 

2. TheArc's IL, BC, of unequal Circles, which ſub- 

tend equal Angles, whether at their Centers, or Cir. WW 

cumferences, are ſimilar; for IL is to the whole 

Circumference I LE, as the Angle I AL is to four 

Right Angles; but as TAL, or BAC, is to four 

Right Angles, ſo is the Arc BC to the whole Cir 

cumference BCF. Therefore as I Lis to the whole 

Circumference I LE, ſo is BC to the whole Cr: 

cumference BCF; and fo the Are's IL, BC, ar 

3. Two Semi-diameters A B, A C, cut off fimila 

Arxc's IL, BC, from concentric Circumferences. 


Ihe END of the SX TH BOOK. 
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JELEMENTS. 


5 O OK N 
DEFINITIONS. 
. 5 = 7 Solid 15 that which has Length, Breadth, 


and Thickneſs. 


III. A Right Line is perpendicular to a 
| Plane, when it makes Right Angles 


with all the Lines that touch it, and 


are drawn in the ſaid Plane. | 

IV. A Plane is perpendicular to a Plane, when the 
Right Lines in one Plane, drawn at Right Angles to 

be common Section of the two Planes, are at Right 
| Angles to the other Plane, © 

V. The Inclination of a Right Line to a Plane, is the 
acute Angle contained under that Line, and another 
Right one drawn in the Plane from that End of the 
inclining Line which is in the Plane, to the Point 
where a Right Line falls from the other End of the 
iaclining Line perpendicular to the Plane. 


IV. The 


II. The Term of a Solid is a Superfictes, 
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VII. Planes are ſaid to be inclined 


Euclid's ELEMENTS. Book NI. 
VI. The Inclination of a Plane to a Plane, is the acute 
Angle contained under the Right Lines drawy iy 
Both the Planes to the ſame Point of their common 
Interſection, and making a: Angles with 1+. 
| familarl, when the 
aid Angles of Inclination are equal. 


| V II. Parallel Planes are ſuch, which being produced 


ne der meet. 5 


IX. Similar ſolid Figures are ſuch that are contained 


under equal Numbers of ſimilar Plane. 
X. Equal and ſimilar ſolid Figures, are thoſe that are 
contained under equal Numbers of ſimilar and equal 

„„ x( . 
XI. A ſolid Angle is the Inclination of more than tw 
Right Lines that touch one another, and are not ii 
the ſame Superficies : Or, a ſolid Angle is that which © 
is contained under more than two plane Angles whith 
+ not in the ſame Superficies, = being all at one 

ont. 3 


XII. 4 Pyramid is a ſold * rs comprehended under 


divers Planes ſet upon one 


lane, and put together 
at one Point. . 


XIII. A Prin is a ſolid Figure contained aniler Planes, 


whereof the two oppoſite are equal, ſimilar, and pa- 


rallel, and the others Parallelograms. 
XIV. A 3 is a ſolid Figure, made when the Dia- 


meter of a Semicircle, remaining at reſt; the Semi- 
circle is turned about till it returns to the ſame Place 
from whence it began to move. | 


XV. The Axis of a Sphere is that fixed Line, about 


which the Semicircle is turned. N 
XVI. T he Center of a Sphere is the ſame with that af 


the Semicircle. 


XVII. The Diameter of a Sphere, is a Right Line 


drawn thro* the Center, and terminated on either 


Side by the Superficies of the Sphere. 


XVIII. A Cone is a Figure deſcribed when one of the | 


Sides of a Righi-augled Triangle, containing the Right 
Angle, remaining fixed, the Triangle is turned about 
till it returns to the Place from whence it firſt began 
to move. And if the fixed Right Line be equal to 
the other that contains the Right Angle, then the Cone 
1 a rectangular Cone; but if it be leſs, it is an obtu- 
ſed angled Cone; if greater, au acute angled (one. 

825 XIX. Jus 
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XIX. The Ax of a Cone is that fixed Right Line 
about which the Triangle is moved. 5 — TE 
XX. The Baſe of a Cone is the Circle deſcribed by the 

Right Line mov'd about. , # 


the Parallelogram is turned about to the ſame Place 
from whence 1t begun to be moved. 
XXII. The Axis of a Cylinder is that fixed Right Line 


about which the Parallelogram is turned. 


Sides of the Parallelogram. 


equal Squares. 5 
XXVI. A Tetrahedron is a ſolid Figure contained un- 
der four equal Ae Triangles. : 


XXVII. An Odtahedron is a ſolid Figure contained un- 
der eight equal equilateral Triangles. _ 


| tagons. * 5 
XXIX. An Icoſabedron is a ſolid Figure contained un- 


der twenty equal equilateral Triangles. 


fix quadrilateral Figures, whereof thoſe which are 


oppoſite are parallel. 


XXI. A Cylinder 1s a Figure deſcribed by the Motion 
of a Right-augled Parallelogram, one of the Sides 
containing the Right Angle, remaining fixed, while 


XXIII. And the Baſes of a Cylinder are the Circles 
that be deſcribed by the Motion of the two oppoſite 


XXIV. Similar Cones and Cylinders are ſuch, whoſe 


Axes and Diameters of their Baſes are proportional. 
XXV. A Cube is a ſolid Figure contained under fix 


XXVIIE. A Dodecabedron is a ſolid Figure contained © 


under twelve equal equilateral and equiangular Pen- 


XXX. A Parallelepipedon is a Figure contained under 
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* 1 of this, Plane; which we have proved * to be abſurd. 7 
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One Part of a Right Line cannot be in a plane Super. 
| Ficies, and another Part above it. N 


OR, if poflible, let the Part AB of the Right Line WM | 

ABC, be in a plane Superficies, and the Part 
BC above the ſame. 5 3 
There will be ſome Right Line in the aforeſaid 
Plane, which with AB will be but one ſtrait Line. 
Let this Line be DB. 
Then the two given Right Lines ABC, ABD, 
have one common Segment AB, which is impoſſible; 
for one Right Line will not meet another in more 
Points than one. Wherefore, one Part of a Right 
Line cannot be in a plane Superficies, and another Par: Wil ©: 


wl ) ed 1. Fe ct 


above it; Which was to be demonſtrated. *;- _—— 
, PROPOSITION. MM 
t THEOREM. mm” 


If two Right Lines cut each other, they are both in ont 
Plane; and every Triangle is in one Plane. 
LET two Right Lines A B, CD, cut each other 
*— in the Point E. I fay, they are both in one Plane, 
and every Triangle is in one Plane. 7 
For take any Points, F and G, in: the Right [Lines 1 
AB, CD, and join CB, F G, and let there bedraw! Wi * 
FH, G K. In the firſt Place, I ſay, the Triangle WM * 
EBC is in one Plane, 5 j 
For if one Part FHC, or G BK, of the Triangle 
EBC, be in one Plane, and the other Part in another # 
Plane; then one Part of each of the Lines EC, ED, 
ſhall be in one Plane, and the other Part in another : 


Orv 


* 
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fore the Triangle EBC is in oue Plane, but both the 
Right Lines EC, EB, are in the ſame Plane as the 


Lines AB, CD, are both in one Plane, and every 
Triangle is in one Plane; which was to be demonſtra- 
ted. | . | GE FIR 


PROPOSITION II. 
" THEOREM. 
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Triangle BCE is; and AB, CD, are both in the- 
fame Plane as EC, EB are. Wherefore the Right 


If iwo Planes cut each other, their common Section 


will be a Right Line. 


LET two Planes A B, CD, cut each other, whoſe 
is Right Line. En, Tg 
For if it be not, draw the Right Line DEB in the 


the Right Line DFB in the Plane BC. PT 
Then two Right Lines DEB, DFB, have the 
lame Terms, and include a Space, which is *abſurd. 


dawn from the Point D to the Point B, is a Right 
Line, beſides DB, the common Section of the 
Planes AB, BC. I,, therefore, two Planes cut each 
uber, heir common Section will be a Right Line; which 
Vas to be demonſtrated. 5 
are. 
THEOREM, 


oo BN 7 t0 7209 Right Lines, cutting 5 another, a third ſtands 
n at Right Angles in the common Section, it ſhall be 
de 4% at Right Angles to the Plane drawn thro the 


ſaid Lines. 


LET the Right Line E F ſtand at Right Angles to 
the two Right Lines AB, CD, in the common 


kane drawn thro? AB, CD. 
| Q For 


Therefore DEB, DFB, are not Right Lines. In 
| the fame Manner we demonſtrate. that no other Line 


«ion E. I fay, EF is alſo at Right Angles to the 


common Section is the Line DB. I ſa , DB- 


Plane AB, from the Point D to the Point B, and 


* Axiom 


— * — _ 8 
«4 
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® 15.1. 


1 4.1. 


+26. 1. 


18. 


cauſe GE has been proved equal to EH, and EF 


Def. 3 of the Plane to it; but a Right Line is * at Right Angles 


this. 


equal Angles AED, CEB; the Baſe ADfhall be 


| is equal to the Angle BE H; therefore AGE 
 BEH, are two Triangles, having two Angles of the 
one equal to two Angles of the other, each to each, 


that are at the equal Angles; and ſo the other Sides 
of the one, will be + equal to the other Sides of the 
| Other. Therefore G H is equal to EH, and AG to 
BH; and ſince AE is equal to EB, and FE is com- 
mon and at Right Angles, the Baſe A F ſhall be 
cegqual to the Baſe FB: For the ſame Reaſon likewik, 


equal to CB, and AF to FB, the two Sides FA, 
AD, will be equal to the two Sides FB, BC, each 


to the Angle FBC: Moreover, A G has been proved 
equal to BH; but FB alſo is equal to AF. There 
fore the two Sides FA, AG, are equal to the two 


Right Angles to a Plane drawn thro” the Right 145 
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For take the Right Lines E A, EB, CE, DE 
equal, and thro' E any how draw the Right Line 
GEH, and join AD, CB; and from the Point F 
let there be drawn FA, FG, FD, FC, FH, FB, 
Then becauſe two Right Lines AE, ED, are equal 
to two Right Lines CE, E B, and they contain the 


equal to the Baſe CB, and the Triangle A E D equal 
to the Triangle CEB; and ſo likewiſe is the Angle 
DAE equal to the Angle EBC; but the Angle AEC 


and one Side A E equal to one Side EB, vix. thoſe 


ſhall CF be equal to FD. Again, becauſe AD is 


to each; but the Baſe D F has been proved equal to 
the Baſe F C: Therefore the Angle F AD is || equal 


Sides E B, BH; and the Angle F AG is equal to the 
Angle F BH, as has been demonſtrated ; wheretore 
the Baſe G F is 4 equal to the Baſe FH. Again, be- 


common, the two Sides GE, EF, are equal to the 
two Sides HE, EF; but the Baſe HF is equal to the 
Baſe FG ; therefore the Angle GEF is || equal 0 


the Angle HE F, and ſo both the Angles G EF B 
HE F, are Right Angles : Therefore F E makes Right MW -/ 
Angles with GH, which is any how drawn tho E. 7. 
After the ſame Manner we demonſtrate that FE 74 
at Right Angles to all Right Lines that are drawn yn W. 


to a Plane, when it is at Right Angles to all Rig" 
Lines drawn to it in the Plane. Therefore F E is d 
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AB, CD. Wherefore, if zo zwo Right Lines catting 1 
one another, a third ſtands at Right Angles in the com- 
mon Section, it ſhall be alſo at Right Angles to the Plane 
drawn thro” the ſaid Lines; which was to be demon- 
ſtrated. 


PROPOSITION v. 
THEOREM. 


If to three Right Lines, touching one another, a third 
ſtands at Right Angles in their common Sedion, thoſe 
three Right Lines ſhall be in one and the ſame Plane. 


[LET the Right Line AB ſtand at Right Angles in 
* the Point of Contact B, to the three Right Lines 
BC, BD, BE. I ſay BC, BD, BE, are in one and 
the ſame Plane. oo” „ 
For if they are not, let BD, BE, be in one Plane, 
and BC above it; and let the Plane paſſing thro! AB, 
BC, be produced, and it will“ make the common * 3 of ehi:. 
Section, with the other Plane, a ſtrait Line, which let 
be BF. Then three Right Lines AB, B C, BF, are 
in one Plane drawn thro* AB, BC; and ſince AB 
ſtands at Right Angles to BD and BE, it ſhall be + at + 4 of his. 
Right Angles to a Plane drawn thro' BE, DB; ang 
lo AB ſhall make + Right Angles with all Right + Def. 3. 
Lines touching it that are in the ſame Plane; but Bf 
being in the ſaid Plane, touches it. Wherefore the 
Angle ABF is a Right Angle, but the Angle ABC 
(by the Hyp.) is alſo a Right Angle. Therefore the 
Angle ABF is equal to the Angle ABC, and they 
are both in the ſame Plane, which cannot be; and fo 
the Right Line BC is not above the Plane paſſing 
tiro* BE and BD. Wherefore the three Lines BC, 
BD, BE, are in one and the ſame Plane. Therefore, 
10 three Right Lines, touching one another, a third 
| flands at Right Angles in their common Section, thoſe 
three Right 3 {halt be in one and the ſame Plane; 
Which was to be demonſtrated. 


O 2 PRO- 
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* Def. 
this. 


14.1. 
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PROPOSITION VI. 
_ THEOREM. 


" 70 Right Lines be erpendicular to one and the ſame 
Plane, thoſe Right Lines are parallel to one another. 


LE T two Right Lines AB, CD, be perpendicu- 
ar to one and the fame Plane. I ſay, AB is paral- 
inn 5 - 
For let them meet the Plane in the Points B, D, 
and join the Right Line BD, to which let DE be 
drawn in the ſame Plane at Right Angles; make DE 
equal to AB, and join BE, AE, A). 
IT ben becauſe AB is at Right Angles to the afore- 
3 of ſaid Plane, it ſhall be * at Right Angles to all Right Lines, 
touching it, drawn in the Plane; but AB touches BD, 
BE, which are in the ſaid Plane. Therefore each of 
the Angles ABD, ABE, is a Right Angle. So for 
the ſame Reaſon likewiſe, is each of the Angles 
CD B, CDE, a Right Angle. Then becauſe AB 
is equal to DE, and BD is common, the two Sides 
AB, BD, ſhall be equal to the two Sides ED, DB; 
but they contain Right Angles. Therefore the Baſe 
AD is + eyual to the Baſe BE. Again, becauſe AB 
1s equal to DE, and AD to BE, the two Sides AB, 
BE, are equal to the two Sides ED, DA; but AE, 
their Baſe, is common. Wherefore the Angle ABE 


4 8.1. is 4 equal to the Angle EDA; but ABE is a Right 


* 5 of this. 


Ange Therefore EDA is alſo a Right Angle; and 
1o ED is perpendicular to DA; but it is alſo perpen- 
dicular to BD and DC. Therefore ED is at Right 
Angles in the Point of Contact to three Right Lines 
BD, DA, DC. Wherefore theſe three laſt Right 
Lines are * 1n one Plane: But BD, DA, arc in the 


+ 2 of this. fame Plane as AB is; for every Triangle is þ in the 


+ 28. 


fame Plane. Therefore it is neceſſary that A B, B, 
DC, be in one Plane; but both the Angles ABD, 

1. BDC, are . Angles Wherefore AB is + para- 
lel to CD. Therefore, if zwo Right Lines be Fi 
pendicular to one and the ſame Plane, thoſe Right Lines 


are parallel to one another; which was to be demon- 
ſtrated. 3 
PRO 
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# 


"PROPOSITION VI. 
THEOREM. 


p If there be two Parallel Lines, and any Points be taken 
in both of them, the Right Lines Pere thoſe Points 
| ſpall be in the ſame Plane as the Parallels are. 


LET AB, CD, be two parallel Right Lines, in 

which are taken any Points E, F. I ſay, a Right 

Line joining the Points E, F, are in the ſame Plane 

ä | 
For if it be not, let it be elevated above the ſame, 

if poſſible, as EGF; thro' which let ſome Plane be 

drawn; whoſe Section, with the Plane in which the. 5 

Parallels are, let * be the Right Line E E, then the * 3 of this. 

two Right Lines EGF, EF, will include a Space, 

which is + abſurd. Therefore a Right Line, drawn f Axiom 

from the Point E to the Point F, is not elevated a- 10. 1. 

bove the Plane, and conſequently it mult be in that 

paſſing thro' the Parallels AB, CD, Wherefore, if F 

here be two parallel Lines, and any Points be taken in 

with of them, the Right Line joining theſe Points ſhall 

we in the ſame Plane as the Parallels are; which was 

to be demonſtrated. : 5 


PROPOSITION VII. 
THEOREM. 


| there be two parallel Right Lines, one of which is 
perpendicular to ſome Plane, then ſhall the other be 
perpenatcular to the ſame Plane. 


| ET AB, CD be two parallel Right Lines, one $-e che Fig. 
of which, as A B is perpendicular to ſome Prop. VI. 
plane. I fay, the other CD is alſo perpendicular to the 
ane Plane. 
| ror let AB, CD, meet the Plane in the Points B, 

y and let BD be joined; then AB, CD, BD, are 
m one Plane. Let DE be drawn in the Plane at * 7 of this, 
Kb Angles to BD, and make DE equal to AB, ; 

ud join BE, AE, AD. Then ſince AB is perpen- 
O 3 7 dicular 
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_ dicular to the Plane, it will * be perpendicular to all 


Right Lines, touching, it drawn in the ſame Plane; 
therefore each of the Angles ABD, AB E, is a 


Right Angle. And ſince the Right Linie BD falls on 


the Right Lines AB, CD, the Angles ABD, CDB, 
ſhall be 4 equal to two Right Angles. Therefore the 


Angle CDP is alto a Right Angle, and ſo CD is 


perpendicular to DB: And ſince A Bis equal to DE, 


and BD is common, the two Sides AB, BD, are 


equal to the two Sides E D, D B. But the Angle 


*, 


#8, 1. 


Ag is equal to the Angle E DB; for each of them 


is a Right Angle. Therefore the Baſe AD is + equal to 
the Bate BE. Again, ſince A B is equal to DE, and 
BE to AD, the two Sides AB, BE, ſhall be equal 
to the two Sides ED, DA, each to each; but the 
Baſe AE is common. Wherefore the Angle ABE 
is * equal to the Angle EDA; but the Angle ABE 


is a Right Angle, Therefore EDA is alſo a Right An- 


| +4 ofthis, 
+ Def. 3. 


| * 2 of this. 
{ 7 of #his. 


D is in the Plane paſſing thro' BD, D A, becauſe 


gle, and ED is pergendicular to D A; but it is like- 
wile perpendicular to DB: Therefore ED ſhall alſo 
be perpendicular to the Plane paſſing thro* BD, DA, 
and likewiſe ſhall be + at Right Angles to all Right 
Lines, drawn in the ſaid Plane that touck it. Fur 


AB, BD, are * in that Plane; and DC is in the 
ſame Plane that AB and BD are in. Wherefore ED 
is at Right Angles to DC, and ſo CD is at Right An- 
gles to DE, as alſo to DB. Therefore C D ſtands at 
Right Angles in the common Section D, to two Right 
Lines DE, D B, mutually cutting one another ; and ac- 
cordingly is at Right Angles to the Plane paſſing thro 


| DE, DB; which was to be demonſtrated. 
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pROrOSITION 1X. 
THEOREM. | 


Right Lines that are parallel to the ſame Right Line 
not being in the ſame Plane with it, are alſo parallel 
to each other, e 


JET both the Right Lines AB, CD, be parallel 
to the Right Line EF, not being in the ſame 
Plane with it. I ſay, AB is parallel to CN. 
For aſſume any Point Gin EF, from which Point G, 
let & H be drawn at Right Angles to EF, in the Plane 
paſſing thro' E F, AB: Alſo let GK be drawn at Right 
Angles to EF in the Plane paſſing thro' EF, CD: 
Then becauſe EF is perpendicular to GH, and GK, 
the Line EF ſhall alſo be * at 745 Angles to a Plane * 4 of this, 
paſſing thro GH, GK; but EF is parallel to AB. 
Therefore AB is f alſo at Right to the Plane paſſing 4 8 of his. 
thro HGK. For the ſame Reaſon, CD is alſo at 5 
Right Angles to the Plane paſſing thro' HG K; and 
therefore AB and CD, will be both at Right Angles 
to the Plane paſſing thro' HG K. But if two Right 
Lines be at Right Angles to the ſame Plane, the 
ſhall be + parallel to each other. Therefore AB is pa- £6 of this, 
rallel to CD; which was to be demonſtrated. _ 


PROPOSIT 10 N. X. 
THEOREM 


If tuo Right Lines, touching one another, be parallel 20 
two other Right Lines, touching one ano ther, but not 


in the ſame Plane, theſe Right Lines contain equal 
Angles. . 


LET two Right Lines AB, B C, touching ono 
another, be parallel to two Right Lines DE, EF, 
touching one another, but not in the ſame Plane. 1 

lay, the Arigle ABC is equal to the Angle DEF. 
For take BA, BC, ED, EF, equal to one ano- 
ther, and join AD, CF, BE, AC, DF: Then be- 
cauſe BA is equal and parallel to ED, the Right Line 
| O 4 AD 
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AD ſhall alſo be * equal and parallel to BE. For the 
ſame Reaſon, CF will be equal and parallel to BE; 


therefore AD, CF, are both equal and parallel to 


BE. But Right Lines that are parallel to the ſame 


Right Line, not being in the ſame Plane with it, will 


be parallel to each other. Therefore AD is parallel 


and equal to CF, but AC, DF, joins them; where- 


ie n NN and parallel to DF. And becauſe 
two Right Lines AB, BC, are equal to two Right 


Lines DE, EF, and the Baſe A C equal to the Baſs 


4 8. 1. 


EF, the Angle ABC will be * equal to the Angle 
DEF. Therefore, if #wo Right Lines, touching one 


another, be parallel to two other Right Lines, touching 
one another, but not in the ſame Plane, thoſe Right 


Lines contain equal Angles; which was to be demon- 
— : e 


PROPOSITION XL 
PROBLEM. 


| From Point given above a Plane, to draw a Right Line 


* 12. 7. 


114 of this. 


+ 8B of this. 


* Def. 3. 


perpendicular to that Plane. 


LE T A be aPoint given above the given Plane BH. 
It is requir'd to draw a Right Line from the Point 
A, perpendicular to the Plane BH. 


Let a Right Line BC be any how drawn in the 


Plane BH, and let AD be drawn * from the PointA 


perpendicular to BC; then if AD be perpendicular 


to the Plane BH, the Thing required is already done. 
But if not, let DE be drawn in the Plane from the 
Point D at Right Angles to B C; and let AF be 
drawn“ from the Point A perpendicular to DE. Laſt- 
ly, thro' F draw GH parallel to BC. = 

Then becauſe BC is perpendicular to both D A and 
DE, BC will alſo be + perpendicular to a Plane pal- 


ſing thro! ED, DA. But GH is parallel to BG. | 
And if there are two Right Lines parallel, one ot 
which is a Right Angles to ſome Plane, then fhall } 
the other be + at Right Angles to the ſame Plane. 
Wherefore & His at Right Angles to the Plane pafling | 
thro' ED, DA, and lo is * perpendicular to all the 


Right Lines in the ſame Plane that touch it. But AF, 


which | 


cn; is way ry... AQ a. Oey a — — - * „ 
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which is in the Plane paſſing thro' ED and D A, 
doth touch it. Therefore & H is perpendicular to A E, 


7 


and ſo AF is perpendicular to GH; but A like- 


wiſe is perpendicular to DE; therefore A F is per- 
pendicular to both H G, DE. But if a Right Line 


ſtands at Right Angles to two Right Lines, in their 
common Section, that Line will be at Right An- 
ples to the Plane paſſing thro? theſe Lines. Therefore 
| AF is perpendicular to the Plane drawn thro* ED, 
GH; that is, to the given Plane BH. Therefore 
AF is drawn fromthe given Point A, above the given 


was to be done. 
PROPOSITION XII. 
PROBLEM. 


| To erect a Right Live perpendicular to a given Plane, 


from a Point given therein. 


LET A be a given Point in agiven Plane MN. 
— It is requir'd to draw a Right Line from the 
Point A, at Right Angles, to the Plane MN. ' 

Let ſome Point B be ſuppoſed above the given 
Plane, from which let BC be drawn * perpendicular 
to the ſaid Plane; and let AD be drawn + from A 
( 

Then becauſe AD, CB, are two parallel Right 
Lines, one of which, viz. B C, is perpendicular to 
the Plane MN; the other AD ſhall be + alſo perpen- 
dicular to the ſame Plane. Therefore, a Right Line 
is erected perpendicular to a given Plane, from a Point 
given therein; Which was to be done. 


P RO- 


Plane BH, perpendicular to the ſaid Plane; which 
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PRO POSETION XIII. 
THE ORE M. 


Two Right Lines caunot be erected at Right Angles, ts 


a given Plane from a Point therein given. 


K 


OR if itlis poſſible, let two Right Lines AB, AC, 
can be erected perpendicular to a given Plane on 


the ſame Side, at a given Point A, in a given Plane. 


Then let a Plane be drawn thro' BA, A C, cutting 
the given Plane thro' A in the Right Line * DAE: 
therefore the Right Lines AB, AC, DAE, are in one 
Plane. And becauſe CA is perpendicular to the gi- 
ven Plane, it ſhall alſo be f perpendicular to all Right 
Lines drawn in that Plane, and touching it; but 
DAE being in the given Plane touches it. Therefore 
the Angle CAE is a Right Angle. For the ſame 
| Reaſon, BA E is alſo a Right Angle; wherefore the 

Angle CAE is equal to BA E, and they are both in 
one Plain, which is abſurd. Therefore, zwo Right 
Lines cannot be erected at Right Angles, to a given Plane, 
from a Poiut therein given; which was to be demon- 


ſtrated. 
"PROPOSITION NIV. 

THEOREM. 

T yuoſe Planes, to which the ſame Right Line is perper- 


dicular, are parallel to each other. 


of the Planes CD, EF. I ſay, theſe Planes ar 
parallel. TE 1 
For if they be not, let them be produced till they 
meet each other, and let the Right Line GH be the 
common Section, in which take any Point K, and 
join AK, BK. Then becauſe AB is perpendicular 
to the Plane EF, it ſhall alſo be perpendicular to the 
Right Line BK, being in the Plane E E produced. 
herefore the Angle ABK is a Right Angle. And 
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LE T the Right Line AB be perpendicular to each 


for the ſame Reaſon, BAK is alſo a Right An 
Hh 


; EU Ee Roa fag Er or OV EY. , - 2, . . 
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And ſo the two Angles ABK, BAK, of the Trian- is 

ole ABK, are equal to two Right Angles, which is .> 

* impoſſible. Therefore the Planes CD, E F, being 31. x, ww 
oduced, will not meet each other, and ſo are ne- | 

ceffarily parallel. Therefore, zhoſe Planes, to which 

the ſame Right Line 1s perpendicular, are parallel to 

each other ; which was to be demonſtrated. 


PROPOSITION: XV. 
THEOREM: 
If two Right Lines, touching one another, be eg fo 


two Right Lines, touching one another, and not being 
in the ſame Plane with them, the Planes drawn 
thro thoſe Right Lines are parallel to each other. 


ET two Right Lines AB, BC, touching one a- 

nother, be parallel to two Right Lines DE, EF, 
| touching one another, but not in the ſame Plane with 
them. I ſay, the Planes paſſing thro' AB, BC, and 
DE, EF, being produced, will not meet each other. 

For let BG be drawn from the Point B, perpendi- 
cular to the Plane paſſing thro' DE, EE, meeting 
the ſame in the Point G; and thro? G let GH be 
drawn parallel to ED, and G K parallel to EF; then 
becauſe B G is perpendicular to the Plane pafling - 
tiro*' DE, EF; it ſhall alſo make * Right Angles & Def. 3. 
with all Right Lines that touch it, and are in the 
lame Plane; but G H and GK, which are both in the 
ſame Plane, touch it. Therefore each of the Angles 
BGH, BGK, is a Right Angle. And finceBA is -— 
parallel to GH, the Angles G BA, GB, roof ba + 29. 1. 
qual to the Right Angles: But BGH is a Right An- 
gle; wherefore G BA ſhall alſo be a Right Angle, and 
ſo BG is perpendicular to BA, For the ſame Reaſon, 
GB is alſo perpendicular to BC. Therefore ſince a 
Right Line BG, ſtands at Right Angles to two Right 
Lines BA, BC, mutually cutting each other; BG 
Thall alſo be + at Right Angles to the Plane drawn + 4 of this, 
thro BA, BC. But it is perpendicular to the Plane 
drawn thro' DE, EF; therefore B G is perpendicu- 
lar to both the Planes drawn thro' AB, BC, and 
DE, EF. But thoſe Planes to which the ſame Right 


Line 
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Plane drawn thro' A 


* 
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* 14 ofthis, Line is prependientar, are * parallel. Therefore the 


BC, is parallel to the Plan 
drawn thro! DE, E F. Wherefore, if two Righ 
Lines, touching one another, be parallel to two Right Lines, 


touching one another, and not being in the ſame Plane 


with them, the Planes drawn thro" theſe Right Lines 


are parallel to each other. 


PROPOSITION XVI. 
THEOREM. 


If two parallel Planes are cut by any other Plane, their 


common Sections will be parallel. 


I ET two parallel Planes, AB, CD, be cut by any 
+= Plane EFHG, and let their common Sections 


For if it 1s not parallel, EF, GH, being produc'd, 
will meet each other either on the Side FH, or EG. 


Firſt let them be produced on the Side EH, and meet 


in K; then becauſe EFK is in the Plane AB, all 


Points taken in EF K will be in the ſame Plane. But 
K is one of the Points that is in EFK. Therefore 
K is in the Plane AB. For the ſame Reaſon K is 
_ alſo in the Plane CD. Wherefore the Planes AB, 
OD, will meet each other. But they do not meet, 
ſince they are ſuppos'd parallel. Therefore the Re 


Lines E F, G H, will not meet on the Side F 


After the fame Manner it is prov'd, that they will not 
meet, if produc'd, on the Side EG. But Right Lines, 
that will neither Way meet each other, are parallel; 
therefore EF is parallel to GH. I, therefore, two 


parallel Planes are cut 7 auy other Plane, their com 
mon Sections will be parallel; which was to be demon- 


ſtrated. 5 
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PROPOSITION XVII. 
THC O NEN. 
If ewo Right Lines are cut by parallel Planes, they ſpall 


be cut in the ſame Proportion. 


LneEB, ſo is CF to F 


For let AC, BD, AD, be join'd: Let AD meet 


the Plane K L in the Point X, and join EX, X F. 


Then becauſe two parallel Planes K L, MN, are cut 


by the Plane EBDX, their common Sections E X, 
BD, are * parallel. For the ſame Reaſon, becauſe 
two parallel Planes GH, K L, are cut by the Plane 
AXFC, their common Sections AC, FX, are pa- 


rallel; and becauſe EX is drawn parallel to the Side 

BD of the Triangle ABD, it ſhall be as A E is to 
EB, ſo is F AX to X D. Again, becauſe X F is 4 2. 6. 
drawn parallel to the Side A C of the Triangle AD C, 


it ſhall be fas AX is to X D, ſo is CF to FD. But 


Wherefore, F ro Right Lines are cut by parallel 


was to be demonſtrated. 
PROPOSITION XVII. 
Fü on 


Fa Right Line be perpendicular to ſome Plane, then 
all Planes paſſing thro" that Line will be perpendi- 
cular to the ſame Plane. PO; LO 


4 


Plane CL. I ſay, all Planes that paſs thro* AB, 
me likewiſe perpendicular to the Plane CL. 
For let a Plane DE paſs thro” the Right Line A B, 
"noſe common Section, with the Plane CL, is the 
light Line C E; and take ſome Point F in CE; on 
hic 


_ 3 "2. p - * 
22 ³˙ A A 


. - : i 
s , \ 
Sr ie» "ai, roar Pre > 


[EL two Right Lines A B CD, be cut by Paral- 
jel Planes GH, K L, M N, in the Points A, E, B, 
C, F, D. I fay, as the 3 Line AE is to the Right 
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it has been prov'd, as AX is to XD, fois AE to 
EB. Therefore, as AE is to E B, fois CF to FD. 4 11. 5. 


Planes, they fhall be cut in the ſame Proportion; which 


[ ET the Right Line AB be perpendicular to the 


ay 1 — 51. 5 * 
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vhich let FG be drawn in the Place DE, perpendi. 
cular to the Right Line CE. Then becauſe AB; 


* Def. 3. 


{ 8 of this. 


are in the ſame Plane. Wherefore it is perpendicy. 


Right Angle; but G FB is likewiſe a Right Angle 
Therefore AB is parallel to FG. But A B is at Righ 
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perpendicular to the Plane CL, it ſhall alſo be * pe. 
pendicular to all the Right Lines which touch it, and 


lar to CE; and conſequently the Angle ABF ig; 


Angles to the Plane CL. Therefore FG will be 
at Right Angles to that ſame Plane. But one Plane is 
perpendicularto another, whenthe Right Lines, drawn 
in one of the Planes perpendicular to the common 
Section of the Planes, are + perpendicular to theother 
Plane. But FG is drawn in one Plane DE, perpen- 
dicular to the common Section CE of the Planes 


And it has been prov'd to be perpendicular to the 
Plane CL. Therefore the Plane DE is at Right Ar- 


gles to the Plane CL. After the ſame Manner it 


demonſtrated, that all Planes, paſſing thro? the Right WW / 
Line AB, are 1 to the Plane CL. There. 


fore, i a Rig 


ine be perpendicular to ſome Plant 


then all Planes paſſing thro that Line will be perpend- 


cular to the ſame Plane; which was to be demon 


ſtrated. -- 
PROPOSITION. XIX. a 
T HE OR E M. 
If two Planes, 2 each other, be perpendicular "Ml 8 
ſome Plane, then their common Section will be jr Wi 
 penadicular to that ſame Plane. | f 
LET two Planes AB, BC, cutting each other, be / 
perpendicular to ſome third Plane, and let thel 1 
common Section be BD. I ſay, BD is perpendicuu i n 
to the ſaid third Plane, which let be AD C. 8 
For, if poſſible, let BD not be perpendicular o A 
the third Plane; and from the Point D, let DE tt 
drawn in the Plane AB, perpendicular to A D; ad, ar 
let DF be drawn in the Plane BC, perpendicular "88 te 
CD; then becauſe the Plane A B is perpendicular 10% th 
the third Plane, and DE is drawn in the Plane "iſ 4 
perpendicular to their common Section AD, D Fl th 


ſnal 
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ſhall be * perpendicular to the third Plane. In like 
manner we prove, that DF alſo is perpendicular to 
the ſaid Plane. Wherefore two Right Lines ſtand 
at Right Angles, to this third Plane, on the ſame Side 

at the ſame Point D; which is abſurd. Therefore to 4 13 of this, 
this third Plane cannot be erected any Right Lines a ; 
perpendicular at D, and on the ſame Side, except 

BD, the common Section of the Planes AB, BC. 
Wherefore DB is perpendicular to the third Plane. 

If, therefore, #wo Planes, cutting each other, be per- 
pendicular to ſome Plane, then their common Section 

will be perpendicular to that ſame Plaue; which was 

to be demonſtrated. _ e 


* Def. 4. 


PROPOSITION XX. 
))) 
If a ſolid Angle be contained under three plain Angles, 


any two of them, howſoever taken, are greater than 


| thethird. 


LET the ſolid Angle A be contained under three 
plain Angles BAC, CAD, DAB. I ſay any © 
two of the Angles BAC, CAD, DAB, aregreater 
than the third, howſoever taken. 

For if the Angles BAC, CAD, DAB, be equal, 
it is evident that any two, howlſoever taken, are 
greater than the third. But if not, let BAC be the 
greater; and make* the Angle BA E, at the Point A, * 23. t. 
with the Right Line AB, in a Plane paſſing thro' BA, 
AC, equal to the Angle D A B, make A E equal to 
AD; thro' E draw BEC, cutting the Right Lines 
AB, AC, in the Points B, C, and join DB, DC. 
Then becauſe DA is equal to AE, and AB is com- 
mon, the two Sides DA, AB, are equal to the two 
Sides AE, AB; but the Angle DAB is equal to the 

Angle BAE. Therefore the Baſe DB is + equal to + 4. 14 
the Baſe BE. And ſince the two Sides DB, DC, 
| Te greater than BC, and DB has been prov'd equal 

to BE, the remaining Side DC ſhall be greater than 
the remaining Side F C; and ſince DA is equal to 

E, and AC is common, and the Baſe DC greater 
than the Baſe EC, the Angle DAC ſhall be + dne + 25. I. 

5 | than 
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chan the Angle EAC. But from Conſtruction, the 
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Angle DAB is equal to the Angle BAE. Where. 


Angle BAC. After this Manner we demonſtrate, if } 


fore the Angles DAB, DAC, are greater than the 


any two Qther Angles be taken, that they are greater 
than the third. Therefore, F a ſolid Angle be contains 


under three plain Angles, any two of them, howſoever 


taten, are greater than the third ; which was to be 


demonſtrated. 


P NO POSITION XXI. 
THEOREM. 


Every ſolid Angle is contain'd under plane Angles 60 


gether leſs than four Right ones. 


T ET A be a ſolid Angle, contain'd under plane 
= Angles BAC, CAD; DAB. I ſay the Angles 


| BAC, CAD, DAB, are leſs than four Right An- 


becauſe the ſolid Angle at B is contain'd under three 


L ii. 


For take any Points B, C, D, in each of the Lines 
b. and join BC, C D, D B. Then 


plane Angles CBA, AB D, CBD, any two of theſe 
are * greater than the third. Therefore the Angles 
CBA, ABD, are greater than the Angle CBD. For 


the ſame Reaſon, the Angles BCA, AC, ar 


greater than the Angle BCD; and the Angles CDA, 


ADB, greater than the Angle CDB. Wherefore 
the fix Angles CBA, ABD, BCA, ACD, ADC 
ADB, are greater than the three Angles C BD, BCD, 


13 


CD B. But the three Angles CBD, BCD, CDb, 
are + equal to two Right Angles. Wherefore the Ui 
Angles CBA, ABD, BCA, ACD, ADC, ADb, 


are greater than two Right Angles. And fince the 


three Angles of each of the Triangles ABC, ACD), 
ADB, are equal to two Right Angles. The nine 


Angles of thoſe Triangles CBA, BCA, BAC,ACD, 


CAD, ADC, ADB, ABD, DAB, are equal to 
fix Right Angles. Six of which Angles CBA, BCA. 


ACD, ADC, ADB, ABD, are greater than tw 


1 65 Angles. Therefore the three other Angles 
BAC, CAD, DAB, which contain the ſolid * 
— 
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ole, will be leſs than four Right Angles. Where | 
fore every ſold Angle is contain'd under Angles toge- 

ther, leſs than four plane Right ones; which was to 

be demonſtrated. : 


PROPOSITION XXII. 
THEOREM. 


If there be three plane Augles, whereof two, any how 
talen, are greater than the third, and the Right Lines 
that contain them be equal; then it is poſſible to make 
a Triangle of the Right Lines joining the equal Right 
Lines, which form the Angles. FE 
LET ABC, DEF, GHK, be given plane An- 
gles, any two whereof are greater than the third; 
and let the equal Right Lines AB, BC, DE, EF, 
GH, HK, contain them; and let AC, DF, GK, 
be join'd. I ſay, it is poſſible to make a Triangle of 
AC, DF, GK, that is, any two of them, howſo- 
erer taken, are greater than the third. oo _ 
For if the Angles at B, E, H, are equal, then AC, 
DF, G K, will be * equal, and any two of them * 47; 
reater than the third; but if not, let the Angles at 


$ E. H, be unequal, and let the Angle B be greater b 
dan either of the others at E or H. Then the Right 

[ Line AC will be + greater than either DF or GK: $362, 
nad it is manifeſt, that AC, together with either DF, | © 
e or G K. is greater than the other. I ſay likewiſe, that 

0 DF,GK together, are greater than AG. For make t at 4 23. l. 


the Point B, with the Right Line A B, the Angle 
ABL, equal to the Angle & HK; and make BL equal 
il Wi to cither AB, BC, DE, EF, GH, HK, and join 
B, L, CL. Then, becauſe the two Sides A B, 
BL, are equal to the two Sides GH, HK, each to 
I, [each, and they contain equal Angles, the Baſe AL 
0 hall be equal to the Baſe G K. And ſince the Angles 
and H are greater than the Angle ABC, whercof 
de Angle GK is equal to the Angle A BL, the 
-P, Wether Angle at E ſhall be greater than the Angle 
0 LBC. And ſince the two Sides LB, BC, are equal 
85 0 the two Sides DE, EF, each to each, and the 

Angle DEF is greater thou the Angle LBC, the 

| 1 ale 
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* 24. 1. 


much greater than AC. Therefore any two of the 
Right Lines AC, DF, GK, howſoever taken, are 
greater than the other: And ſo a Triangle may be 


are greater than the other, and let the ſaid three Au- 


* 22 of this. 
| 1 22. I, 


t 5. 4+ 


angle L MN, or on one Side thereof, or without 


* 8. 1. 


To make a ſolid Angle of three plane Angles, whereif 


LET ABC, DEF, GHK, be three plane An 


| 

| 

[ 

| 

e 

make a ſolid Angle of three plane Angles equal to k 
1 1 

n 

be cut off equal, and join AC, DF, GK ; then it i 


| L MN be made, ſo that AC be equal to LM, and 
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Baſe DF ſhall be * greater than the Baſe LC, By 
GK has been prov'd equal to AL. Therefore DF, 
GK, are greater than AL, LC; but AL, LC, are 
greater than AC. Wherefore DF, GK, ſhall be 


made of AC, DF, GK; which was to be demon- 
ſtrated. „%%% 5 9 5 


PROPOSITION XXII. 
PNG 

any two, howſoever taken, are greater than the third; | 
but theſe three Angles muſt be leſs than four Right 
_ Angles. | 5 5 

gles given, whereof any two, howſoever taken, 


gles be leſs than four Right Angles. It is requir'd to 


ABC, DEF, GH K. 


Let the Right Lines AB, BC, DE, EF, G H, H, 


poſſible to make * a Triangle of three Right Lines 
equal to AC, DF, GK: And ſo let f the Triangle 


DF to MN, and GK to LN; and let the Circle 
LMN be deſcrib'd 4 about the Triangle, whoſe 
Center let be X, which will be either within the Tr 


the ſame. 1 

Firſt let it be within, and join LX, MX, NA. 
I ſay AB is greater than LX. For if this be not ſo, 
AB ſhall be either equal to LX, or leſs. Firſt let l 
be equal; then becauſe AB is equal to LX, and allo 
to BC, LX ſhall be equal to BC; but LX is equal 
to X M. Therefore the two Sides AB, B C, areſ cee 
equal to the two Sides LE, X M, each to each; but be 
the Baſe A C is put equal to the Baſe LM. Where 
fore the Angle ABC ſhall be * equal to the Aol 
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LXM. For the ſame Reaſon, the Angle DEF is 

equal to the Angle MX N, and the Angle GHK to 

the 1 NXT. Therefore the three Angles ABC, 

» EF, GHK, are equal to the three Angles LX M. 

* N. NN I. But the three Angles IL. X M, | 

125 N XL, are * equal to four N ht Angles: * Cor, 15. 

And ſo the three Angles ABC, DEF, GHK, ſhall T. 
| alſo be equal to four Right Angles; ; but they are put 

leſs than four Right Angles, which is abſurd. There- 

fore A B is not equal to LX. I fay alſo it is neither 

leſs than LX; for if this be poſſible, make X O equal 

to AB, and XP to BC, and join OP. Then be- 

cauſe AB is equal to BC, XO mall be equal to XP; 

and the remaining Part OL equal to the remaining 

Part PM: And ſo LM is þ parallel to OP, and the f 2. 6. 

Triangle LM X is equiangular to the T riangle O ov 

Wherefore XL is +to LM, as XO is to OP; and 94. 6. 

(by Alternation) as XL is to XO, ſo is LM to 

OP. But LX is greater than XO. Therefore LM 

| ſhall alſo be greater than OP But LM is put equal 

to AC. Wherefore AC ſhall be greater than OP. 

And ſo becauſe the two Right Lines AB, BC, are 

equal to the two Right Lines OX, X P, and the 

Baſe A C greater than the Baſe OP; the Angle —_— 

will be * greater than the Angle OXP. In like * 25. 1. 

manner, we demonſtrate that the Angle DEF is 

greater than the An 480 MXN, and the Angle GH K, 

than the Angle N X L Therefore the three Angles 

ABC, DEF, GHK, are greater than the three An- 

0 LAM, MXN, NXL. But the Angles ABC, 
EF, GHK, are put leſs than four Right Angles, 
Therefore the Angles LXM, MXN, NXL, fhall 

be leſs by much than four Right Angles, and alſo 

equal to four Right Angles; which is abſurd. +Cor.15, 

Wherefore AB is not leſs than LX. It has alfo 1. 

X. Deen prov'd not to be equal to it. Therefore it muit 

$0, WE necelfarily be greater. On the Point X raiſe t XR, 41 2 of this 

ug Perpendicular ro the Plane of the Circle LM N; 

allo Wi Whoſe Length let be ſuch, that the Square thereof be 

qual *qual to the Exceſs, by which the Square of AB ex- 

are ceeds the Square of LX; and let RL, RM, RN, 

but A hon dd. Becauſe RX is perpendicular to the Plane 

gere Hof the Circle LM N, it ſhall alſo be * perpendicular + Def. 3. 


angle to LX, MX, NX. And becauſe LX is equal to 
XM PI XM 


7 
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* 4. 1. 


147.1. 


18. 1. 


4 20. 1. 


DEF, GH K. 
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XM, and XR is common, and at Right Angles to 
them, the Baſe LR ſhall be * equal to the Baſe RM, 


For the ſame Reaſon, RN is equal to RL, or RM. 


Therefore three Right Lines, RL, RM, RN, ate 
equal to each other. And becauſe the Square of XR 
is equal to the Exceſs, by which the Square of AR 


exceeds the Square of LX; the Square of AB will be 
equal to the Squares of LX, X R together. But the 
Square of RL, is equal to the Squares of LX, XR: 


For LXR is a Right Angle. Therefore the Square of 
AB will be equal to the Square of RL; and ſo AB 


is equal to RL. But BC, DE, EF, GH, HK, 
are every of them equal to AB; and RN, or RM. 
equal to RL. Wherefore AB, BC, DE, EF, GH 
HK, are each equal to RL, RM, or RN: And 


J 


ſince the two Sides RL, RM, are equal to the two 


Sides AB, BC, and the Baſe LM is put equal to the 


Baſe AC, the Angle LRM fhall be + equal to the 
Argle A BC. For theſame Reaſon the Angle MRN 


is equal to the Angle DEF, and the Angle LRN WM 


equal to the Angle GHK. Therefore a ſolid 195 
1s made at R of three plane Angles LR M, MRN, 
LRN, equal to three plane Angles given, ABC, 


Nov let the Center of the Circle X be in one Side 
of the Triangle, viz. in the Side MN, and join 
XL. I ſay again, that AB is greater than LX. For 
if it be not ſo, AB will be either equal, or leſs than 
LX. Firſt let it be equal, then the two Sides AB, 
BC, are equal to the two Sides MX, LX, that b, 
they are equal to MN; but MN is put equal to DF. 


Therefore DE, E F, are equal to DF, which is im the 
poſſible. Therefore A B is not equal to LX. IM © 
like manner, we prove that it is neither leſſer; fo An; 
the Abſurdity will much more evidently follow the 
Therefore AB is greater than LX. And if in lf 4 c 
manner, as before, the Square of RX be made equi fa] 

to the Exceſs, by which the Square of AB exceed if y 
the Square of LX, and RX be raiſed at Right A" join 


les to the Plane of the Circle, the Problem will "l 

One. --- 8 . | | The : Rig! 
Laſtly, let the Center X of the Circle be with" Ang 
the Triangle LMN, and join LX, MX, NN gle 
I fay AB 1s greater than LX. For if it be * Li 
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muſt either be equal or leſs. Firſt, let it be equal; 
then the two Sides AB, BC, are equal to the two 
Sides MX, X L, each to each; and the Baſe A C is 
equal to the Baſe M L; therefore the Angle ABC is 
equal to the Angle MX L. For the ſame Reaſon, 
the Angle GH K is equal to the Angle LXN; and 
ſo the whole Angle MXN, is equal to the two An- 
gles ABC, GH K; but the Angles ABC, GH K, 
are greater than the Angle DEF. Therefore the 
Angle MXN is greater than DEF; but becauſe the 
two Sides DE, EF, are equal to the two Sides MX, 
XN, and the Baſe DF is equal to the Baſe MN, the 
Angle MXN fhall be equal to thejAngie DEF; but 
it has been proved greater, which is abſurd. There- 
fore AB is not equal to LX. Moreover we will 
prove that it is not leſs; wherefore it ſhall be neceſ- 
farily greater. And if, again, X R be raiſed at Right 
Angles to the Plane of the Circle, and made equal to 
the Side of that Square, by which the Square of A B 
exceeds the Square of LX, the Problem will be de- 
termined. Now, I ſay, AB is not leſs than LX; 
for if it is poſſible that it can be leſs, make X O equal 
to AB, and XP equal to BC, and join OP. Then, 
becauſe AB is equal to BC, XO ſhall be equal 
to XP, and the remaining Part OL equal to the 
remaining Part PM; therefore LM is * parallel to * 2. 6. 
PO, and the Triangle LMX equiangular to the 
. PX O. Wherefore as | XL is to LM, ſo 1 4. 6. 
is XO to OP: And (by Alternation) as LX is to 
WO, fois LM to OP; but LX is greater than XO; 
therefore LM is greater than OP; but LM is equal 
to AC; wherefore A C ſhall be greater than OP. 
And fo becauſe the two Sides AB, BC, are equal to 
the two Sides OX, XP, each to each; and the Baſe 
AC is greater than the Baſe OP; the Angle ABC 
ſhall be + greater than the Angle OX P. So likewiſe + 25. 1. 
if XR be taken equal to XO or XP, and OR be © 
Joined, we prove that the Angle G HK is greater 
than the Angle OX R. At the Point X, with the 
Right Line LX, make the Angle LXS equal to the 
. Angle AB C, and the Angle LXT equal to the An- 
NN ze & HK, and XS, X J, each equal to XO, and 
ot, Fjon OS, OT, ST. Then becauſe the two Sides 
Wy AB, BC, are equal to = two Sides OX, XS, _ 
"9 the 


| : 
x e E W \ % — , ESC _— N — 
* F 7 ** "1 85 * * 5 G — 2 . — 
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the Angle ABC is equal to the Angle O XS, the 
85 that is, L M ſhall be equal to the Baſe 


OS. For the ſame Reaſon, LN is alſo equal to 


to the two Sides OS, OT, and the Angle MLN 


LL ET the Solid C D GH be contained under Paral- | 


116 of this. 


OT. And ſince the two Sides ML, LN, are equal 


greater than the Angle SOT; the Baſe MN fhall 
be greater than the Baſe 8 T; but MN is equal to 
DF); therefore DF ſhall be greater than S$T'. Where. 
fore becauſe the two Sides DE, EF, are equal to 


the two Sides S.X, XT, and the Baſe DF is greater 


than the Baſe 8 T, the Angle DEF ſhall be greater 
than the Angle S LT ; but the Angle SX T is equal 
to the Angles ABC, GHK. Therefore the Angle 


DEF, is greater than the Angles AB C, & H K; but 


it is alſo leſs, which is abſurd; which was to be de- 


monſtrated, _ 
PROPOSITION XXIV. 
THEOREM. 


If a Solid be contained under fix parallel Planes, the op- 


 poſite Planes thereof, are equal Parallelograms. 


lel Planes AC, GF, BG, CE, FB, AE. I 
ſay, the oppoſite Planes thereof are equal Parallelo- 
grams. LE ac . 


For becauſe the parallel planes BG, CE, are cut 


by the Plane A C, their common Sections are * paral- 
lel; wherefore AB is parallel to CD. Again, be- 
cauſe the two parallel Planes BF, AE, are cut by 
the Plane A C, their common Sections are parallel; 
therefore AD is parallel to BC; but AB has been 


proved to be parallel to CD; wherefore A C ſhall be 


a Parallelogram. After the ſame Manner, we de- 


monſtrate that CE, FG, GB, BF, or AE, is a Pa- 
rallelogram. 4 + 


4+ 10 of this. 


Let AH, DF, be joined. Then becauſe AB is pa- 
ralle! to DC, and BH to CF, the Lines AB, BH, 
touching each other, ſhall be parallel to the Lines 
DC, CF, touching each other, and not being in the 
ſame Flane; wherefore they ſhall 4 contain equal An- 
gles. And ſo the Angle A BH is equal to 1117 


7 


enger rs 
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DCF. And ſince the two Sides AB, BH, are + e- + 34. 1. 
qual to the two Sides DC, CF, and the Angle AB H 
equal to the Angle DCF, the Baſe AH ſhall be * * 4. 1. 
equal to the Baſe DF, and the Triangle AB H equal 
to the Triangle DCF. And ſince the Parallelogram —« 
BG is 4 double to the Triangle ABH, and the Pa- f 41. 1. 
| rallelogram CE, to the Triangle DG F, the Paral- 
W iclogram BG ſhall be equal to the Parallelogram CE. 
In like Manner, we demonſtrate that the Parallelo- 
am AC is equal to the Parallelogram G F, and the 
Pralielo ram AE equal to the Parallelogram BF. 
| If. therefore, @ Solid be contained under 2 parallel _ 
Planes, the oppoſites Planes thereof are equal Parallelo- 
grams, Which was to be demonſtrated. _ 


Coroll. It follows from what has been now demon- 
rated, that if a Solid be contained under fix parallel 
Planes, the oppoſite Planes thereof arc ſimilar and 
equal, becauſe each of the Angles are equal, and 

the Sides about the equal Angles are proportional. 


% : 
3j 
Fa ſolid Parallelepipedon be cut by a Plane, parallel 


to oppoſite Planes; then as Baſe is to Baſe, ſo ſhall 
2 . . | aſe, ſo ſhall 


s TE T the ſolid Parallelepipedon A BCD, be cut 
5 by a Plane Y E, parallel to the oppoſite Planes 
y RA, DH. I fay as the Baſe EF A is to the Baſe 
. EH CF, ſo is the Solid ABF Y to the Solid EGCD. 
Ka For let AH be both Ways produced, and make 
„e HM, MN, c. equal to EH, and AK, KL, &c. 
e- equal to AE; and let the Parallelograms LO, K , 
a. HEX, MS, as likewiſe the Solids LP, K R, Ha, 
| MT, be compleated. Then becauſe the Right Lines 
LK, KA, AE, are equal, the Parallelograms LO, 
$, AF, ſhall be * alſo equal; as likewiſe the Pa- * 1. 6. 
rallelograms K E, K B, AG: And moreover + the f 24 FHs. 
3 L, KP, A R, for they are oppoſite. 
For the ſame Reaſon, the Parallelograms EC, H X, 
8, alſo are equal to each other; as alſo the Paral- 
P 4 lelograms 
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lelograms H G, H 


Euclid's ELEMENTS. Book NI. 
I, IN; and fo are the Parallelo- 


grams DH, MN, NT. Therefore three Planes of 


Def. 1c 0 
iis 


the Solid LP, are equal to three Planes of the Solid 
KR, or A V, each to each; and the Planes oppoſite to 
theſe, are equal to them. Theretore the three Solids 
LP, K R, AY, will be equal t to each other. For the 
ſame Reaſon, the three Solids ED, HQ, MT, are e- 
qual to each other. Therefore the Baſe LF is the ſame 
Multiple of the Baſe AF, as the Solid LV is of the 
Solid AY. For the ſame Reaſon, the Baſe NF i; 
the ſame Multiple of the Baſe HF, as the Solid NY 
is of the Solid ED: And if the Baſe LF be equal to 
the Baſe N. F, the Solid LY fhall be equal to the 


Solid NY; and if the Baſe L F excceds the Baſe 


NF, the Solid LV ſhall exceed the Solid NX; and 


it it be leſs, leſs. Whereforc becauſe there are four 
Magnitudes, vr. the two Baſes AF, F H, and the 


two Solids AV, ED, whoſe Equimultiples are u- 


ken, to wit, the Baſe LF, and the Solid LY; and 


the Baſe NF, and the Solid NY : And ſince is is 


proved, if the Baſe LF excceds the Baſe NF, then 
the Solid LT will exceed the Solid N Y, if equal, 


equal, and leſs, leſs. Therefore as the Baſe AF is 


* Def. 6.5. to the Baſe FH, ſo is * the Solid A Y to the Solid 


ED. Wherefore, F a ſolid ee er ve g be cut by 
a Plane, parallel to oppoſite Planes; then as Baſe is 1 


Baſe, ſo ſhall Solid be to Solid; which was to be «- 


| the Plane Angles EDC, EDF, FDC, it 5 red. 
given Right Line AB, equal to the given ſolid Al- 


monltrated. 
PROPOSITION XXVI. 
THEOREM. 


At a Right Line given, and at a Point given in it, f 
make a ſolid Angle equal to a folid Angle groen. 


LET AB be a Right Line given; A a given Point 


in it, and D a given ſolid Angle contained under 


red to make a ſolid Angle at the given Point A, in tie 


gle D. ; 
Aſſume any Point F in the Right Line DF, from 


X 11 of tHis, which let F G be drawn * perpendicular to the Plane 


paſiing 


D Ez; but the Baſe HB is equal to the Baſe FE, and 


79 


ointÞ 
nder 
qui-l 
n the 
An- 
from 
Plane 
alin 


| ſhall be * perpendicular to all the Right Lines touch- 


| Wherefore the two Sides LK, KH, are equal to the 


* Sy ; ma «AK is "I 8 - # 7 
* Ka F * 3 
Sa A * n . 
7 * 9 
Fo 
* 
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paſſing thro! ED, DC, meeting the ſaid Plane in the = 
Point &, and join DG, and make j the Angles BAL, + 23. 1. 
BAK, at the given Point A, with the Right Line AB, 0 
equal to the Angles EDC, E DG. TY | 

Laſtly, make AK equal to DG, and at the Point. 1 
K erect + HK at Right Angles to the Plane paſſing +12 ofthis. 
thro' BAL, and make K H equal to GF, and join 
HA. I ſay, the ſolid Angle at A, which is contain- 
ed under the three plane Angles BA L, BAH, HAL, 
is equal to the ſolid Angle at D, which is contained 
under the plane Angles EDC, EDF, FDC: For 
let the equal Right Lines AB, DE, be taken, and 
join HB, KB, FE, GE. I hen becauſe FG is per- 
pendicular to the Plane paſſing thro ED, DC, it 


Def. 3. 


ing it that are in the ſaid Plane. Wherefore both the of fis. 


Angles FG, FG E, are Right Angles. For the ſame 
Reaſon, both the Angles HK A, HK B, are Right 
Angles; and becauſe the two Sides K A, AB, are equal 
to the two Sides G D, DE, each to each, and contain 
equal Angles, the Baſe B K ſhall be + equal to the 4 
Bale EG; but K H is alſo equal to GF, and they ' © 
contain Right Angles; therefore HB ſhall be 4 equal 

to FE. Again, becauſe the two Sides A K, K , 

are equal to the two Sides DG, GF, and they con- 

tain Right Angles, the Baſe A H ſhall be equal to the 

Baſe DF; but AB is equal to DE. Therefore the 

two Sides HA, AB, are equal to the two Sides FD, 


ſo the Angle BA H will be + equal to the Angle 14 8. 1. 
EDF. For the ſame Reaſon, the Angle HA Lis 
equal to the Angle FDC; for ſince if A L be taken 

equal to DC, and KL, HL, GC, FC, be joined, 

the whole Angle BA L is equal to the whole Angle 
EDC; and the Angle BAK, a part of the one, is 

put equal to the Angle EDG, a part of the other; 

the Angle K A L remaining, will be equal to the An- 

fie GDC remaining. And becauſe the two Sides 

A, AL, are equal to the two Sides GD, DC, and 

they contain equal Angles, the Baſe K L will be e- 

qual to the Baſe G C; but K H is equal to G F; 


two Sides CG, GF, but they contain Right Angles ; 
therefore the Baſe HL will be equal to the * F C. 
a gain, 
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Again, becauſe the two Sides H A, AL, are equal 
to the two Sides FD, DC, and the Baſe HL is equal 
to the Baſe FC, the Angle HA L will be equal to 


the Angle FDC; but the Angle BAL is equal to the 
Angle ED C; which was to be done. . 


PROPOSITION xxvn. 
PROBLEM. 


Upor a Right Line given, to deſcribe a Parallelepipedin 
imilar, and in lite Manner ſituate toa ſolid Parallele. 


Pipedon given. 


LE T AB be a Right Line, and CD a given ſolid 
Parallelepipedon. It is required to deſcribe a 
folid Parallelepipedon upon the given Right Line 
A ſimilar, and alike ſituate to the given ſolid Paral- 
telepipedgon . 
VMake a ſolid Angle at the given Point A, in the 
 *260f this. Right Line AB, which * is contained under the An. 
_*_ gles BAH, HAK, KAB; fo that the Angle BAH 
be equal to the Angle ECF, the Angle BAK to the 
Angle ECG, and the Angle HAK to the Angle 
4 12. 6. GCE; and make as EC is to CG, ſo BA, to AK; 
and G Cto CF, as KA to AH. Then, (by Equa- 
lity of Proportion) as EC is to CF, ſo ſhall BA be 
to AH; compleat the Parallelogram B H, and the 
Solid AL. Then becauſe it is as EC is to CG, ſo 
is BA to A K, v2. the Sides about the equal Angles 
ECG, BAK, proportional; the Parallelogram KB, | 
| ſhall be ſimilar to the Parollelogram GE. Allo, for 
the ſame Reaſon, the Parallclogram K H, ſhall be ſ- 
4H milar to the Parallelogram GF, and the Parallelo- 
| gram HB, to the Parallelogram FE. Therefore 
FP three Parallelograms of the ſolid A L, are ſimilar to 


| three Parallelograms of the Solid CD; but theſe three 
+ Cor. 24 Parallelograms are + equal and fimilar to their three 
Oppoſite ones. Therefore the whole Solid AL, will 
de ſimilar to the whole Solid CD; and ſo a ſolid 
Parallelepipedon A L, is deſcribed upon the 115 
18 
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Right Line AB r and alike ſituate to the given 


ſolid Parallelepipedon CD ; which was to be done. 


PROPOSITION XXVII. 
THEOREM. 


the r od of two oppoſite Planes, that Solid will 
be biſected by the Plane. TRY oF an Longs 


LET the ſolid Parallelepipedon A B, be cut by 
the Plane CDE F, paſſing thro' the Diagonals 


AB is biſected by the Plane C DE F. 


| Parallelogram B E, for it is oppoſite to it; and the 
Parallelogram G E to the Parallelogram CH; the 


DEH, and the three Parallelograms CH, BE, CE . 
for they are contained under Planes equal in Num- 


monſtrated. Rs 
PROPOSITION XXX. 
* „ e. 


Baſe, and having the ſame Altitude, and whoſe in- 
hiſtent Lines are in the ſame Right Lines, are equal 
40 one another. 15 = 


conſtituted upon the ſame Baſe AB, with the 
me Altitude, whoſe inſiſtent Lines AF, AG, LM, 
LN, C D, CE, BH, BK, are in the fame Right 
Ines FN, DK. I fay, the Solid CM is equal to 
ie Solid CWM. - 

| or 


, 


| If a ſolid re . ag. be cut hy a Plane paſſing thro 


CE, DE, of two oppoſite Planes. I ſay, the Solid 


Priſm contained by the two Triangles CG F, ADE, 
and the three Parallelograms GE, AC, CE, is equal 
to the Priſm contained under the two Triangles C FB, 


ber and Magnitude. Therefore the whole Solid AB 
8 biſeted by the Plane CDEF; which was to be de- 


S e 6. being conſtituted upon the ſame 


ET the ſolid Parallelepipedons C M, CN, be 
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For becauſe the Triangle CG F is * equal to the * 34.1. 
Triangle CBF, and the Triangle ADE to the Tri- 
angle DE H, and the Parallelogram C A to + the 424 this. 
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For becauſe CH, CK, are both Parallelograms 
* 34.1. CB ſhall be*equal to DH, or EK; wherefore DH 
is equal to EK. Let EH, which is common, be 
taken away, then the Remainder DE will be equal 
to the Remainder H K; and ſo the Triangle DEC is 
18. 1. + equal to the Triangle HK B, and the Parallelogram 
D equal to the Parallelogram HN. For the {ame 
Reaſon, the Triangle AFG is equal to the Triangle 
£t'24 ofthis, LMN; and the Parallelogram CF þ to the Paralle- 
 ___ logram BM, and the Parallelogram CG to the Pa- 
rallelogram B N, for they are oppoſite. Therefore 
the Priſm contained under the two Triangles AFG, 
DEC, and the three Parallelograms A D, D G, GC, 
is equal to the Priſm contained under the two Trian- 
E ples LMN, HBK, and the three Parallelograms 
BM, NH, BN. Let the common Solid, who: 
Baſe is the Parallelogram AB, oppoſite to the Paral- 
lelogram GEHM, be added; then the whole ſolid 
Parallelepipedon CM, is equal to] the whole folid 
Parallelepipedon CN. Therefore, ſolid Parallel: 
pe dous, being conſtituted upon the ſame Baſe, and haung 
the ſame Altitude, and whoſe inſiſtent Lines are in the 
ſane Right Lines, are equal to one another; Which 

was to be demonſtrated. 33% Wl 


PROPOSITION XXX. 
THEOREM. 
Solid Parallelepipedant being conſtituted upon the ſant 
Baſe, and having the ſame Altitude, whoſe inſiſten 


Lines are not placed in the ſame Right Lines, at 
equal to one another. 


TJ, ET there be ſolid Parallelepipedons CM, CN 
having equal Altitudes, and ſtanding on the fame 
Baſe AB, and whoſe inſiſtent Lines AF, AG, LM, 

LN, CD, CE, BH, BK, are not in the ſame Right 
ID 1 fay, the Solid CM is equal to the 001d 
For let NK, DH, and GE, FM, be produce 
meeting each other in the Points R, X; let alſo F 
GE, be produced to the Points O, P, and join A 


LO, CP, BR. The Solid CM, whoſe Baſe 1 


he 


| ES: <P; Book. 12 , Plate N e 
4 ——j r 


i Prop d 19 f 
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J Parallelogram AC BL, being oppoſite to the Paral- 


jelogram F DH M, is * equal to the Solid CO, 
whoſe Baſe is the Parallelogram AC BL, being op- 
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* 29 of this. 


poſite to X PRO, for they ſtand upon the ſame Baſe 


ACBL; and the inſiſtent Lines AF, AX, LM, 
LO, CD, CP, BH, BR, are in the fame Right 


Lines FO, DR; but the Solid CO, whoſe Bale is 


the Paral lelogram A CB L, being oppoſite to XPRO, 
is * equal to the Solid CN, whoſe Baſe is the Paral- 


lelogram A. CBL, being oppoſite to GE KN; for 


they ſtand upon the ſame Baſe ACBL, and their 
nliltent Lines A G, AX, CE, CP, LN, LO, BK, 


BR, are in the ſame Right Lines GP, NR; where 


fore the Solid CM ſhall be equal to the Solid CN. 
Therefore, ſohd Parallelepipedous, being conſtituted up- 


inſſtent Lines are not placed in the fame Right Lines, 


ore equal to one another; which was to be demonſtra- 


PROPOSITION. XXXL 
THEOREM. 


ſes, and having the ſame Altitude, are equal to one 
another... | 1 


L T AE, CF, be ſolid Parallelepipedons conſti- 
tuted upon the equal Baſes AB, CD, and having 


he ſame Altitude. I ſay, the Solid AE is equal to 


he Solid CF. * | : 
Firſt, let H K, BE, AG, LM, OP, DF, Cz, 
RS, be at Right Angles to the Baſes AB, CD; ler 
he Angle A LB not be equal to the Angle CR, 
and produce CR to T, ſo that RT be equal to AL: 
hen make the Angle T RV, at the Point R, in the 


equal to LB; draw XV thro? the Point X pa- 


nd the Solid d V. Therefore becauſe the two Sides 
IR, RY, are equal to the two Sides AL, LB, and 

ey contain equal Angles, the Parallelogram R X 
all be equal and ſimilar to the Parallelogram 1 


ood Parallelepipedons, being conſtituted upon equal Ba- 


alel to RT, and compleat the Parallelogram R X, 


m the ſame Baſe, and having{the ſame Altitude, whoſe 


is Line RT, equal * to the Angle ALB; make * 23, 75 
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And again, becauſe AL is equal to RT, and LM 


to RS, and they contain equal Angles, the Paral. 


* 


lelogram Ry ſhall be equal and ſimilar to the Paral. 


lelogram AM. For the ſame Reaſon, the Parallel. 
gram LE is equal and ſimilar to the Parallelogram 
SY. Therefore three Parallelograms of the Solid 


AE, are equal and ſimilar to three Parallelograms of 


124 ofthis. 


the Solid & V; and ſo the three oppoſite ones of one | 


Solid, are þ alſo equal and fimilar to the three oppo. 


ſite ones of the other. Therefore the whole ſolid | 


Paral lelepipedon AE is equal to the whole ſolid Pa. 
rallelepipedon & V. Let DR, XX, be produced, 
and meet each other in the Point Q, and let TO be 


drawn thro* T parallel to D Q, and produce T0, 


OD, till they meet in V, and compleat the Solid 


+29 of this. 


ar RI: Then the Solid , whoſe Baſe is the Pa. 


rallelogram R, and QT is that oppoſite to it, is + e- 
qual to the Solid Y V, whoſe Baſe is the Parallelo- 


gram RY, and V is that oppoſite to it; for they 


and upon the ſame Baſe RV, have the ſame Alti- 


tude, and their infiitent Lines R EE TEL 
SZ, SN, FT, Ys, are in the ſame Right Lines 


QX, Z &: But the Solid V is equal to the Solid 
AE; and fo AE is equal to the Solid . Again, 


becauſe the Parallelogram RX is equal to the 


the Parallelogram RX is equal to the Parallelo- | 


* 25 of this. 


Parallelogram Q T, tor it ſtands on the ſame Baſe 
RT, and between the ſame Parallels RT, a X; and 


gram CD, becauſe it is alſo equal to A B; the Paral- 
lelogram QT is equal to the Parallelogram CD, and 
DT is ſome other Parallelogram. Therefore as the 
Baſe CD is to the Baſe DT, ſo is QT to TD, and 
becauſe the ſolid Parallelepipedon CI is cut by the 
Plane RF, being parallel to two oppoſite Planes, it 
ſhall be * as the Baſe CD is to the Baſe D T, ſo 1s 


the Solid CF to the Solid RI. For the ſame Rea- | 


ſon, becauſe the ſolid Parallelepipedon QI is cut by 
the Plane R parallel to two oppoſite Planes; 3 
the Baſe QT is to the Baſe DT, 1o ſhall * the Solid 
q y be to the Solid RI; but as the Baſe CD is to the 
Baie DT, ſo is the Baſe QT to TD. Therefore 3 


the Solid CF is to the Solid RI, ſo is the Solid QTY 


to the Solid RI; and ſince each of the Solids CF, 
NF, has the ſame Proportion to the Solid RI, N 


Solid 
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golid CF is equal to the Solid ] but the Solid | 
g has been proved equal to the Solid AE; there- 
ore the Solid A E ſhall be f equal to the Solid CF. + 9. 5. 
But now let the inſiſtent Lines A G, HK, BE, ; 
LM, CN, OP, DE, RS, not be at Right Angles 

to the Baſes AB, CD. 1 ſay, again, that the Solid 

AE is equal to the Solid CF. Let there be drawn 

from the Points K, E, G, M, P, E, N, 8, to the Plane 
wherein are the Baſes AB, CD, the Perpendiculars 

KZ, ET, GY, Ms, SI, FT, No, PX, meeting 

the Plane in the Points E, I, V, &, I, Y, Q, X, and 

join E T, V, E V, Te, XL, X, QI, FI; then 

the Solid K & is equal to the Solid PI, for they ſtand 

on equal Baſes K M, PS, have the ſame Altitude, 

and the inſiſtent Lines are at Right Angles to the Ba- 

ſes; but the Solid K & is equal to the Solid AE, and 

the Solid PI to + the Solid CF, ſince they ſtand up- 429 of this. 
on the ſame Baſe, have the ſame Altitude, and their 
inſiſtent Lines are in the ſame Right Lines. There- 

| fore the Solid AE ſhall be equal to the Solid CF. 
Wherefore, ſolid Parallelepipedons, being conſtituted 

pon equal Baſes, and having the ſame Altitude, are 

equal to one another ; which was to be demonſtrated. 


PROPOSITION XXXI. 


N 
lid Parallelepipedons, that have the ſame Altitude, are 
to each other as their Baſes. 0 = 
JET AB, CD, be ſolid Parallelepipedons that | 
have the ſame Altitude. I ſay they are to one a- 
nother as their Baſes; that is, as the Baſe AE is to 
the Baſe CF, ſo is the Solid A B to the Solid CD. 
For apply a Parallelogcam F H to the Right Line 
| FG, equal to the Parallelogram AE, and compleat 
the ſolid Parallelepipedon GK upon the Baſe F H, 
having the ſame Altitude as CD has. Then the 
| lid AB is * equal to the ſolid G K; for they ſtand * 31 ef his. 
upon equal Baſes AE, EH, and have the ſame Alti- 
tude; and ſo becauſe the ſolid Parallelepipedon CK 
s cut by the Plane D G, parallel to two oppoſite 
Planes, it ſhall be + as the Baſe HF, is to the 20 + 25 of this. 


ib ; 
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the Parallelogram C R, and the e, OE 


® 2.4 of this. 
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F C, ſo is the Solid HD to the Solid DC; but the 
Baſe FH is equal to the Baſe AE, and the Solid AB 
to the Solid FK. Therefore as the Baſe AE is to 
the Baſe CF, ſo is the Solid AB to the Solid CD. 
Wherefore ſolid Parallelepipedons that have the ſame 


Altitude, are to each other as their Baſes, which was 
to be demonſtrated. | | 


PROPOSITION XXXIIL 
HE OR E M. 


Similar ſolid Parallelepipedons, are to one another it 
the triplicate Proportion of their homologous Sides, 


LET AB, CD, be ſolid Parallelepipedons, and 
L4 let the Side AE be homologous to the Side CF. 


I fay, the Solid AB, to the Solid CD, hath a Propor- 
tion triplicate of that which the Side AE has to the 
Side G . BJC 

Por produce AE, GE, HE, EK, EL, EM; 
and make EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogram K L, and 
likewite the Solid K O be compleated. Then becauſe 
the two Sides K E, EL, are equal to the two vides 
CF, FN, and the Angle KEL equal to the Angle 
CFN; (ſince the Angle AE G is alſo equal to the 
Angle C FN, becauſe of the Similarity of the Solids 
AB, CD, ) the Parallelogram KL ſhall be ſimilar and 
equal to the Parallelogram CN. For the ſame Rea- 
ſon, the Parallelogram K M is equal and ſimilar to 


to DF. Therefore three Parallelograms of the Solid 
K O, are equal and ſimilar to three Parallelograms ot 
the ſolid CD: But thoſe three Parallelograms are 
equal and ſimilar to the three oppoſite Parallelogtams. 
Therefore the whole Solid K O is equal and fimila: W 
to the whole Solid CD. Let the Parallelogram Gx 
be compleated, as alſo the Solids EX, LP, upon 
the Baſes GK, K L, having the ſame Altitude as AB. 

And ſince, becauſe of the Similarity of the Solid 
AB and C P, it is as AE is to CF, ſo is EG to FN, 
and ſo EH to FR, and FC is equal to E K, and F N 
to EL, and FR to EM. It ſhall be as AE 15 


Book XI. Euclid's ELEMENTS. 
EK, ſo is + the Parallelogram A & to the Parallelo- 


ſis GK to K 


G K is to K L, ſo is the Solid EX to the Solid 
PL; and as PE is to K M, ſo is the Solid PL to 
the Solid KO. Therefore as the Solid AB is to the 
Solid EX, ſo is * EX to PL, and PL to K O. But 
if four Magnitudes be continually proportional, the 
firſt to the fourth hath + a triplicate Proportion of 
that which it has to the ſecond. Therefore alſo the 


Solid AB to the Solid K O, hath a triplicate Propor- 
ton of that which A B has to EX: But as AB is to 


gram G K; but as GE is to EL, ſo is GK to KL; 
and as HE is to E M, fois PE to KM. Therefore 
as the Parallelogram A G is to the Parallelogram G K, 

„and PE to K M. But as AG is 
to G K, ſo is + the Solid AB to the Solid EX; and 
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T 1. 6. 


+ 32 this. 


11 . 


+Def. 11.5; 


EX, ſo is the Parallelogram AG to the Parallelo- _ 


am G K; and ſo is the Right Line AE to the Right 

ine EK. Wherefore the Solid AB, to the Solid 
KO, hath a Proportion triplicate of that which AE 
las to EK; but the Solid K O is equal to the Solid 
CD, and the Right Line EK equal to the Right Line 


CF. Therefore the Solid AB to the Solid CD, has 
a Proportion triplicate of that which the homologous 


vide A E has to the homologous Side CF; which was 


e demonſtrated. 

: Coll. From hence it is manifeſt, if four Right Lines 
e proportional, as the firſt is to the fourth, ſo is 
F a ſolid Parallelepipedon deſcribed upon the firſt, 
„ea fimilar Solid Parallelepipedon alike fituate 
oLeſcribed upon the ſecond; becauſe the firſt to 
ge fourth, has a Proportion triplicate of that 
1 MW ich it has to the ſecond. — e 

of 

> 

Ne. 

lat 

14 9 

” FH T6 PRO- 
B. - on 
lids 

'N; 

EN 

8 t0 
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77. 5. 


+ 32 of this, 


425ofthis, CD is to the Solid CV, fo is t the Bate MP a 


The Baſes and Altitudes of e qual ſolid Parallelepipedn, 


LET AB, C D, be equal ſolid Parallelepipeda 


| tude of the Solid A Þ. 


CCM, NX, OD, PR, be at Right Angles to thei 
| Baſes. I ſay, as the Baſe EH is to the Baſe NP, < 


to the Baſe NP, and the Solid AB is equal to the 


| the Altitude AG: For if when the Baſes EH, NP 
are equal, the Altitudes A G, CM, are not lo; then 


it is put equal to it. 1 heretore the Altitude CMi 


the Baſe EH is to the Baſe N b, ſo ſhall CM bet 
AG. But now let the Baſe EH be unequal to ti 
Baſe NP, and let EH be the greater: Then fie 
the Solid ABi is equal to the Solid CD, CM is gra 
ter than AG; for otherwiſe it would follow that t 
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PROPOSITION XXXIV. 
THEOREM. 


are rec 3 ” re and thoſe ſolid Paral. 
lelepipedons whoſe Baſes and Altitudes are — 


R are equal. 


I ſay, their Baſes and Altitudes are reciprocalh 
roportional, that is, as the Baſe E H is to the Bal 
JP, ſo is the Altitude of the Solid CD to the Ali. 


Firſt, let the inſiſtent Lines AG, EF, LB, HK 


is CM to AG. For if the Baſe E H be equal 
Solid CD, the Altitude CM ſhall alſo be equal to 


the Solid AB will not be equal to the Solid Cb, bu 


not unequal to the Altitude A G, and ſo they are ne 
ceflarily equal to one another; and conſequently, 


Solids A B, Q D, are not equal, which are put ſu 
Therefore make CT equal to A G, and complett! 
ſolid Parallelepipedon VC upon the Baſe NP, hai 
the Altitude GT. Then becauſe the Solid AB 
equal to the 0 CD, and V C is ſome other Sol 
and ſince equal M nicudes have * the ſame Prop'l 
tion to the ſame Ma nitude, it ſhall be as the 80 

AB is to the Solid CV, ſo is the Solid CD to! 
Solid CV; but as the Solid AB is to the Solid ( 
ſo is + the Baſe EH to the Baſe NP; for AB, C| 
are Solids having equal Altitudes. And as the 80 


iin Fee nnr 


Baſe PT, and fois MC to CT. Therefore as the 


Baſe EH is to the Baſe NP, ſo is MC to C; but 


CT is equal to AG, Wherefore as the Baſe EH is 
to the Baſe NP, ſo is MC to AG. Therefore the 


Baſes and Altitudes of the equal ſolid Parallelepipe- 
dons AB, CD, are reciprocally proportional. 

Now, Tet the Baſes and Altitudes of the ſolid Pa- 
rallelepipedons AB, CD, be reciprocally proportio- 
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nal; that is, let the Baſe E Il be to the Baſe NP, as 


the Altitude of the Solid CD is to the Altitude of the 


Solid AB. 4 the Solid AB is equal to the Solid 


CD. 


For let again the inſiſtent Lines be at Right Angles 


to the Baſes; then if the Baſe EH be equal to the 
Baſe NP, and EH is to NP, as the Altitude of the 


Solid CD is to the Altitude of the Solid AB; the 


Altitude of the Solid CD ſhall be equal to the Alti- 
tude of the Solid AB. But ſolid Parallelepipedons 
that ſtand upon equal Baſes, and have the ſame Alti- 
tude, are * equal to each other, Therefore the Solid 
ABis equal to the Solid CD. 


But now let the Baſe E H not be equal to the Baſe 


NP, and let EH be the greater; then the Altitude of 


the Solid CD is greater than the Altitude of the So- 
ld RB; that is, QM is greater than A G. Again, 


put CT. equal to AG, and compleat the Solid OV: 
as before: And then becauſe the Baſe EH is to the 
Baſe NP, as M C eis to AG, and AG is equal 


to OT; it ſhall be as the Baſe EH is to the 


Baſe NP. fois MC to CT; but as the Baſe EH 
is to the Baſe NP, ſo is the Solid AB to the So- 
Iid V C; for the Solids A B, CV, have equal Al- 
titudes: And as MC eis to GT. 10 1 is the Baſe M P 

to the Baſe PT, and ſo the Solid CD to the Solid 
CV. Therefore as the Solid A is to the Solid CV, 

lo is the Solid CD to the Solid CV: But ſince each 


of the Solids AB, CD, has the ſame Proportion to 
| CV, the Solid AB ſhall be equal to the Solid CD; 


which was 20 be demonſtrated. 
Nov let the inſiſtent Lines FE, BL, GA, KH, 
XN, DO, MC, RP, not be at Right Angles to the 
Baſes, and from the Points F, G, B, K, X, M, D, 


R. cr there be drawn perpendiculars to the Planes 


of the Baſes EH, NP, meeting the ſame in the 
'Q 2 | Points 
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Points 8, T, V, V, Q, Z, 9, , and compleat the 
Solids FV, Xa. Then, I ſay, if the Solids A B, 
CD, be equal, their Baſes and Altitudes are recipro- 


cally proportional, v:2.. as the Baſe EH is to the Baſe 
NP, ſo is the Altitude of the Solid CD to the Al- 


titude of the Solid AB. 


For becauſe the Solid A B is equal to the Solid 


* 3oofthis. CD, and the Solid AB is * equal to the Solid BT; 


E From 


for they ſtand upon the ſame Baſe, have the ſame Al- 


titude, and their inſiſtent Lines are not in the ſame 


Right Lines, and the Solid DC is * equal to the So- 
lid DZ, ſince they ſtand upon the ſame Baſe, XR 


have the ſame Altitude, and their inſiſtent Lines are 


not in the ſame Right Lines; the Solid B I ſhall be 
equal to the Solid DZ: but the Baſes and Altitudes 
of thoſe equal Solids, whoſe Altitudes are at Right 
Angles to their Baſes, are reciprocally proportional. 


what has Therefore as the Baſe FK is to the Baſe XR, ſo is 
been beſore the Altitude of the Solid DZ, to the Altitude of the 


pre ved. 


tional. 


Solid B'; but the Baſe F K is equal to the Baſe 


_ EH, and the Baſe XR to the Baſe NP. Wherefore 


as the Baſe E H is to the Baſe NP, ſo is the Altitude 


of the Solid DZ to the Altitude of the Solid BT; 
but the Solids NZ, DC, have the ſame Altitude, and 
0 have the Solids BI, BA. Therefore the Baſe EH 


is to the Baſe NP, as the Altitude of the Solid DC 
is to the Altitude of the Solid AB; and ſo the Baſes 
and Altitudes of equal Solids are reciprocally propor- 
Again, let the Baſes and Altitudes of the ſolid 
Parallelepipedons A B, CD, be reciprocally propor- 


tional, 12. as the Baſe EH is to the Baſe NP, ſo let 


the Altitude of the Solid CD be to the Altitude of 
the Solid AB. 1 ſay, the Solid AB is equal to the 
Solid CD. „ E 
For the ſame Conſtruction remaining, becaule the 
Baſe EH is to the Baſe NP, as the Altitude of the 
Solid CD is to the Altitude of the Solid AB; and 
ſince the Baſe E H is equal to the Baſe FK, and NP 


to X R. It ſhall be as the Baſe FK is tothe Baſe XR, 


ſo is the Altitude of the Solid CD to the Altitude of 
the Solid AB; but the Altitudes of the Solids AB, 
BT, are rhe fime; as alſo of the Solids CD, DZ. 


Therefore the Baſe FK is to the Baſe XR, as the 


Altitude 
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Altitude of the Solid DZ is to the Altitude of the 
Solid BT; wherefore the Baſes and Altitudes of the 
ſolid Parallelepipedons B T, DZ, are reciprocally 
proportional; but thoſe ſolid Parallelepipedons, whoſe 
Altitudes are at Right Angles to their Baſes, and t.. 
Baſes and Altitudes are reciprocally proportional. 4 
cqval to each other. But the Solid BT is {uz 
the Solid BA; for they ſtand upon the lame Bot 
FK, have the ſame Altitude, and their infiit-:t Limes 
are not in the ſame Right Lines; and the Solid 71 
is alſo equal to the Solid DC, ſince they ſtand upon 
the ſame Baſe X R, have the ſame Altitude, and their 


was to be demonſtrated. 
PROPOSIFION XXXV. 
THEOREM. 


ces of thoſe Angles two Right Lines be elevated above 
the Planes, in which the Angles are, containing equal 
Angles with the Lines firſt given, each to its corre- 


be taken from which Lines be drawn perpendicular 
to the Planes in which the Angles firſt given are, 
and Right Lines be drawn to bo Angles firſt given 
from the Points made by the Perpendiculars in the 
; Planes, thoſe Right Lines will contain equal Angles 
t with the elevated Line. 


LET BAC, E DF, be two equal Right-lin'd An- 
gles; and from A, D, the Vertices of thoſe An- 
les, let two Right Lines A G, D M, be elevated 
| oye the Planes of the ſaid Angles, making equal 
Fnglcs with the Lines firſt given, each to its corre- 
ondent one, vis. the Angle MD E equal to the 
Angle G AB, and the Angle MD F to the Angle 
Ac; and take any Points G and M in the Right 
mes A G, D M, from which let GL, MN, be 
Hawn perpendicular to the Planes paſſing thro BRC, 
F, meeting the ſame in the Points L, N, and 
23 join 


j 
* 


inſiſtent Lines are not in the fame Right Lines. I here- 
fore the Solid A B is equal to the Solid CD; which 


If there be two plane Angles e. nal, and from the Perti- 


ſpondent one; and if in thoſe elevated Lines any Points 
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the Angle MDN. 


* 8 of this. 


+ 47.1. 


448.1. 


+48. 1. 


the Plane paſſing thro' BAC. Therefore HK hal 


AC, DE, DE, the Perpendiculars K B, 
NF, and join HC, CB, MF, FE. Then becauſe 


the Square of K A; the Square of HA ſhall be equal 
to the Squares of HK, KC, CA; but the Square of 


equal to DF M; but the Angle HA C 1s alſo equal 
to the Angle MDF. Therefore the two I riangles 
MDF, HAC, have two Angles of the one equal to 
two Angles of the other, each to each, and one Side 
of the one equal to one Side of the other, vi. that 
which is ſabtended by one of the equal Angles; that 


Sides of the one, ſhall be“ equal to the other Sides 
of the other, each to each. Wherefore AG is equal to 
DF. In like Manner we demonſtrate that A B 1s 

cqual to DE; for jet HB, ME, be joined. Then 

becauſe the Square of AH is equal to the Squares of 


equal to the Square of AK; the Squares of AB, BK, 
KX, will be equal to the Square of AH; but the 
Square of BH is equal to the Squares of BK, KH, 
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join LA, ND. I ſay the Angle GAL is equal to 


? 


Make A H equal to DM, and thro? H let HK be 
drawn parallel to GL; but GL is perpendicular to 


be * alſo perpendicular to the Plane paſſing thro* BAC, 
Draw from the Points K, N, to the 1 1 Lines AB. 
„ KC, NF 


the Square of HA is 4 equal to the Squares of HK, 
K A, and the Squares of KC, CA, are f equal to 


HC is equal to the Squares of HK, K C. Therefore 
the Square of HA will be equal to the Squares of 
HC and CA; and ſo the Angle HCA is + a Right 
Angle. For the fame Reaſon, the Angle DEM is 
alſo a Right Angle. Therefore the Angle ACH is 


is, the Side H A equal to DM; and ſo the other 


AK and K H; and the Squares of AB, BK, are 


for the Angle HK Bis a Right Angle, becauſe H 
is perpendicular to the Plane paſſing thro' BAC 
Therefore the Square of AH is equal to the Squard 


LY 


of AB, BH. Wherefore the Angle A BH is a Rig 


Angle. For the fame Reaſon, the Angle DE 
is alſo a Right Angle. And the Angle BAH! 
equal to the Angle E DM, for fo it is put; and A 
is equal to D M. Therefore AB is * alſo equal l 
DE. And fo ſince AC is equal to DF, and A! 
to DE, the two Sides CA, AB, ſhall be equity 


— 
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the two Sides FD, D E; but the Angle BAC is 
equal to the Angle FDE. Therefore the Baſe B C 
is * equal to the Baſe EF, the Triangle to the Tri- 
angle, and the other Angles to the other Angles. 


herefore the Angle AC is equal to the Angle 
DFE; but the Right Angle ACK is equal to the 
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* 4. 1. 


Right Angle D FN; and therefore the remaining An- 


gle BOK is equal to the remaining Angle EF N. 
For the ſame Reaſon, the Angle CBK is equal to 
the Angle FEN; and ſo becauſe BCK, EF N, are 
two 1 riangles, having two Angles equal to two An- 
ples, each to each, and one Side equal to one Side, 
which is at the equal Angles, 2:2. BC equal to EF; 
therefore they ſhall have the other Sides equal to the 
other Sides. Therefore CK is equal to FN, but AC 
is equal to DF. Therefore the two Sides AC, CK, 
are equal to the two Sides D F, FN, and they con- 
tain Right Angles; conſequently the Baſe A K is 
equal to the Baſe DN. And ſince AH is equal to 


DM, the Square of A H ſhall be equal to the Square 


of DM; but the Squares of AK, KH, are equal to 


the Square of AH; for the Angle AKH is a Right 


Angle, and the Squares DN, NM, are equal to the 


Square of DM, ſince the Angle DN M is a Right 


Angle. Therefore the Squares of A K, K H, are 
equal to the Squares of DN, NM; of which the 


Square of A K is equal to the Square of DN. Where 


tore the Square of K H remaining, is equal to the re- 


maining Square of NM; and ſo the Right Line HK 


is equal to MN. And ſince the two Sides HA, AK, 


are equal to the two Sides MD, DN, each to each, 


and the Baſe HK has been proved equal to the Baſe 


NM, the Angle H AK ſhall be j equal to the Angle } 8. 1. 


MDN; which was to be demonſtrated. 


Coll. From hence it is manifeſt, that if there be two 


Right-lin'd plane Angles equal, from whoſe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines 
firſt given, each to each; Perpendiculars drawn 
from the extfeme Points of thoſe elevated Lines to 


the Planes of the Angles firſt given, are equal to 


one another. 


Q 4 P R O- 
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* 26H this. 


+24. 6. 


+ Cor. 37 
of this. , 


31 ofthis. 


the Right Lines L 


the angular Points containing equal Angles with the | 
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PRG POSITION 
THEOREM. 


If three Right Lines be proportional, the Solid Parallel. 
epipedon made of them, is equal to the ſolid Parallel. 
2 made of the Middle Line, if it be an Equi. 
ateral one, and Equiangular to the aforeſaid Pardlel 

e pipedon. 8 | | 


LI, ET three Right Lines A, B, C be proportional 
4 viz. Let A beto B, as Bis to C. I ſay, the So- 


lid made of A, B, C, is equal to the equilateral Solid 


made of B, equiangular to that made on A, B, C. 
Let E be a ſolid Angle contained under the three 


plane Angles DEG, GEF, FED; and make DE 


GE, EF, each equal to B, and compleat the ſolid 
Parallelepipedon EK. Again, put LM equal to A, 
and at the Point L, at the Riot Line LM, make | 
ſolid Angle contained under the Plane Angles NLA, 


XLM, M LN, equal to the ſolid Angle E; and make 


LN equal to B, and LX to C. Then becauſe A is 


to B, as B is to C, and A is, equal to LM, and B̃ to 
LN, EF, EG, or ED, and Cto LX; it ſhall be 
as LM is to EF, ſo is GE to LX. And ſo the Sides 


about the equal Angles M LX, GEF, are recipro- 
cally proportional. Wherefore the Parallelogram 
M X is + equal to the Parallelogram GF. And ſince 
the two plane Ange GEF, X LM, are equal, and 

, ED, being equal are erected at 


Lines firſt given, each to each ; the Perpendiculars 
drawn + from the Points N, D, to the Planes drawn 
thro! X LM, G EF, are equal one to another. T here- 


fore the Solids L H, EK, have the ſame Altitude; but 


ſolid Parallelepipedons that have equal Baſes, and the 
ſame Altitude, are * equal to each other. Therefore 
the Solid H L is equal to the Solid EK. But the So- 


lid HL is that made of the three Right Lines A, B, G, 
and the Solid EK that made of the Right Line B. 


Therefore, f three Kight Lines be proportional, the ſo- 
lid 1 made of them, is equal to the ſolid 
Parallelepipeaon made of the Middle Line, if it be an 

| e:? 


* 
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equilateral one, and equiangular to the aforeſaid Paral. 
lelepipedon 3 which was to be demonſtrated. 


PROPOSITION XXXVII. 
THEOREM, 

If four Right Lines be proportional, the ſolid Parallels: 
pipedons ſimilar, and in lite manner deſcribed from 
them, ſhall be proportional.” And if the ſolid aral 
lelepipedons, being ſimilar, and alike deſcribed, be - | 


portional, chen the Right Lines 65 they are aer le 
Jab be proportional. 


ET the four Right Lines AB, CD, EF, GH... 
be proportional, vix. let AB be to CD, as EF 
sto GH, and let the ſimilar and alike fituate Paral- 
lelepipedons KA, LC, ME, NG, bedeſcribedfrom 
them. I 1ay, KA is to LC, as ME is to NG. 
For becauſe the ſolid Parall clepipedon K A is ſimi- 
Jar to LC, therefore K A to LC ſhall have * a Pro- +33 of thi, 
portion triplicate of that which A B has to CD. For 
the ſame Reaſon, the Solid ME to N G will have a 
trplicate Proportion of that which E F has to G H. But 
AB is to CD, as EF is to GH. Therefore A K is to 
LC, as ME i is to NG. And if the Solid A K be to 8 
he Solid LC, as the Solid M E is to the Solid NG. 
| i, as the Ri ht Line AB is to the Right Line CD, 
[is the Right Line EF to the Right Line GH. F or 
becauſe AK to LC has + a Proportion triplicate of 1337 this. 
that which AB has to CD, and ME to NG has a 5 
Poportion triplicate of that which EF has to GH, 
Wind fince AK is to LC, as ME is to NG; it ſhall 
de as AB is to CD, ſis EF to GH. Therefore, | 


e- Wi fur Right Lines be proportional, the ſolid Parallelepi- 
ut {W/econs ſimilar, and in hke manner deſcribed from them, 
ne % be Proportional. And if the ſolid Parallelepi edons, 


ng fi ſimilar and alike deſcribed, be proportional, then the 


% Lines.they are deſcribed from, ſhall be 8 
8 which was to be demonſtrated, : 
0 
lid 


5 : p R O- 
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A 


5 the Plane of CD touches it: The Angle F GE ſhall 
I Def. 3.of be f a Right Angle. But EF is alſo at Right Angles 
this. to the Plane Angle AB; therefore the Angle EFG 


$17.1. 


without the Right Line AD: And ſo it muſtineceſſ#- 


"N 
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PROPOSITION XXXVII 
_ THEOREM. 


If a Plane be perpendicular to a Plane, and a Line be 


drawnfroma Point 1n one of the Planes N e 
to the other Plane, that Perpendicular ſhall fall inthe 


common Section of the Planes. 


LE? the Plane CD be perpendicular to the Plane | 
AB, let their common Section be AD, and let 
ſome Point Ebe taken in the Plane CD. I ſay, a Per- 
pendicular, drawn from the Point E to the Plane Ah, 
AA . a 
For if it does not, let it fall without the ſame, as EF 


meeting the Plane AB in the Point F, and from the 


Point F let FG be drawn in the Plane A B perpendi- 


* Def. 4 of cular to AD; this ſhall be * perpendicular to the Plane 


CD; and join EG. Then becauſe FG is perpendi- 
cular to the Plane CD, and the Right Line EGin 


a Right Angle. And ſo two Angles of the Triangle WM a 
EF G, are equal to two Right Angles; which is ab- tt 
ſurd. Wherefore if a Right Line, drawn from the fe 
Point E perpendicular to the Plane A B, does not fall ar 


rily fall on it. Therefore, if a Plane be prep re 
to a Plane, and a Line be drawn from a Point in one of 
the Planes perpendicular to the other Plane, that Per 
pendicular rev fall in the common Section of tit 
Planes ; which was to be demonſtrated. _ 


R 0 


Five the other Sides of one equal to the other Sides 


- 


Book XI. Euclid's ELEMENTS 235 


PROPOSITION XXXX. 
THEOREM. 


If the Sides of the oppoſite Planes of a ſolid Parallelepi- 

pe don he divided into two equal Parts, and Planes be 
drawn thro' their Sectious; the common Section of the 
Planes, and the Diameter, the ſolid Parallelepipedon, 


hall divide eachother into two equal Parts. 


[ET the Sides of CF, AH, the oppoſite Planes of 
the ſolid Coin N 26 "A AF, be cut in half in 

the Points K, L, M, N, X, O, P, R, and let the 

Planes K N, X R, be drawn thro” the the Sections: 

Alſo let XS be the common Section of the Planes, 

and D G the Diameter of the ſolid Parallelepipedon. 

I fay, Y 8, DG, biſect each other, that is, VT is equal 


to TS, and DT to TG. 


For join DV, YE, BS, SG. Then becauſe DX 
is parallel to O E, the Alternate Angles DX Y, YOE 
we * equal to one another. And becauſe DX is * „ 
equal OE, and VX to YO, and they contain equal! 
Angles, the Baſe D Y ſhall be 4 equal to the Baſe V E; +, 1. 
and;the Triangle DX V to the Triangle YOE, and 
the other Angles equal to the other Angles : There- 
fore the Angle XV is equal to the Angle OYE;_ 
nd ſo DYE is + a Right Line. For the ſame Rea- þ 14. l. 
on BSG is alſo a Right Line, and BS is equal to 
5G. Then becauſe CA is equal and parallel to DB, 
salſo to EG, DB ſhall be equal and parallel to EG; 
and the Right Lines DE, GB, join them : Therefore 5 
D Eis * parallel to BG, and D, Y, G, 8, are Points * 33. 1. 
taken in each of them, and D G, VS, are joined. There _ 


bre DG, VS, are f in one Plane. And ſince D E is + 7 of this, 


parallel to BG; the Angle ED T ſhall be * equal to & 29.1. 
e Angle BG I, for they are Alternate. But the Angle 
DTY, is + equal to the Angle GTS. Therefore # 15. 1 
DTV, GTS are two Triangles, having two Angles 

of the one equal to two Angles of the other, as like- 

Wiſe one Side of the one equal to one Side of the 0- 


Finer, »:2. the Side D Y equal to the Side GS: For 


they are Halves of DE, BG : Therefore they ſhall 
of 


236 Euclid's ELEMENTS. Book XI. 
of the other; and ſo D is equal to JG, and YT 
to TS. Wherefore, f the Sides of the oppoſite Plane, 
of a folid Parallelepepidon be divided into m- equal} 
Parts, and Planes be drawn thro' their Sections; the 
common Section of the Planes, and the Diameter of th; 
ſolid Parallelepipedon, fhall divide each other into two e. 
qual Parts; which was to be demonſtrated. | 


:.:PROPOSET-IO.N: XI. 
THEOREM. 
0 of two triangular Priſmas, one ſtanding on a Baſe, 


which a Parallelogram, and the other on a Triangle 
if their Altitudes from theſe Baſes are equal, and the 
Parallelagram double to the Triangle; then thiſ 


Priſins are equal to each other. 


LET ABCDEF, GHKLMN be two Priſms 
1 of equal Altitude. The Baſe of one of which is 
the Parallelogram AF, and that of the other, the 
Triangle GHK, and let the Parallelogram A F be 

double to the Triangle GHK. I fay the Priſm AB 

20 CDEF is equal to the Priſm GHK LMN. 

„ For compleat the Solids AX, GO. Then becauſe 
14 x. the Parallelogram A F is double to the Triangle 
K, and ſince the Parallelogram HK is * dov- 
ble to the Triangle G H K, the, Parallelogram 
AF ſnall be equal to the Parallelogram H K. But ſo- 
+31 ofthis lid Parallelepipedans. that ſtand upon equal Baſes, and 
blaue the ſame Altitude, are 1 equal to one another. 
Therefore the ſolid A X is equal to the Solid GO. 
+28 ofthis, But the Priſm ABCDEF is half the Solid AX, andthe 
Priſm GH KLM is half the Solid GO. Tbere- 
fore the Priſm ABCD EF is equal to the Priſm GH 
KLMN. Wherefore, if there be two Priſms having 
equal Altitudes, the Baſe of one of which 1s Parallel. 
gram, and that of the other a Triangle, and if the Pa- 
rallelogram be doable to the Triangle, the ſaid Priſus 

ſhall be equal to each other. 
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mlar Polygons, inſcrib'd in Circles, are to one another 
as the Squares of the Diameters of the Circles. 
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ET AB CDE, FGHK L, be Circles, 
wherein are inſcrib'd the ſimilar Poly- 
gons AB CDE, F GH KL, and let 
BM, GN, be Diameters of the Cir- 
cles. I ſay, as the Square of BM is to 
q 2 the Square of GN, ſo is the Polygon 
CD E to the Polygon F GHK L. . 

'or join BE, AM, GL, FN Then becauſe the 
gon ABCDE is ſimilar to the Polygon F GH 
L the Angle BAE is equal to the Angle GF L; 
B A is to AE, as GF is to FL. Therefore 
wo Triangles BAE, GFL, have one Angle oy 
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gle BAE equal to the Angle GFL, and the Side; 
a 


GN; and the Proportion of the Polygon ABCDE 
of BM is to the Square of GN, ſo is the Polygon 


as the Squares of t 
was to be demonſtrated. 


there be two unequal Magni- 


Triangle ABE is * equiangular to the Triangle F GL. 
and fo the Angle A E is equal to the Angle FLG 


fore the Angle AM is equal to the Angle EN. 
But the 199 * BAM is + equal to the Right 
Angle GFN. V 

equal to the other Angle. And ſo the Triangle AM 
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the one equal to one Angle of the other, vi. the An. 


ut the equal Angles proportional. Wherefore the 


and, rave” eas hes 3 


But the Angle AE is f equal to the Angle AM}: 
for they ſtand on the ſame Circumference; and the 
Angle FLG is + equal to the Angle FN G. There 


herefore the other Angle ſhall be 


is equiangular to the Triangle FG N; and conſe 
quently * as BM is to GN, ſo is BA to GF. Bit 
the Proportion of the Square of BM to the Squre 
of GN. is duplicate of the Proportion of BM t 


YU. Sa... amt.  Abooa es Ja. AY ts © aA 


to the Polygon FGHK L, is + duplicate of the Pro- 
portion of BA to GF. Wherefore, as the Square 


ABCDE to the Polygon FGHK L. Therefore, 
ſimilar Polygons, 1 in Circles, are to one anthe 
e Diameters of the Circles; whic 


LEMMA. 


tudes propos d, and from the D 
greater be taken a Part greater A 1 
thanits Half; and if from what \_ | 
remains there be again taken R F 

a Part greater than half this 
Remainder ; and again from | | 
this laft Remainder a Part Hl 

greater than its half; and if 

this be done continually, there 1 | 

will remain at laſt a Magni- | 1 

tude that ſhall be leſs than the 
leſſer of the propos'd Magni- 

tudes. 


Oy mom, = | AC ay Grain frond. G99 CCS -- fray... fn. mos. wes. , , wow was eo... 


2M C E-B [ 
T ET AB and C be two unequal Magnitude 


whereof AB is the greater. I ſay, if from a 1 


——— 
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be taken a greater Part than half, and from the Part 


remaining there be again taken a Part greater than its 


half, and this be done continually, there will remain 


4 1 at laſt that ſhall be leſs than the Magni- 


tue G. | ms 
For C being ſome number of Times multiply'd, 


will become greater than the Magnitude AB. Let 


it be multiply'd, and let DE be a Multiple of C 
greater than AB. Divide DE into Parts DF, FG, 
GE each equal to C, and take BH a Part greater than 
half of AB from AB, and again from AH the Part HK 
greater than half AH, and from AK a Part greater 


than half AK, and fo on, until the Diviſions that are in 
AB are equal in Number to the Diviſions in DE. 


Therefore let the Diviſions AK, K H, HB, be equal 
in Number to the Diviſions DF, FG, GE. Then 
becauſe DE is greater than AB, and the Part E G is 
taken from E D, being leſs than half thereof, and the 
Part BH greater than half of AB is taken from it, 
the Part remaining GD, ſhall be greater than the Part 
remaining HA. Again, becauſe GN is greater than 
HA; and GP being half of GD, is taken from the 


ſame; and HK being greater than half HA, is taken 


from this likewiſe; the Part remaining E D, ſhall be 
greater than the Part remaining AK; but FD is equal 
toC. Therefore C is greater than AK; and ſo the 
Magnitude A K is leſſer than C. Therefore the 


Magnitude AK being the Part remaining of the Mag- 


nitude A B, is leſs than the leſſer propos'd Magnitude 


C; which was to be demonſtrated. If the Halves of 


the Magnitudes ſhould have been taken, we demon- 
ſtrate this after the ſame Manner. Thzs is the firſt 
Propoſition of the tenth Book. | | | 


PROPOSETION II. 
THEOREM. 
Circles are to each other as the Squares of their 


Diameters. 


ET ABCD, EFGH, be Circles, whoſe Dia- 
meters are BD, FH. I ſay, as the Square of 
BD is to the Square of F H, fo the Circle ABCD 
to the Circle EF GH, Fot 


239 


* 
— . * = 
in, WE ES Aeon only > vr ov 97 oo 
DIE raj 2 
I 9 2 5 . - Fae SL 


240 


. 


I - 
N "1 Wr 8 
1 4 — 
: * — 


Eurlid's ELEMENTS. Book XII. 
For if it be not ſo, the Square of BD ſhall be to 
the Square of FH, as the Circle ABCD is to ſome 
Space either lets or greater than the Circle EFG. 
Firſt let it be to a Space 8, leſs than the Circle EF GH 
and let the Square E F G H be deſcribed therein. 
This Square EF GH will be greater than half the 
Circle EF GH; becauſe if we draw Tangents to the 
Circle thro? the Points E, F, G, H, the Square EF GH 


will be half that deſcribed about the Circle; but the 


Circle is leſs than the Square deſcribed about it. There- 
fore the Square EFG His greater than half the Circle 

FGH. Let the Circumferences EF, F G, GH, 

E, be biſected in the Points K, L, M, N, and join 
EER, K F, FL, LG, GM, MH, HN, NE. Then 
each of the Triangles E K F, FLG, G MH 
H NE, will be * greater than one half of the Segment 
of the Circle it ſtands in. Becauſe if Tangents at the Cir- 
cle be drawn thro” the Points K, L, M, N, and the Pa- 


? 


riangles EKF, FLG, 


rallelograms that are on the r Lines EPF, FG, GH 
H E be compleated, each of the 
G MH, HN E is half of each of the correſponding 
Parallelograms ; but the Segment is leſs than the Pa- 


rallelogram. Wherefore each of the Triangles EKF, 


FLG, GMH, HNE is greater than one half of the 
Segment of the Circle in which it ſtands. Therefore 
it theſe Circumferences be again biſected, and Right 
Lines be drawn joining the Points of Biſection, and 
you do thus continually, there will at laſt remain 


Segments of the Circle, that ſhall be leſs than the Ex- 


ceſs, by which the Circle EF GH exceeds the Space 


S. For it is demonſtrated in the aforegoing Lemma, 


that if there be two unequal Magnitudes propoſed, 
and if from the greater a Part greater than half be taken 


from it, and again from the Part remaining a Part great- 
er than half be taken, and you do this continually; 
there will at laſt remain a Magnitude that will be leſs 


than the leſſer propoſed Magnitude. Let the Seg- 


ments of the Circle EFGH on the Right Lines EK, 


KF, FL, LG, GM, MH, HN, NE, be thoſe 
which are leſs than the Exceſs, whereby the Circle 


EF GH exceeds the Space S, and then the re- 
maining Polygon EK FL GMHN ſhall be greater 


than the Space 8. Alſo deſcribe the Polygon AA | 
 BOCPDR in the Circle AB CD, ſimilar to the Po- I} 


lygon 
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lon EKF LGMHN. Wherefore as the Square 
Wo: BD is to the Square of FH ſo is the Polygon AX 


W:OCPDR to * the Polygon EK ELG MHH N. But * x of this. 


a5 the Square of BD is to the Square of FH, ſo is the 
Circle ABCD to the Space 8. Wherefore as the 
Circle ABCD to the Space S, ſo is + the Polygon. 


A\XBOCPDR to the Polygon EK FDGMHN. f II. 5. 


But the Circle AB CD is the greater than the Polygon 


| 2 3 
nit. Wherefore the Space 8 ſhall be + alſo greater 107. ” 
than the Polygon EKFLGMHN, but it is leſs + © 


lkewiſe; Which is abſurd, Therefore the Square of 
BD to the Square of F H, is not as the Circle ABCD, 
to ſome Space leſs than the Circle EFG H. After 
the fame Manner we likewiſe demonſtrate that the 
dquare of FH to the Square of BD is not as the Cir- 
deEF GH, to ſome Space leſs than the Circle A B- 
CD. Laftly, I fay, the Square of BD to the Square 
of FH is not as the Circle A BCD, to ſome Space 
greater than the Circle EF GH; for if it be poſſible, 
et it be ſo, and let the Space S be greater than the 
Circle EF GH; then ſhall it be (by Inverſions) as the 
Square of F H is to the Square of B D, ſo is the Space 
to the Circle AB CD. But becauſe S is greater than 
e Circle EFG H, the Space ſhall be to the Circle 
ABCD, as the Cirele EF GH is to ſome Space leſs 
than the Circle AB CD. Therefore, as the Square 


EFG H to ſome Space leſs than the Circle ABC D; 
Which has been demonſtrated to be impoſſible. Where- 
ore the Square of BD to the Square of F H, is not 
the Circle ABCD to ſome Space greater than the 
urcle EFGH. But this alſo has been proved, that 
lie Square of BD to the Square of FH, is not as the 
urcle ABCD to ſome Space leſs than the Circle 
LFGH. Wherefore 38 the Square of BD is to the 
Ware of FH, ſo ſhall the Circle ABCD be to the 
ele EFGH. Wherefore Circles are to each o- 


ter as the Squares of their Diameters ; which was to 
* demonſtrated. _ 


rm P R O- 


fOFH is to the Square of BD, ſo is * the Circle * 14. 5. 
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io. 11, 


94. 1 . 


Every Pyramid having a triangular Baſe may be divided 


7 L ET there be a P ramid, whoſe Baſe is the Tri. 
and ſimilar to one another, having triangular Baſes, 


For biſect AB, BC, CA, AD, DB, DC, inthe 
Points E, F, G, H. K, L, and join EH, EG, GH, 


rlallel to DB. For the ſame Reaſon, HK alſo is pa 
rallel to AB. Therefore HE BK is a Parallelogram; 
and ſo HK is 4 equal to EB, but EB is equal to AE 


equal to HD. Wherefore the two Sides AE, AH 
are equal to the two Sides K H, HD, each to each, and 
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PROPOSITION Il 
THEOREM. 


into tro Pyramids, equal and ſimilar to one another, 
having triangular Baſes, and ſumilar to the whole Py. 
ramid, and into two equal Priſins, which two Priſm; 
are greater than the half of the whole Pyramid. 

*—} gle ABC; and Vertex the Point D. I ſay the 

Pyramid ABCD may be divided into Pyramids equal 


and fimilar to the whole; and into two equal Priſms; 
which two Priſms are greater than the whole Pyr. 


HK, KL, LH, EK, KF, FG. Then becauſeA 
is equal to EB, and AH to HD, EH fhall be * ps 


Therefore AE ſhall be alſo equal to HK, but AH; 


the Angle EAH is + equal to the Angle KHD 
Wheretore the Baſe EH is * equal to the Baſe KD 
And ſo the Triangle A EH is equal and ſimilar to the 
Triangle HK D. For the ſame Reaſon, the Triang| 
8 ſhall alſo be equal and fimilar to the Triangl 

LD. And becauſe the two Right Lines EH, HG 
touching each other, are parallel to the two Right Line 
KD, DL, touching each other, and not in the fam 
Plane with them, they ſhall contain 4 equal Angle 
Therefore the Angle EHG is equal to the Ang 
KDL. Again, becauſe the two Sides EH, H G, 
equal to the two Sides K D, DL, each to each, al 
the Angle EH G is equal to the Augle K DL, th. 
Baſe E G ſhall be * equal to the Baſe K L.: An 
therefore, the Triangle EH G is equal and ſimilar t 
the Triangle KDL. For the ſame Reaſon, 9 
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angle AE & is alſo equal and ſimilar to the Triangle 
HKL. Wherefore the Pyramid whole Baſe is the 
Triangle A EG, and Vertex the Point H, is equal and 
ſimilar to the Pyramid whoſe Baſe is the Triangle 
HK L, and Vertex the Point D. And becauſe HK 
is drawn parallel to the Side AB of the Triangle 
ADB, the Triangle A DB ſhall be equiangular tothe 
Triangle DK H, and they have their Sides propor- 
tional. Therefore the Triangle ADB is ſimilar to 
the Triangle DHK. And for the fame Reaſon, the 
Triangle DBC is ſimilar to the Triangle DK L; and 
the Triangle AHG to the Triangle DHL. And 
ſince the two Right Lines BA, AC, touching each 
other, are parallel to the two Lines KH, HL, touch- 
ing each other, not being in the ſame Plane with them, 
theſe ſhall contain equal Angles. Therefore the An- 
gle BAC is equal to the Angle KHL. And B A is 
to AC, as K H is to HL. Wherefore the Triangle 
ABC is ſimilar to the Triangle HK L; and fo the Py- 
ramid whoſe Bale is the Triangle ABC, and Vertex 
the Point D, is ſimilar to the Pyramid, whoſe Baſe is 
the Triangle HK L, and Vertex the Point D. But 
the Pyramid whofe Baſe is the Triangle HKL, and 
Vertex the Point D, has been proved ſimilar to the 
Pyramid whoſe Baſe is the Triangle AEG, and Ver- 
tex the Point H. Therefore the Pyramid whoſe Baſe 
is the Triangle ABC, and Vertex the Point D, is fl- 
milar to the Pyramid whoſe Baſe is the Triangle A EG, 
and Vertex the Point H. Wherefore both the Pyra- 
mids AE GH, HK LD, are ſimilar to the whole Py- 
ramid AB CD. And becauſe BF is equal to FC, 
the Parallelogram EBF G will be double to the Tri- 
angle GF C. And fince there are two Priſms of equal 
Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſins will be 
| equal to one another. "Therefore the Priſin con- + 40. 11. 
tuned under the two Triangles BKH, EH G, and 
the three Parallelograms EBF G, EBK H, KHG, 
iS equal to the Priſm contained under the two 1 rian- 
5 GFC, HK L, and the three Parallelograms K F 
L, LCGH, HK FG. And it is Manifeſt that each 
ok thoſe Priſms, the Baſe of one of which is the Paralle- 
logram EBG P, and oppoſite Baſe to that the Right Line 
R 2 Kt, 
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ſaid two Pyramids, whoſe Baſes are the 8 


W | 
Euclid's ELEMENTS. Book XII, 
K H, and the Baſe of the other the Triangle GPC 


and the oppoſite Baſe to this, the Triangle K LH, are 


greater than either of the Pyramids, whoſe Baſes are 
the Triangles AEG, HK L, and Vertices the Points 


Hand D. For fince, if the Right Lines EF, EH, 


be joined, the Priſm whoſe Baſe is the Parallelogram 
EBFG, and oppoſite Baſe to that the Right Ene 
KH, is greater than the Pyramid, whoſe Baſe is the 
Triangle EBF, and Vertex the Point K. But the 


Pyramid whoſe Baſe is the Triangle EBF, and Ver- 
tex the Point K, is equal to the Pyramid whoſe Baſe 


is the Triangle A EG, and Vertex the Point H. For 
they are contained under equal and ſimilar Planes. 


Wherefore the Priſm whoſe Baſe is the Parallelogram 


EBFG, and oppoſite Baſe to it the Right Line HK, 


is greater than the Ppramid whoſe Baſe is the Trian- 
gle AEG, and Vertex the Point H. But the Priſm 


whoſe Bale is the Parallelogram EB F G, and oppo- 


ſite Baſe to it the Right Line HK, is equal to the 
Priſm whoſe Baſe is the Triangle GF C, and oppo- 
ſite Baſe to this the Triangle HK L: And the Pyra- 
mid whoſe Baſe is the N AEG, and Vertex | 
the Point H, is equal to the 
the Triangle HK L, and Vertex the Point D. There- 


yramid whoſe Baſe is 
fore the two Priſms aforeſaid, are greater than the 


AEG, HKL, and Vertices the Points H, D. And 


| fo the whole Pyramid whoſe Baſe is the Triangle 


ABC, and Vertex the' Point D, is divided into two 
equal Pyramids, ſimilar to each other and to the 
Whole : And into two equal Priſms ; which two 
Priſms together are greater than half of the whole 
Pyramid. Therefore, Every Pyramid having a tri- 
angular Baſe may be ee bug tuo 5 equal 
aud ſimilar to one another, having triangular Baſes, and 
ſimilar to the whole Pyramid, and into tæuo equal Priſms, 
which two Priſms are greater than the half of the whole 
Pyramid; which was to be demonſtrated. 


PRO- 


a PIomng 
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PROPOSITION IV. 
THEOREM _ 

If there are two Pyramids af the ſame Altitude, having 
triangular Baſes, and each of them be divided into 
two Pyramids, equal to one another, and fimilar to 
the whole, as alſo into two 1 Priſins; and if in 
like manner each of the two Pyramids, made by the 
former Diviſion, be divided, and this be done conti- 
nally; then as the Baſe of oue Pyramid is to the Baſe 
of the other Pyramid, ſo are all the Priſms that are 


in one Pyramid to all the Priſms that are in the other 
Pyramid being equal in Multitude. 


[ET there be two Pyramids of the fame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H, and let each of them be 
divided into two Pyramids, equal to one another, and 
imilar to the whole, and into two equal Prifins ; 
and if in like manner each of the Pyramids made by 
the former Diviſion be conceived to be divided, and 
this be done continually. I ſay, as the Baſe THe. 
s to the Baſe DEF, ſo are all the Priſms that are 
in the Pyramid AB CG to all the Priſins that are 
in the Pyramid DE FH, being equal in Multitude. 
For ſince BX is equal to XC, and AL to LC 
XL ſhall be * parallel to AB, and the Triangle ABG. 2. 6. 
imilar to the Triangle LX C. For the ſame Reaſon 
the Triangle DEF fhall be alſo ſimilar to the Trian- 
; Ne RQF. And becauſe BC is double to CX, and 
b to FQ, it ſhall be as BC is to CX ſo is EF to 
e And fince there are deſcrib'd upon BC, CX, 
Right-lin'd Figures ABC, LXC, ſimilar and alike ſitu- 
e Ne, and upon E F, FQ, Right-lin'd Figures D E F, 
RQF, ſimilar and alike ſituate. Therefore as the 
Triangle BAC is to the Triangle L XC, fo is + the + 22. 6. 
Triangle DEF to the Triangle RF; and (by Al- 
ation) as the Triangle ABC is to the Triangle 
O- Er, is the Triangle LX C to the Triangle RP. 
But as the Triangle XC is to the Triangle RF, 
o is + the Priſm, whoſe Bale is the Triangle LX C, + 28. & 
and oppoſite Baſe to that the Triangle OMN, to the 32. 11. 
Priſm, 
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1 


ſo is the Priſin whoſe Baſe is the Parallele 
R; and oppoſite Baſe to that the Right 


bars PEQRST, RQFST Y, to te pean g 


XLMO, LXCMNO, to the Priſms PEQR 
ST, RQFSTY 


angle ABC is to the Triangle DEF, fo are the two 
Priſms that are in the Pyramid ABC G, to the two 


ſame Manner cach of the Pyramids OMNG, SI 
VH, made by the former Diviſion, be divided, it 


| the two Priſins that are in the Pyramid OM N 25 0 


are in the Pyramid AB CG, to the two Priſms that 


the four. 
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Prifin whoſe!Paſe is the Triangle RF; and oppoſite 
Baſe to that the Triangle 8 1 X. Therefore as the 
Triangle ABC is to the Triangle DE F, 4h is * the 


Priſm whoſe Baſe is the TrangleLX C, and oppoſite 
Baſe to that the 2 RES MN, to the Priſm Whoſe 


Paſe is the Trian Es and oppoſite Baſe to that | 
becauſe the two Priſms that | 


the Triangle 8 I 
are in the Pyramid ABCG are equal to one another, 
as alſo thoſe two that are in the Pyramid DE FH; k 
ſhall be as the Priſm whoſe Baſe is the Parallelogra 


18 and oppoſite Baſe to that the Right ns 


is to the Priſin whoſe Baſe is the Triang! 
3b. ©G: and oppoſite Baſe to that the Triangle OMN, 
ogram EP 
ine 87 
to the Priſm whoſe Baſe is the Triangle ROF, and 
oppoſite Baſe to that the TI riangle 8 TY. 


to the Priſm LXCMNO, 


MNO, 1b the 


FSTY. And (by Alternation) as the Priſms KB 


o the "Priſm LXCMNO, to 
the Priſm RQFS T Y ; but as the Priſm LXCMNO 
is to the Pein ROF 8 TY, ſo has the Baſe LXC 
been proved to be to the Baſe R FQ; and fo the Baſe 
ABC to the Baſe DEF. Therefore alſo as the Tri- 


Priſms that arc in the Pyramid DEFH. IF in the 


ſhall 'be as the Baſe OMN is to the 'Baſe STY, ſo 


the two Priſms that are in the Pyramid 8 I VH. Bu 
as the Baſe O M Nis to the Baſs ST L, ſo is the Bale 
ABC to the Baſe DEF. Therefore as the Baſe 
ABC is to the Baſe DEF, fo the two Priſms that 


are in the Pyramid DEF H; and ſo the two Pritms 
that are in the Pyramid OM N G, to the two Priſm 
that are in the Pyramid STYH, and 10 the four 10 
We demonſtrate the ſame of Priſins made 
by the Diviſion of the Pyramids AK LO, DP RY 


Therefore 
Dy Gy compounding) as the Priſtns KBX LMO, LX 


% 
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and of all other Priſms, being equal in Multitude; 
which was to be demonſtrated. ER 8 
PROPOSITION V. 
THEOREM. 


Pyramids of the ſame Altitude, and having rriangular 


| Baſes, are to one another as their Baſes. 


ET there be two Pyramids of the ſame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H. I ſay, as the Baſe. 
ABC, is to the Baſe DE F, ſo is the Pyramid AB 

EG rote Pg Fl. 
For if it be not ſo, then it ſhall be as the Baſe 
ABC is to the Baſe DEF, ſo is the Pyramid ABC A 
to ſome Solid, greater or leſs than the Pyramid DE 
FH. Firſt, let it be to a Solid leſs, which let be Z, 
and divide the Pyramid DEF H into two Pyramids 
equal to each other, and ſimilar to the Whole, and 


into two equal Priſms; then theſe two Priſms are 


greater than the half of the whole Pyramid. And 
gain, let the Pyramids made by the former Diviſion, 
be divided after the ſame Manner, and let this be done 
dontinually, until the Pyramids in the Pyramid DE 
FH, are leſs than the Exceſs by which the Pyramid 
DEFH exceeds the Solid Z. 
pe be the Pyramids D P RS, ST YH; then the 
riſms remaining in the Pyramid DEF H, are great- 
er than the Solid Z. Alſo, let the Pyramid A BCG, 
be divided into the ſame Number of ſimilar Parts as 
the Pyramid DEF H is; and then as the Baſe ABC 


Let theſe, for Exam- 
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is to the Baſe DEF, ſo * the Priſms that are in the * 4 of this. 


Pyramid AB CG, to the Priſins that are in the Pyra- 
mid DEF H. But as the Baſe ABC is to the Baſe 
DEF, ſo is the Pyramid ABCG to the Solid Z. 
And therefore as the Pyramid AB C is to the Solid 
Z, fo are the Priſms that are in the Pyramid ABCG, 
to the Priſms that are in the Pyramid DEFH; but 
the Pyramid ABCG, is greater than the Priſms that 
are in it. Wherefore alſo the Solid Z, is greater 
than the Priſms that are in the Pyramid DEFH, but 
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From it is leſs * alſo, which is abſurd. Therefore the Baſe 


what has ABC to the Baſe DEF, is not as the Pyramid 
been alrea- A BCG to ſome Solid leſs than the Pyramid DEFH. 
dy demon- After the ſame Manner we demonſtrate that the Baſe 


ſtrat ed. | 


ſome Solid leſs than the Pyramid AB CG, which is 
abſurd, Therefore the Baſe ABC to the Baſe DEF, 
js not as the Pyramid A BCG to ſome Solid greater 
than the Pyramid DEF H. But it has been alſo pro- 
ved, that the Baſe ABC to the Baſe DEF, is not as 
the Pyramid AB CG to ſome Solid leſs than the Py- 
ramid DEFH. Wherefore as the Baſe ABC is to 
the Baſe DEF, ſo is the Pyramid AB CG to the Py- 
ramid DE FH. Therefore, 22 of the ſame 


Therefore, I ſay, neither is the Baſe ABC to the 
. Baſe DEF, as the Pyramid AB CG to ſome Solid 
greater than the Pyramid DEF H. For if this is poſ: 


ſhall be to the Baſe ABC, as the Solid I to the Pyra- 
mid AB CG: But ſince the Solid I is greater than 
the . E PDF F, it ſhall be as the Solid I is to 
.- the 
Tome Solid leſs than the Pyramid AB CG, as juſt 


ther as their Baſes ; which was to be demonſtrated. 


DEF to the Baſe ABC, is not as the Pyramid DE | 
FH to ſome Solid leſs than the Pyramid ABCG. 


ible, let it be to the Solid I greater than the Pyr. 
mid DEFH. Then (by Inverſion) the Baſe DEF 


yramid ABCG, ſo is the Pyramid DEFH to 


now has been proved. And ſo as the Baſe DEF i; 
to the Baſe ABC, {o is the Pyramid DE FH, 10 


Altitude, and having triangular Baſes, are to one am- 


PROPOSITION VI. 
THE OR E M. 


Pyramids of the ſame Altitude, and having polygonons 
Baſes, are to one another as their Baſes. 


L E T there be Pyramids of the ſame Altitude, 
Which have the polygonous Baſes AB C D E, 
FGHK L, and let — 79 be the Points M, 
N. I fay, as the Baſe AB CD E is to the Baſe 
FGHKL, fo is the Pyramid AB CD M to the Py- 
tamid FGHK LN, 


m—_ 


For 
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For let the Baſe AB CD E be divided into the Tri- 
angles ABC, ACD. ADE; and the Baſe FGHKL 
into the Triangles FGH, FH K, FK L; and let 
Pyramids be conceived upon every of thoſe Trian- 


53 of the ſame Altitude with the Pyramids AB C 


EM, F GHKLN. Then becauſe the Triangle 
ABC is to the Triangle A. CD, as * the Pyramid 
ABCM is to the Pyramid AC DM: And (by com- 
Pang, as the Trapezium ABCD is to the Tri- 
angle A 


Proportion) as the Baſe ABCD is to the Baſe ADE, 
ſo is the Pyramid AB CDM to the Pyramid ADEM. 
And again, (by Compoſition of Proportion) as the 
Baſe ABCD E is to the Baſe ADE, ſo is the Pyra- 


mid ABCD E M to the Pyramid ADE M. For the 
ſame Reaſon, as the Baſe FG HK L is to the Baſe 
FK L, ſo is the Pyramid FG HK LN to the Pyra- 
mid FK L N. And ſince there are two Pyramids 
AD EM, FK LN, having triangular Baſes, and the 


fame Altitude, the Baſe A DE ſhall be * to the Baſe 
FK L, as the Pyramid ADEM to the Pyramid FK 
LN. And fince the Baſe ABCDE is to the Baſe 


ADE, as the Pyramid ABCDEM is to the Pyra- 


mid ADE M; and as the Baſe ADE is to the Baſe 


F K L, ſo is the Pyramid ADEM to the Pyra- 
md FK LN; it ſhall be (by Equality of Proportion) 


as the Baſe ABCD E to the Baſe FK L, ſo is the 
Pyramid AB CD E M to the Pyramid FK LN; but 
s the Baſe FK L is to the Baſe FG HK L, ſo was 
the Pyramid FK LN to the Pyramid FG HK LN. 
Wherefore again, (by Equality of Proportion) as the 
Baſe ABCDE is to the Baſe FGHK L, ſo is the 
Pyramid ABCDEM to the Pyramid FGHK LN. 
Therefore, Pyramids of the ſame Altitude, and having 
polygonous Baſes, are to one another as their Baſes ; 
which was to be demonſtrated. | 


P R O- 


D, ſo is the Pyramid AB CD M to the 

Pyramid ACD M; but as the Triangle ACD is to 
the Triangle ADE, ſo is * the Pyramid AC DM to 
the Pyramid ADE M. Wherefore, (by Equality of 
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' PROPOSITION VI. 
THEOREM. 


Every Priſm baving a triangular B aſe, may be divided 
into three Pyramids equal to one another, and having 
triangular g. aſes. 1 „„ 


E there be a Priſm whoſe Baſe is the Triangle 
ABC, and oppoſite Baſe to that the Triangle 
DEF. I ſay, the Priſm ABCDEPF may be divided in- 

to the three equal Pyramids that have triangular Baſes, 

For join BD, EC, CD. Then becauſe ABED 

is a Parallelogram, whoſe Diameter is ED, the Tri- 

angle ABD ſhall be * equal to the Triangle EBD. 
Therefore the Pyramid whoſe Baſe 1s the Triangle 

* 24. 1. ABD, and Vertex the Point C, is f equal to the F. 
_*  ramid whoſe Baſe is the Triangle EDB, and Vert 
4661; dhe Point C. But the Pyramid whoſe Baſe is the 
h Triangle ED B, and Vertex the Point C, is the 
_ fame as the Pyramid whoſe Baſe is the Triangle 
E BC, and Vertex the Point D, for they are con- 

tained under the ſame Planes. Therefore the Py- 

ramid, whoſe Baſe is the Triangle A BD, and Ver- 

tex the Point C, is equal to the Pyramid whoſe Baſe 

is the Triangle E BC, and vertex the Point D. Again, 

becauſe FCBE is a Parallelogram, whoſe Diameter 

is CE, the Triangle ECF ſhall be“ equal to the Ir: 

angle CBE. And ſo the Pyramid whoſe Baſe is the 

Triangle BEC, and Vertex the Point D, is + equalito WF an 

the Pyramid whoſe Baſe is the Triangle ECF, and Py 

vertex the Point D: But the Pyramid, whoſe Baſe i; po! 

the Triangle BCE, and Vertex the Point D, has been | 

proved equal to the Pyramid, whoſe Baſe is the T. EI 

angle ABD, and Vertex the Point C. Wherefore lar 

allo the Pyramid, whoſe Baſe is the Triangle CE , be 

and Vertex the Point D, is equal to the Pyramid qu 

whoſe Baſe is the Triangle AB D, and vertex the equ 

Point C. Therefore the Priſm ABCDEF is div BC 

ded into three Pyramids equal to one another, and bec: 

having triangular Baſes. And becauſe the Pyramid Side 

whoſe Baſe is the Triangle {A BD, and Vertex th Par 

Point C, is the ſame with the Pyramid whoſe Baſe i gra; 

the Triangle CAB, and Vertex the Point D 11 BN 
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they are contained under the ſame Planes; and the 
Pyramid, whoſe Baſle is the Triangle A B D, and 
Vertex the Point C, has been proved to be a third Part 
of the Priſm, whoſe Baſe is the Triangle ABC, and 
oppoſite Baſe to that the Triangle DEF. Therefore 
alſo the Pyramid, whoſe Baſe is the Triangle ABC, 
and Vertex the Point D, is a third Part of the Priſm 
having the ſame Baſe, vix. the Triangle ABC, and 
the oppoſite Baſe the Triangle DEF; which was to 
le demonſtrated. „ OI es LED 


Coroll. 1. It is manifeſt from hence, that every Pyra- 
mid is a third Part of a Priſm, having the ſame Baſe 
and an equal Altitude ; becauſe it the Baſe of a 
Priſm, as alſo the oppoſite Baſe, be of any other 
Figure, it may be divided into Priſms having tri- 
% 7 

2. Priſms of the ſame Altitude are to one another as 
their Baſes. 0 
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THEOREM. 


Similar Pyramids, having triangular Baſes, are in a 
triplicate Proportion of their homologous Sides. 
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DLE T there be two Pyramids ſimilar and alike ſitu- 
ate, having the triangular Baſes ABC, DEF, 
and let their Vertices be the Points G, H. I ſay, the 
Pyramid AB CG to the Pyramid D E FH, has a Pro- 
portion triplicate of that which BC has to EF. 
For compleat the ſolid Parallelepipedons BG M L, 
EHPO; then becauſe the Pyramid ABCG is ſimi- 
lar to the Pyramid DE FH, the Angle ABC ſhall 
de * equal to the Angle DEF, the Angle GBC py. 9. 
equal to the Angle H EF, and the Angle AB G11. 
equal to the Angle DEH. And AB is to DE as 
BC is to EF; and ſo is BG to EH: Therefore 
becauſe AB is to DE, as BC is to EF; and the 
dides about the equal Angles are proportional, the 
Parallelogram BM fhall be ſimilar to the Parallelo- + 6. 6. 
gram EP. For the ſame Reaſon, the Parallelogram 
BN is fimilar to the Parallelogram ER, and the Pa- 
| | rallelogram 
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three MB, BK, B | 
three oppoſite ones; as alſo the threee EP, EX, ER. 


* 33. 11. 


Solid BGM to the Solid EH PO, has a Propor- 


415. 5. 


the Priſm, which is the half of the ſolid Paral lelepipe- 
don is triple of the Pyramid. Wherefore the Pyra- 


_ triplicate Proportion to that Which BC has to EF; 
which was to be demonſirated. 1 


Number, and homologous to the Wholes, it ſhall 


Euclid's ELEMENTS. Book XII. 
rallelogram B K to the Parallelogram EX. There. 


fore three Parallelograms * . ED BN, are ſimi- 
52 


: ER: but the 


lar to three 5 E 
, are equal and ſimilar to the 


Therefore the Solids BG ML, EH PO, are con- 
tained under equal Numbers of ſimilar and equal 
Planes; and conſequently, the Solid BGM Lis fi- 


milar to the Solid EHPO. But fimilar ſolid Paral- 


lelepipedons are * to each other in a triplicate Pro- 
portion of their homologous Sides. Therefore the 


tion triplicate of that which the homologous Side 
BC has to the homologous Side EF. But as the 
Solid BGMLis to the Solid EHPO, ſo is} the 
Pyramid AB CG to the Pyramid DEF H; for the 
Pyramid is the one fixth Part of that Solid, ſince 


mid AB CG to the Pyramid DEF H, ſhall have a 


Coroll. From hence it is manifeſt, that ſimilar Pyra- 
mids having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous 
Sides. For if they be divided into Pyramids having 
-! triangular Baſes : Becauſe their ſimilar polygonous 


Baſes are divided into ſimilar Triangles equal in 


be as one Pyramid having a e e Baſe in one 
of the Pyramids, is to a Pyramid having a trian- 


gular Baſe in the other Pyramid, ſo are all the Py- 


ramids having triangular Baſes in one Pyramid, to 
all the Pyramids having triangular Baſes in the 
other Pyramid; that is, ſo is one of the Pyramids 
having the polygonous Baſe, to the other ; but a 
Pyramid having a triangular Baſe to a Pyramid 
having a triangular Baſe, is in a triplicate Propor- 
tion of the homologous Sides. Therefore one 
Pyramid having a polygonous Baſe to another Py- 
ramid having a fimilar Baſe, is in a triplicate Pro- 
portion of the homologous Sides. pK 0 
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Book XII. Euclid's ELEMENTS. 
PROPOSITION IX. 
THEOREM. | 
The Baſes and Altitudes of equal Pyramids, having 


triangular Baſes, are reciprocally proportional; and 
thoſe Pyramids, having triangular Baſes, whoſe 
Baſes and Altitudes are reciprocally proportional, are 
equal, e e 


LET there be equal Pyramids, having the triangu- 
lar Bales ABC, DEF, and Vertices the Points 
G, H. I fay the Baſes and Altitudes of the Pyramids 
ABCG, DEF H, are reciprocally proportional, that 
is, as the Baſe ABC is to the Baſe DEF, ſo is the 
Altitude of the Pyramid DEF HF to the Altitude of 
the Pyramid ABCG. nds En PT) 
For compleat the ſolid Parallelepipedons BG ML, 


ſextuple, the Pyramid ABCG, and the Solid EHPO 
ſextuple of the Solid DEF H, the Solid BEML 


aid Altitudes of equal ſolid Parallelepipedons are re- 
cprocally proportional. Therefore, as the Baſe BM 


EHPO to the Altitude of the Solid BGM L. But 
s the Baſe BM. is to the Baſe EP, ſo is + the Trian- 


Altitude of the Solid EHPO to the Altitude of the 
Solid BG M L. But the Altitude of the Solid EHP O 
the ſame as the Altitude of the Pyramid DEFH; 
and the Altitude of the Solid BG ML the ſame as 


ude of the Pyramid DE F H to the Altitude of the 


ſades of the equal Pyramids AB CG, DE FH, are 
eclprocally proportional; and if the Baſes and Alti- 
udes' of the Pyramids AB CG, DEFH, are reci- 
rocally proportional, that is, if the Baſe ABC to 
ie Bate DE F , be as the Altitude of the 4 


EHPO. Then becaule the Pyramid A B CG is equal 
to the Pyramid DEF H, and the Solid BGM Lis 


ſhall be * equal to the Solid EHP O. But the Baſes * 15.5. 
s to the Baſe EP, ſo is + the Altitude of the Solid + 34. 11. 
10 ABC to the Triangle DEF. Therefore, as the 


tiangle ABC is to the Triangle DFF, fo is the 


tte Altitude of the Pyramid AB CG. Therefore, as 
e Baſe ABC is to the Baſe DEF, ſo is the Alti- 


Framid ABCG. Wherefore the Baſes and Alti- 
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DEF H to the Altitude of the Pyramid AB CG. 


Pyramid AB CG, and as the Baſe ABC is to the 


will be as the Altitude of the ſolid Parallelepipedon 


t 34- 1 


pipedon EHPO; and the Pyramid AB CG is a fixth 


mid DEF H. Wherefore he Baſes and Altitudes if 


equal Pyramids, having triangular Baſes, are recipri 


 ABCG. But the Altitude of the Pyramid DEFH 
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| 


I fay the Pyramid AB CG is equal to the Pyramid 
DEF H: For, the fame Conſtruction remaining, be. 
cauſe the Baſe AB C to the Baſe DEF, is as the Al. 
titude of the Pyramid DE F H to the Altitude Ot the 
Baſe DEF, fo is the Parallelogram B M to the Pz. 
rallelogram EP; the Parallelogram B M to the Para. 

lelogram EP ſhall be alſo as the Altitude of the Py. 
ramid DEF H is to the Altitude of the Pyramid 


is the ſame as the Altitude of the ſolid Paral lelepipe 
don EHPO, and the Altitude of the Pyramid ABC 
the ſame as the Altitude of the ſolid Parallelepipedon 
BGM L. Therefore the Baſe BM to the Baſe EB 


Re E£zA 03S -»=> © . mw we. 


E HPO to the Altitude of the ſolid Parallelepipedon 
BGM L. But thoſe ſolid Parallelepipedons, whoſt 
Baſis and Altitudes are reciprocally proportional 
are + equal to each other. Therefore the ſolid Para. 
lelepipedon BGML is equal to the ſolid Parallele 


Part of the Solid BEM L. And in like manner the 


ramid DEF H is a ſixth Part of the Solid EHP0 
Therefore the Pyramid AB CG is equal to the Pyr. 


cally proportional; and thoſe Pyramids, having tru 


_ gular Baſes, whoſe Baſes and Altitudes are reciprocal © 
proportional, are equal; which was to be demon co 
ſtrated. 5 e ca 
is ISA | [0 
PROPOSITION X.: WE 
THEOREM. © bog 
Every Cone is a third Part of à C ylinder, having ere 
17 ſame Baſe, and an equal Altitude. 2 

tet 


LET a Cone have the ſame Baſe as a Cylindeſ fri 
IL 73z. the Circle ABCD, and an Altitude equi DI 
to it. I ſay the Cone is a third Part of the Cylinder} of 
that is, the Cylinder is triple to the Cone. tere 


F 


Book XII. Euclids ELRMEN TS. 
For if the Cylinder be not triple to the Cone, it 
ſhall be greater or leſs than triple thereof. Firſt let it 


be greater than triple to the Cone, and let the Square 
ABCD be deſcrib'd in the Circle ABCD, then the 
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Square A BCD is greater than one half of the Circle 


ABCD. Now let a Priſm be erected upon the Square 
ABCD, having the ſame Altitude as the Cylinder, 


and this Priſm will be greater than one halt of the 
Cylinder; becauſe, if a Square be circumſcrib'd about 


the Circle ABCD, the inſcrib'd Square will be one 
half or the circumſcrib'd Square; and if a Priſi be 
erected upon the circumſcrib'd Square of the ſame 
Altitude as the Loader, ſince Priſms are * to one 
another as their Baſes, the Priſm erected upon the 
Square ABCD is one half of the Priſm erected upon 
the Square deſcrib'd about the Circle A BCD. But 
the Cylinder is leſſer than the Priſm erected on the 
Square deſcrib'd about the Circle ABCD. There- 
fore the Priſm erected on the Square AB CD, having 


— — —— 


ED? = MSI Wm ĩͤ 3 


1 
— — 


— 


— 
a 


DHA, of the ſame Altitude as the Cylinder, then 
every one of theſe Priſms erected is greater than its 
correſpondent Segment of the Cylinder. For be- 
cauſe, if Parallels be drawn thro? the Points E, F, G, H, 
to AB, BC, CD, DA, and Parallelograms be com- 
pleated on the ſaid AB, BC, CD, DA, on which 
ae erected ſolid Parallelepipedons of the ſame Alti- 
tude as the Cylinder; then each of thoſe Priſms that 
are on the Tingle AEB, BFC, CGD, DHA, 
ae Halves 4 of each of the ſolid Parallelepipedons; 
and the Segments of the Cylinder are leſs than the 
nected ſolid Parallelepipedons; and confequently the 
Priſins that are on the Triangles AEB, BFC, CGD, 
A, are greater than the Halves of the Segments 

of the Cylinder; and ſo biſecting the other Circum- 
terences, joining Right Lines, and on every of the 
riangles erecting Friſms of the ſame Height as the 
Cylinder; 


r 
=.= 2 


e- 

ze, CD, DA, be biſected in the Points E, E, G, , 

Ml and join AE, EB, BF, FC, CG, GD, DH, HA. 

Then each of the Triangles AEB, BBC, CGD, 

MW DHA, is + greater than the half of each of the Seg- 

nents in which they ſtand. Let Priſms be erected 
irom each of the Triangles AEB, BFC, CGD, 


* 2 Cor. 7; 


of this. 


the fame Height as the Cylinder, is greater than one 
half of the Cylinder. Let the Circumferences AB, 


T This fol- 


laws 
2 7 


— — — 


. 
N * \ 
1 
9h ? Z 
* '$- = 
1 1 
wii 
K. } 1 
F FLA 
VÞ i = 
4 . T TY 
„ 
1 5 
1 1 l 
" Z 1 15 * 
1 1 ty 
W144 
111 1 
2 
= q TY ö nl 
I 4 _ 
: 1 LE 
mn 
" y HR 
35 hs 
7 =_ 
TS 
T3 .1 |. 
4 i of Y 
FF 25 . 
p " 
$413 088 
"4:38 i 
C +4 fo ' 
5 I 
1 
Pl 1 al „ hl 
| $11 4184 TO 
419 
An 1 5 
=! 140 
117 
* þ N 
FEY 
: 10 ! 
4 £10 
1&9 l 
1 14 At 
* 1 
Nan 
. K 
q 4p N 
Mert 
1 #11; 3 
MME 
; FR 8 
; Fan! 
— J 1 
Fa 
N 
48.3 1 by 
: TH * 
, 4 o 
eee 
in . 
» 171 „ 
1 hy 13 = 
| 0 N 
1 J 1 
A * 7M 
RS 
! f of 
oF £14} 
- 18133 2&0 
7 Me 
Nins, 41 
1 117 i * 
Nn 
4614 4800 
MR. 
ain 
LF 
Ws > 
Ie 
te i 8 
TAK £12 ty 
: Nan 95 
1 14 
Þ * 18 [4 
11 ak 
17 Tor 
L 7 HER 
33 * 
1 4400 1 
* I ! parts 
4:1: 
I $3208 
* Wo 341% 
a7 al 
' 2. 0 
3 f 11 
* A 10 F 
* i wy 
. of 
1 ; 
- x a; 
11 ** \ | 
. 17 
1 11 4 . 
[a 40 74 
„ 1 
. 8 ? 
KY 4 l 1 
e 
n 
: F + * 
* 4 N 
# }:2 
© HE BS WV 
. 9 
Nai 
n 
a 1 iy 4 \ 7 
A F oi 
44::% BK 
e 
| my 6 uf 
4.2, 
* ©, 2 $639 
: 19 
; 6, 371 
N 
41 2 
14 4 
j4 7 . z* 
Ht l b 
T6 7 
1 
. . 
+ AI 
18 8 ft 
5 2 «40 
"1; Hom 
{4 JILL 
4 5 
e 
1 
1 N 
1 5 
o "21 
1 15 
2 © £7 Tt 
» 9 
1 * * 44 
r 
+7 ARS 
*?"W 4 25 
„ 
XR} 2057 
T7 33 
T5 


„ 
1 1 % 
* 89 
. "I 

_ '7 4 
' . 
1 81 
* 1 
1 4 
'S 108 * tH 
84 
1 
4 ? * 
* . 4 1 
' * 
86 ? # 
e 
* 4 Wet 
1 14 1 
1 , 1 © 
: l 
4 1 
5 1 
1 9 
: * 
15 "OR 
: rſt 4 
1 
. "$0 
4 by 15% 
w 4 
1s. 
1 15 
15 o* 
: : 2 3s 
£ 1 
L 4 
F. . 
1 1 
11 
4 1 i 
. 0 
9 
[ . 
1 p 2 5 
' i 
1 1 0 
I Wa - 
$6 68 
1 


— 


—— — 
* — — 
3 

2 by 
4 8 2 ww © 


— » a — 
= IS — ——— een 23 
. nates... omit — 
— 
— < ay — 5 1 
= — — DT 1G Coates 3 — 
= — N -, 2 > Þ m_ Pa 
— 3 — 1 2 — — . 
2 — N — — * 1 * 4 1 
* 2 5 — — - * 6 ar, 8 1 — 
— — . ˙ A a et 
7 * 2 p 5 „ n+ * r 
- — 3 82 2 a — 
— . wane . * _ 2 — cf — * = 
— „„ 4: — F$-- wv gw © — —ũ—3— . > ” * > 206-4 


256 


Cor. 7 
ef thu, 


be poſſible, let the Cylinder be leſs than triple the 
Cone: Then (by Inverſion) the Cone ſhall de greater 
than a third Part of the Cylinder. Let the Square 


ABCD having the ſame Vertex as the Cone, then 


Whole Baſe is the Polygon AEBFCGDH, and 


And therefore the Pyramid whoſe Baſe is the Poly- 


of the Cone, is greater than the Cone whoſe Baſe is 
the Circle AB D; but it is leſſer alſo; (for it is 
comprehended by it) which is abſurd. Therefore 


Square ABCD is greater than half of the Circle AB 


Cone; becauſe, as has been already demonſtrated, if 


half of that erected on the Square deſcribed about the 
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Cylinder; and doing this continually, we ſhall at laſt 
have certain Portions of the Cylinder left, that are 
leſs than the Exceſs by which the Cylinder exceeds 
triple the Cone. FFF 
Now let theſe Portions remaining be AE, EB, 
BF, FC, CG, GD, DH, HA. Then the Priſi 
remaining, whoſe Baſe is the Polygon AE BFCG 
DH, and Altitude equal to that of the Cylinders, is 
greater than the Triple of the Cone. But the Priſin 


Altitude the ſame; as that of the Cylinders is * tri- 
ple of the Pyramid whoſe Baſe is the Polygon AEB 
FCGDH, and Vertex the ſame as that of the Cone. 


gon AEBFCGDH, and Vertex the ſame as that 


the Cylinder is not greater than triple the Cone. J 
ſay it is neither leſſer than triple the Cone: For if it 


A BCD be deſcribed in the Circle AB CD; then the 
CD. And let a Pyramid be erected on the Square 
the Pyramid erected is greater than one half of the 


a Square be deſcribed about the Circle, the Square 
ABCD ſhall be half thereof. And if ſolid Parallele- 
pipedons be erected upon the Squares of the ſame 
Altitude as the Cone, which are alſo called Priſms; 
then the Priſm erected on the Square AB CD is one 


Circle, for they are to each other as their Baſes; and 
ſo likewiſe are their third Parts. Therefore the Py- 
ramid whoſe Baſe is the Square A BCD, is one halt 
of that Pyramid erected upon the Square deſcribes 
about the Circle : But the Pyramid erected upon the 
Square deſcribed about the Circle, is greater than the 


Cone; for it comprehends it. Therefore the Pyra- 


mid whoſe Baſe is the Square ABCD, and Verte! 


the ſame as that of the Cone, is greater than one * 


A 


Book XII. Emuchd's Elk MEN Ts. 
of the Cone. Biſect the Circumferences A B, BC, 
CD, D A, in the Points E, E, G, , and join AE, 
EB, BF, FC, CG, GD, DH, HA; and then each 
of the Triangles AEB, BEC, CGD, DHA, is greater 
than one half of each of the Segments they are in. 
Let Pyramids be erected upon each of the Triangles 
AEB, BFC, CGD, DHA, having the ſame Vertex as 
the Cone; then each of theſe Pyramids thus erected, 
isgreater than one half of the Segment of the Cone in 
which it is: And ſo biſecting the the remaining Cir- 
cumferences, joining the Right Lines, and erecting 
Pyramids upon every of the Triangles having the 
ſme Altitude as the Cone; and doing this continu- 
ally, we ſhall at laſt have Segments ot the Cone left, 
that will be leſs than the Exceſs by which the Cone 
exceeds the one third Part of the Cylinder: Let 
theſe Segments be thoſe that are on AE, EB, BF, 
FC, CG, GD, DH, HA, and then the remaining 
Pramid whoſe Bale is the Polygon AEBFCGDH, 
ad Vertex the ſame as that of the Cone, is greater 
than a third Part of the Cylinder; but the Pyramid 
whoſe Baſe is the Polygon AEBFCGDH, and Ver- 
tex the fame as that of the Cone, is one third Part of 
the Priſfp whoſe Baſe is the Polygon AEBFCGDH, 
and Altitude the fame as that of the Cylinder. There- 
ore the Priſm, whoſe Baſe is the Polygon AEBF 
CGDH, and Altitude the ſame as that of the Cylin- 
ler, is greater than the Cylinder whoſe Baſe is the 
cle KB CD; but it is leſs alſo (as being compre- 
ended thereby) which is abſurd; therefore the Cy- 
inder js not leſs than triple of the Cone; but it has 
Ken proved alſo not to be greater than triple of the 
one; therefore the Cylinder is neceſſarily triple of 
ie Cone. Wherefore, every Cone is a third Part of 
Cylinder, having the ſame Baſe, and an equal Alti- 
ade; which was to be demonſtrated. 


y - 
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GH, Axes KL, MN, and Diameters of the Baſe 


® 6 of this. 


OE, EP, PF, FR, RG, G8, SH; then each el 


the Solid I be equal to the Exceſs of the Cone EN 
above the Solid X. Then the Cone EN is equal to 
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| 
PAROPOSTTH1UON NE c 
T'H-E-O KEN. t 


Cones and C 'ylinders of the ſame Altitude are to one 
another as their Baſes, _ 


LE T there be Cones and Cylinders of the ſame Al- 
*4 titude, whoſe Baſes are the Circles A BCD, EF 


AC, EG. I ay, as the Circle AB CD is to the 
Circle EF GH, to is the Cone AL to the Cone EN. 

For if it be not ſo, it ſhall be as the Circle ABCD 
is to the Circle EF GH, fo is the Cone AL to ſome 
Solid either leſs or greater than the Cone EN. Firſt 
let it be to the Solid X leſs than the Cone; and let 


the Solids X, I; let the Square E FGH be deſcribed 
in the Circle EFG H, which Square is greater than 
one half of the Circle, and erect a Pyramid upon the 
Square EFGH of the ſame Altitude as the Cone, 
Therefore the Pyramid erected is greater than one half 
of the Cone: For if we deſcribe a Square about the 
Circle, and a Pyramid be erected thereon of the ſame 
Altitude as the Cone, the Pyramid inſcribed will be 
one half of the Pyramid circumſcribed, for they are 
* to one another as their Baſes; and the Cone is lels 
than the circumſcribed Pyramid. Therefore the Py- 
ramid whoſe Baſe is the Square EF G H, and Verte! 
the ſame as that of the Cone, is greater than one halt 
of the Cone, Biſect the Circumferences EF, EG, 
GH, HE, in the Points P, R, 8, O, and join HO, 


the Triangles HOE, EPF, FRG, GHS, is great 
er than one half of the Segment of the Circle where. 
in it is. Let a Pyramid be raiſed upon every one ot 
the Triangles HOE, EPF, FRG, GHS, of tis 
{ame Altitude as the Cone. Then each of thoſe erec- 
ted Pyramids is greater than the one half of its corre: 
{pondent Segment of the Cone: And ſo biſecting the 
cemaining Circumferences joining the Right Lincs, 
and erecting Pyramids upon each of the Triangles | 
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the ſame Altitude as that of the Cone; and doing this 
continually, there will at laſt be left Segments of the 
Cone that will together be leſs than the Solid I. Let 
thoſe be the Segments that are on HO, OE, EP, 
PE, FR, RG, GS, SH. Therefore the Pyramid 
remaining, whoſe Baſe is the Polygon HOEPFRGS, 
and Altitude the ſame as that of the Cone, is greater 
than the Solid X. Let the Polygon DTAYBQUY be 
deſcribed in the Circle AEC D, ſimilar and alike ſitu- 
ate to the Polygon HO EPF RGS, and let a Pyra- 
mid be erected thereon of the ſame Altitude as the 
Cone AL. Then becauſe the Square of AC to the 
Square of E G, is * as the Polygon DT AY BOSCV *1ofthi.. 
to the Polygon HOEPFRGS; and the Square of 
AC is 4 ro the Square of EG, as the Circle ABCD + 2 ofthis. 
to the Circle EFG; it ſhall be as the Circle ABCD 
to the Circle EF GH, ſo is the Polygon DTAYB 
QCV to the Polygon HOEPFR GS: Eut as the 
Circle ABCD is to the Circle EFGH, fo is the 
Cone AL to the Solid X; and as the Polygon DTA 
YBQCV is to the Polygon HOEPFRGS, fo is 
the Pyramid whoſe Baſle is the Polygon DTAYBQ 
CV, and Vertex the Point L, to the Pyramid whoſe 
baſe is the Polygon HOEPFRGS, and Vertex the 
Point N. Therefore as the Cone AL to the Solid 
X, ſo the Pyramid whoſe Baſe is the Polygon DT A 
YBQCV, and Vertex the Point L, to the Pyramid 
whoſe Baſe is the Polygon HOEPFRGS, and Ver- 
tex the Point N; but the Cone A L is greater than the 
Pyramid that is in it. Therefore the Solid X is greater 
than the Pyramid that is in the Cone EN; but it was 
put leſs, which is abſurd. Therefore the Circle AB 
CD to the Circle EF GH. is not as the Cone AL 
[OW to fome Solid leſs than the Cone EN. In like Man- 
1 OO ner, it is demonſtrated that the Circle EF GH to the 
ear Circle ABCD, is not as the Cone EN to ſome So- 
ere id leſs than the Cone AL. I ſay, moreover, that 
© oi at the Circle ABCD to the Circle EF GH, is not 
the 5 the Cone AL to ſome. Solid greater than the Cone 
EN: For, if it be poſſible, let it be to the Solid Z 
re greater than the Cone; then, (by Inverſion) as the 
| Gre EFGH is to the Circle A. BCD, 1o ſhall the 
NW Solid Z be to the Cone AL. But ſince the Solid Z 
S O's greater than the 1 N, it ſhall be as the 

8 2 
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half of the Circle EF GH; and ereC a Pyramid on 
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Z is to the Cone AL, ſo is the Cone EN to ſome 
Solid leſs than the Cone AL. And therefore as the 


Circle EFGH is to the Circle ABCD, ſo is the 
Cone E N to ſome Solid leſs than the Cone AL: 
which has been proved to be impoſſible. Therefore 
the Circle ABCD to the Circle EF GH, is not as 
the Cone AL to ſome Solid greater than the Cone 
EN. It has alſo been proved that the Circle ABCD 
to the Circle EF GH, is not as the Cone A L to ſome 


Solid leſs than the Cone EN. Therefore as the Cit- 
cle ABCD is to the Circle EF G H, ſo is the Cone 
AL to the Cone EN: But as Cone is to Cone, ſo 


is * Cylinder to Cylinder, for each Cylinder is triple 
of each Cone; and therefore as the Circle ABCD i; 
to the Circle EF GH, ſo are Cylinders and Cones 
ſtanding on them, of the ſame Altitude. Wherefore, 
Cones and Cylinders of the ſame Altitude, are to one 


another as their Baſes; Which was to be demonſtra- 
ted. ET N 55 


PROPOSITION XII. 
THEOREM. 


Similar Cones and Cylinders are to one another in a tri- 


ple Proportion of the Diameters of their Baſes. 


PE! there be ſimilar Cones and Cylinders, whoſe 


Baſes are the Circles ABCD, E F GH, and Di- 
ameters of the Baſes BD, FH, and Axes of the Cones 
or Cylinders K L, MN. I ſay, the Cone whoſe Baſe 


is the Circle A BCD, and Vertex the Point L, to the 


Cone whole Baſe is the Circle E FGH, and Verte 


the Point N, hath a triplicate Proportion of that which 
BD has to F H. 


For if the Cone ABCDL to the Cone EFGHN, 
has not a triplicate Proportion of that which B D has 
to FH. The Cone ABCD ſhall have that tripii- 
cate Proportion to ſome Solid either leſs or greater 
than the Cone EFG HN. Firſt, let it have that tri 
plicate Proportion to the Solid X, leſs than the Cone 


EF GHN; and let the Square EF GH be deſcribe 


in the Circle EF GH, which will be greater than on 


the 
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he Square EF GH of the ſame Altitude with the 
Zone, then that Pyramid is greater than one half of 
he Cone. And ſo let the Circumferences EF, FG, 
3H, HE, be biſected in the Points O, P, R, S, and 
oin EO, OF, FP, PG, GR, RH, HS, SE; then 
ach of the I riangles E O FE, FPG, GRH, HSE, 
greater than one half of the Segment of the Circle 
F GH, in which it is; and erect a Pyramid upon 
ach of the Triangles EOF, FPG, GRH, HSE, 
aving the ſame Altitude as the Cone: Then each or 
he Pyramids thus erected, is greater than half its cor- 
eſponding Segment of the Cone. Wherefore biſec- 
ſecting the remaining Circumferences joining Right 
Lines, and erecting Pyramids upon each of the I ri- 
ingles, having the ſame Vertex as the Cone; and 
doing this continually, we ſhall leave at laſt certain 
degments of the Cone that ſhall be leſs than the Ex- 
els by which the Cone EF GH N exceeds the Solid 
X. Let theſe be the Segments that ſtand on EO, OF, 
FP, PG, GR, RH, HS, SE; then the remaining 
Prramid whoſe Baſe is the Polygon EOFPGRHS, 
and Vertex the Point N, is greater than the Solid X. 
Alſo let the Polygon ATBY CVDQ be deſcribed. 
in the Circle AB CD, ſimilar and alike ſituate to the 
Polygon EOFPGRHS; upon which erect a Pyra- 
mid having the ſame Altitude as the Cone; and let 
LBT be one of the Triangles containing the Pyra- 
mid, whoſe Baſe is the Polygon ATBYCVDQ, 
and Vertex the Point L; as likewiſe NFO one of 
lie Triangles containing the Pyramid EOFPGRHS, 
ad Vertex the Point N, and let KT, MO, be joined. 
Then becaute the Cone ABCDL is ſimilar to the 
Cone E FGHN, it ſhall be as BD is to FH, ſo is 
lhe Axis K L to the Axis MN; but as BD is to FH, 
0is BK to F M; and as BK is to F M, conſe- * 15. 5, 
quently ſo is K L to MN; and (by Alternation) as 
Kis to K L, fo is FM to MN. And fince each 
s perpendicular, and the Sides about the equal Angles 
KL, FMN, are proportional, the Triangle BKL 
al be + ſimilar to the Triangle FM N. Again, be- + 6. 6. 
auſe BK is to K T, as FM 1s to MO, the Sides are 
roportional about equal Angles BK T, FMO, for 
ie Angle BK T eis the ſame Part of the four Right 
ples at the Center K, as the Angle F MO is of the 

— four 


262 


Euclid's ELEMENTS. Book XII. 
four Right Angles at the Center M:) the Triangle 


6. 6. BK T, ſhall be * ſimilar to the Triangle FMO; and 


18 of this. ſimilar Pyramids that have triangular Baſes, are f t0 


bdbecaule it has been proved that BK is to K L, as FN 
is to MN, and BK is equal to K1, and FM to Mg, 
it ſhall be as TK is to K L, fois OM to MN; and 
the proportional Sides are about equal Angles IT KI, 
OM N, for they are Right Angles. Therefore the 
Triangle LK T ſhall be ſimilar to the Triangle MN. 
And tince, by the Similarity of the Triangles BKI, 
FMN, it is as LB is to BK, ſo is NF to FM; and, 
by the Similarity of the Triangles BK T, F MO, i 

is as K B is to BT, fois MF to FO; it ſhall be (0 
Equality of Proportion) as LB is to BT, fo is NF 
to FO. Again, ſince by the Similarity of the Tr. 
angles LIT K, NOM, it is as LT is to LK, fo 
NO to OM; and, by the Similarity of the Triangle 

K BT, OMF, it is as K T is to TB; ſo is M Ot 
OF. It ſhall! be (by Equality of Proportion) as LT 
is to TB, 10 is NO to OF: But it has been prove 
that TB is to BL, as OF is to FN. Wherefore, 
again (by Equality of Proportion) as TLis to LB 
ſo is ON to NF; and therefore the Sides of the It: 
angles LTB, NOF, are proportional; and ſo the 
Triangles L TB, NOF, are equiangular and fimilar 
to each other. And conſequently the Pyramid, whoſe 
Baſe is the Triangle BK T, and Vertex the Foint L, 
is ſimilar to the Pyramid whoſe Baſe is the Triangle 
FMO, and Vertex the Point N; for they are con: 
tained under ſimilar Planes equal in Multitude: Bu 


one another in the triplicate Proportion of thcir homo: 
logous Sides. Theretore the Pyramid BK 'T Lto the 
Pyramid FMON has a triplicate Proportion of thut 
Which BK has to FM. In like Manner, drawing 
Right Lines from the Points A, Q, D, V, C, Y tok 
as alſo others, from the Points E, 8, H, R, G, P, t 
M, and erecting Pyramids on the '} riangles bavi 
the ſame Vertices as the Cones, we demonſtrate thi 
every Pyramid of one Cone, to every one of the otic 
Cone, has a triplicate Proportion of that which ti 
Side BK has to the homologous Side MF, that 
which BD has to FH. But as one of the Antccc 
dents is to one of the Conſequents, fo arc þ all tl 
Antecedents to all the Conſequents. There 


Cl 
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the Pyramid BK TL is to the Pyramid EM ON, ſo 
is the whole Pyramid whoſe Baſe is the Polygon AT 
BYCVDY, and Vertex the Point L, to the whole 


Pyramid, whoſe Baſe is the Polygon EOFPGRHS, 


and Vertex the Point N. Wherefore the Pyramid, 


whoſe Baſe is the Polygon A TB YCV DQ, and 
Vertex the Point L, to the Pyramid whoſe Baſe is the 


Polygon EOFPGRHS, and Vertex the Point N, 


has a triplicate Proportion of that which BD hath to 


FH. But the Cone whoſe Bale is the Circle ABCD, 
and Vertex the Point L, is ſuppoſed to have to the 


Solid X a triplicate Proportion of that which BD 
has to FH. Therefore as the Cone, whoſe Baſe is 
the Circle AB CD, and Vertex the Point L, is to the 
Solid X, ſo is the Pyramid whoſe Bale is the Polygon 
YCVD Q, and Vertex the Point L, to the 
Pyramid whoſe Baſe is the Polygon EOFPRHS, 


ATB 


and Vertex the Point N. But the ſaid Cone is great- 


er than the Pyramid that is in it, for it comprehends 
it. Therefore the Solid X alſo is greater than the 
Pyramid,” whoſe Baſe is the Polygon EOFPGRHS, 
and Vertex the Point N; but it is alſo leſs, which is 


abſurd, T'herefore the Cone, whoſe Baſe is the Circle 


than the Cone, whole Bale is the Circle EFG, 


we demonſtrate that the Cone EF G HN, to ſome 
Solid leſs than the Cone A BCD L, has not a tripli- 
cate Proportion of that which FH has to BD. Laſt- 


EFGHN. Then (by Inverſion) the Solid Z, to 
the Cone ABCDL, has a triplicate Proportion of 
that which FH has to BD. But ſince the Solid Z is 


to the Cone ABCDL, as the Cone EFGHN 
therefore the Cone EF GHN, to ſome Solid leſs 


than the Cone ABCD L, hath a triplicate Proportion 
of that which F H has to BD, which has been proved 


obe impoſſible. Therefore the Cone AB CD L, ta 


8 4 ſome 


AB CD, and Vertex the Point L, to ſome Solid leſs 


and Vertex the Point N, has not a triplicate Propor- 
tion of that which BD has to FH. In like Manner, 


ly, I fay the Cone ABCD L, to a Solid greater than 
the Cone EFG HN, has not a triplicate Proportion 
of that which B D has to FH: For, if this be poſſi- 
ble, let it be ſo to ſome Solid Z greater than the Cone 


reater than the Cone EF & HN, the Solid Z ſhall 
is to ſome Solid leſs than the Cone ABC DL; and | 
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It has been alſo demonſtrated, that the Cone ABC 
_ DL, to ſome Solid leſs than the Cone EF GHN 


has to FH. Wherefore the Cone ABCD L, to the 


17 F. 
+10 of this. 


monſtrated. 


Euclid's ELEMENTS. Book XI. 
ſome Solid greater than the Cone EFGHN, has not; 
triplicate Proportion of that which BD hes to FH 


hath not a triplicate Proportion of that which BB 


Cone EF GHN, has a triplicate Proportion of that 
which BD has to FH. But as Cone is to Cone, fo i; 
Cylinder to Cylinder. For a Cylinder having the 
ſame Baſe as a Cone, and the ſame Altitude is triple | 
of the Cone, ſince it lis demonſtrated, that every Cone 
js one third Part of a Cylinder, having the ſame Baſe 
and equal Altitude. Wherefore alſo a Cylinder to 
Cylinder has a triplicate Proportion of that which 
BD has to FH: Therefore, ſimilar Cones and C. 
linders are to one another in a triplicate Proportion if 
the Diameters of their Baſes ; which was to be de- 


PROPOSITION XIII. 
nn... 
If a Cylinder be divided by a Plane parallel to the -C 
pofite Planes ; then as one Cylinder is to the other 
Cylinder, ſo is the Axis to the Axis, 
T ET the Cylinder AD be divided by the Plane Wl 4: 


G, parallel to the oppoſite Planes AB, CD, 
and meeting the Axis EF in the Point K. I ſay, as 


I, N, X, M, let Planes parallel to A BC paſs. And 


to AB, CD, and conceive the Cylinders PR, RB, 
DT, T2, to be compleated. Then becauſe the 


Px of this. 


their Baſes. And therefore the Cylinders PR, RB, 


the Cylinder BG is to the Cylinder GD, fo is the 


Aris EK tothe Ri K. 

For let the Axis E F be both ways produced to L 
and M, and put any Number of EN, NL, &c. eaci C 
equal to the Axis EK; and any Number of F X, 
XM, Sc. each equal to FK. And thro? the Points 


in thoſe Planes from L, N, X, M, as Centers, de- 
ſcribe the Circles OP, RS, T'Y, VQ, each equal 


Axis Ey E, EK, are equal to each other, the 


Cylinders R, RB, BG will be * to one another as 


BG, are equal. And ſince the Axis LN, NE, Ex, 
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are equal to each other, as alſo the Cylinders PR, 
RB, BG; and the Number of LN, NE, EK, is 
equal to the Number of PR, RB, BG : The Axis 
K L ſhall be the ſame Multiple of the Axis EK, as 
the Cylinder PG, is of the Cylinder GB. For the 
fame Reaſon, the Axis MK is the ſame Mutiple of 
the Axis K F, as the Cylinder G Q is of the Cylinder 
GD. Now, if the Axis K L be equal to the Axis 
KM, the Cylinder P G ſhall be equal to the Cylin- 
der & Q; if the Axis LK be greater than the Axis 
KM, the Cylinder PG ſhall be likewiſe greater than 
the Cylinder GQ; and if leſs, leſs. Therefore, be- 
cauſe there are four Magnitudes, vz. the Axis EK, 
K FE, and the Cylinders BG, GD, and there are taken 
their Equimultiples, namely, the Axis K L and the 
Cylinder PG, the Equimultiples of the Axis EK, 
and the Cylinder BG; and the Axis KM, and the 
Cylinder GQ, the Equimultiples of the Axis K E, 
and the Cylinder G D: And it is demonſtrated, that 
if the Axis LK exceeds the Axis K M, the Cylinder 
PG will excecd the Cylinder GQ; and if it be equa] 
equal, and leſs, leſs. Therefore, as the Axis EK . 
Sto the Axis KF, ſo + is the Cylinder BG to the Def. 5.5. 
Cylinder, GD. Wherefore, a Cylinder be divided 
by a Plane parallel to the oppoſite Planes, then as one 
Cylinder is to the other Cylinder, ſo 1s the Axis to the 
ne Axis; which was tb be demonſtrated. . 


PROPOSITION XV. 
Tr 
Cones and Cylinders being upon equal Baſes, are to one 


_ another as their Altitudes. 


ET the Cylinder E B, FD, ſtand upon equal 
Baſes AB, CD. I ſay, as the Cylinder EB is 
© 18 Cylinder F D, ſo is the Axis GH to the Axis 


For produce the Axis KL to the Point N; and 
put LN, equal to the Axis GH; and let a Cylinder 
M be conceived about the Axis LN. Then be- 
aſe the Cylinders EB, CM, have the ſame Alti- 
bode, they are * to one another as their Baſes. Bot X 11 of this, 
are their 
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their Baſes are equal. Therefore the Cylinders EB 
CM, will be alſo equal. And becauſe the Cylinder 
FM is cut by a Plane CD, parallel to the oppoſite 

Planes, it ſhall be as the Cylinder CM is to the Cy. 
linder FD, ſo is the Axis LN, to the Axis KL 
But the Cylinder CM is equal to the Cylinder EB, 
and the Axis LN to the Axis GH. Therefore the 
Cylinder EB is to the Cylinder FD, as the Axis GH 
is to the Axis KL. And as the Cylinder E B is to 
the Cylinder FD, ſo is + the Cone A BG to the Cone 


* 10 this. CD K; for the Cylinders are * triple of the Cones, 


Therefore, as the Axis GH is to the Axis K L, 6 


| 
| 
| 
| 
( 
is the Cone ABG to the Cone CDK, and ſo the 
Cylinder E B to the Cylinder F D. Wherefore, M t 
Cones and Cylinders being upon equal Baſes, are to ! 
. another as their Altitudes ; which was to be demon- f 
ſtrated. TT e [ 
PROPOSITION XV. . 
THEOREM. : 
The Baſes and Altitudes of equal Cones and CylnW : 
ders are gov er proportional; and Cones an r 
Cylinders, whoſe Baſes and Altitudes are reciprocaly 
proportional, are equal to one another. g 
LEF the Baſes cf the equal Cones and Cylinders, be tit 
the Circles ABCD, EFGH, and their Diameter lit 
AC, EG; and Axis K L, MN; which are alſo the fa 
Altitudes of the Cones and Cylinders: And let tte C 
Cylinders AX, EO, be compleated. I ſay, the Baſes to 
and Altitudes of the Cylinders AX, EO, are re-. to 
ciprocally proportional, that js, the Baſe A BCD vil is 
to the Baſe EF GH, as the Altitude MN is to ti A! 
Altitude K L. V 5 
For, the Altitude K L is either equal to the Alt- lin 
tude MN, or not equal. Firſt, let it be equal; ana thi 
the Cylinder A X, is equal to. the Cylinder Ef Cy 


But Cylinders and Cones that have the ſame Altitude Cy 
* 1 1 of this, are to one another as their Baſes. Therefore th der 
Baſe ABCD is equal to the Baſe EFG H. And der 


GH, ſo is the Altitude MN to the Altitude Ly 1 


cConſequently, as the Baſe ABCD is to the Baſe EH ner 
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But if the Altitude K L be not equal to the Altitude 
MN, let MN be the greater. And take PM equal 
to LK from MN; and let the Cylinder E O be cut 
thro' P by the Plane TVS, parallel to the oppoſite 
Planes of the Circles EF GH, RO, and conceive 
ES to be a Cylinder, whoſe Baſle is the Circle EF 
GH, and Altitude PM. Then, becauſe the 
Cylinder AX is equal to the Cylinder EO, and ES 


is ſome other Cylinder, the Cylinder AX to the Cy- 


linder ES, ſhall be as the Cylinder EO, is to the Cy- 
linder ES. But as the Cylinder AX is to the Cylin- 
der ES, ſo is * the Baſe ABCD to the Baſe EF 
GH; for the Cylinders AX, ES have the ſame Al- 
titude. And as the Cylinder EQ is to the Cylinder 
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* 11 of this. 


ES, ſo is | the Altitude MN to the Altitude MP; 4 13 ofthis. 


for the Cylinder EO, is cut by the Plane TVS pa- 
rallel to the oppoſite Planes. Therefore, as the Baſe 
ABCD is to the Baſe EF GN, ſo is the Altitude 
MN to the Altitude MP. But the Altitude M P is 
equal to the Altitude K L. Wherefore as the Baſe 
ABCD is to the Baſe EF GH, ſo is the Altitude 
MN to the Altitude K L. And therefore, the Baſes 
and Altitudes of the equal Cylinders AX. EO, are 
reciprocally proportional. - 


And if the Baſes and Altitudes of the Cylinders 


AX, EO, are reciprocally proportional, that is, if 


the Baſe A BCD be to the Baſe EF GH, as the Al- 


titudes MN is to the Altitude K L. I ſay, the Cy- 


linder AX is equal to the Cylinder EO. For the 
ſame Conſtruction remaining; becauſe the Baſe AB 


CD is to the Baſe EF GH, as the Altitude MN is 


to the Altitude K L; and the Altitude K L is equal 


to the Altitude MP. It ſhall be as the Baſe ABCD 


is to the Baſe E FG H, ſo is the Altitude MN to the 


Altitude MP. But as the Baſe ABCD is to the 


| Baſe EF GH, ſo is the Cylinder AX to the Cy- 


linder ES; for they have the ſame Altitude. And as 


the Altitude MN is to the Altitude MP, ſo is + the +11 of this. 


Cylinder EO to the Cylinder ES. Therefore, as the 
Cylinder AX is to the Cylinder ES, ſo is the Cylin- 


der EO to the Cylinder ES. Wherefore the Cylin- 


der AX is equal to the Cylinder EO. In like man- 
ner we prove this in Cones which was to be demon- 


rated,  _ 
=> P R O- 
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PROPOSITION XVI. 
PROBLEM. 
Two Circles being about the ſame Center, to inſcrile 


in the greater a Polygon of equal Sides even in Num- 
ber, that ſhall not touch the er Cirele. © 


ILE ABCD, EFGH, be two given Circles 


bout the Center K. It is required to inſcribe a 
Polygon of equal Sides even in Number in the Cir- 


cle ABCD, not touching the leſſer Circle EF 


& 10. 3. 


Draw the Right Line BD through the Center K, 
as alſo AG, from the Point G at Right Angles to 
BD, which produce to C ; this Line will * touch 


the Circle EFGH. Then biſecting the Circumfe- 


rence BAD, and again biſecting the half thereof, and 


doing this continually, we ſhall have a Circumference 


left at laſt leſs then AD. Let this Circumference 


de LD, and draw LM from the Point L perpendi- 


T 9.3. 


LET two Spheres be ſuppoſed about the ſame 


cular to BD, which produce to N; and join LD, 


DN. And then LD is 4 equal to DN. Andiince 


LN is parallel to AC, and AC touches the Circle 


EFGH, LN will not touch the Circle EF GH. 
And much leſs do the Right Lines LD, DN, not 
touch the Circle. And if P Gu Lines, each equal to 
LD, be fapplied round the Circle ABCD, we ſhall 
have a Polygon inſcribed therein of equal Sides, even 
in Number that does not touch the leſſer Circle EFG. 


which was to be demonſtrated. . 


PROPOSITION XVI. 
PROBLEM. 


To deſcribe a ſolid Polybedron, in the greater of tus 


Spheres, having the ſame Center, which ſhall not touch 
the Superſictes of the leſſer Sphere. es 


Center A. It is required to deſcribe a ſolid Po- 
luyhedron 
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lyhedron in the greater Sphere, not touching the Su- 
perficies of the leſſer Sphere. 3 
| Let the Spheres be cut by ſome Plane paſſing thro? 
| the Center. Then the Sections will be Circles; for 
becauſe a Sphere is * made by the turning of a Semi- * Def. 14. 
circle about the Diameter which is at reſt : In what- 11. 
ſever Poſition the Semicircle is conceived to be, the 
Plane in which it is ſhall make a Circle in the Super- 
ficies of the Sphere. It is alſo manifeſt that this Cir- 
cle is a great Circle, ſince the Diameter of the Sphere, 
which is likewiſe the Diameter of the Semicircle, is 
greater than all Right Lines that are drawn in the + 15. 3. 
Circle, or Sphere. Now, let BCD E be that Circle 
otthe greater Sphere, and F GH of the leſſer Sphere; 
and let BD, CE be two of their Diameters drawn at 
Right Angles to one another. Let BD meet the leſ- 
fer Circle in the Point G, from which to A G let GL 
be drawn at Right Angles, and A L joined. Then 
bilecting the Circumference EB, as alſo the half 
thereof, and doing thus continually , we ſhall have 
left at laſt a certain Circumference leſs than that Part 
f the Circumference of the Circle BCD, which is 
lubtended by a Right Line equal to GL. Let this 
e the Circumference BK. Then the Right Line 
WK is leſs than GL; and BK ſhall be the Side of a 
tolygon of equal Sides, even in Number, not touch- 
ing the leſſer Circle. Now, let the Sides of the Po- 
gon in the Quadrant of the Circle BE, be the Right 
Lines BK, K L, LM, ME; and produce the Line 7 
cining the Points K, A, to N: And raiſe + A X K 12. 11. 
rom the Point A perpendicular to the Plane of the 
irele BC DE, meeting the Superficies of the Sphere 
the Point X, and let Planes be drawn thro' AX, 
ind BD, and thro' AX, andK N, which from what has 
Ken ſaid will make great Circles in the Superficies of 
de Sphere. And let BX D, K XN, be Semicircles on 
de Diameters BD, KN. Then becauſe XA is perpen- 
icular'to the Plane of the Circle BC DE, all Planes 
at paſs thro* XA ſhall alſo * be perpendicular to * 18.1r. 
hat fame Plane. Therefore the Semicircles BX D, 
XN are perpendicular to that ſame Plane. And 
cauſe the Semicircles BED, BX D, K XN, are 
„aal; for they ſtand upon equal Diameters BD, 
N; their Quadrants BE, BX, K X, ſhall be wo 
| equa 


| 


— 
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equal. And therefore as many Sides as the Polygon 


in the Quadrant BE has, ſo many, Sides may there 


138. 11. 


Circle B CDE. Let the ſaid Perpendiculars be Oy, 


ferences BO, SK, are taken in the equal Semicir- 
cles BX D, KX N, and OV, SQ are Perpendicy- 
lars, OV ſhall be equal to SQ, and BV to K(. 
But the whole BA is to the whole K A. Therefore 


45.6 

* 6.11, 
+ 23.1. 

| 4 9. 11. 


„„ 


„ 


of the Planes; Becauſe the Planes of the Semicircles 


QA: And ſo Vis & parallel to BK. And fince 
OV and SQ are both perpendicular to the Plane of 
the Circle BC DE, OV ſhall be * parallel to 80 


Plane: For if two Right Lines be parallel, and 


And the ee f. YRX, is + in one Plane. There 
fore, if Right | 


gure within the Circumferences BX, K X, compoſet 


ti 

be in the Quadrants BX, K X, equal to the Sides f 
BK, KL, LM, ME. Let thoſe Sides be BO f. 
5 

d 


OP, PR, RX, KS, ST, TY, YX : And join 
SO, TP, YR; and let Perpendiculars be drawn 
from O, S, to the Plane of the Circle BCDF, 
Theſe will fall fon BD, KN, the common Sections 


BXD, K XN, are perpendicular to the Plane of the 
SQ, and join VQ. Then, ſince the equal Circum- 


the Part remaning VA, is equal to the Part remaining 
QA. Therefore as BV is to VA, ſo is K Otto 


But it has alſo been proved equal to it. Wherefore 
V, S O, are equal and parallel. And becauſeQVis 
parallel to SO, and alſo parallel to KB, SO ſpall be 

alſo + parallel to K B: But BO, KS, join them. 
Therefore KBOS is * a quadrilateral Figure in one 


Points be taken in both of them, a Right Line join- 
ing the ſaid Points is in the ſame Plain as the Faral- 
Tels are. And for the ſame Reaſon, each of the qui 
drilateral' Figures SO PT, T PR L, are in one Plane. 


ines be ſuppoſed to be drawn from 
the Points O, S, P, I, R, X, tothe Point A, there 
will be conſtituted a certain ſolid polyhedrous Fr 


of Pyramids, whoſe Baſes are the quadrilateral Fi 
gures RBOS, SOPT, TPRY, and the Triangle 
RX; and Vertices the Point A. And if there be 
made the fame Conſtructionon each of the Sides 
KL, LM, ME, like as we have done on the Sid 
KB, as alſo in the other three Quadrants , and 
the other Hemiſphere, there will be conſtituted a po 
Iyhedrous Figure deſcribed in the Sphere, compol, 
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of Pyramids whoſe Baſes are the aforeſaid quadrila- 

teral Figures, and the Triangle Y RX, being of the 

fame Order, and Vertices the Point A. I lay, the 

ſaid Polyhedron does not touch the ſuperficies of the 
Sphere, wherein the Circle F GH is. Let AZ be +15. 11. 
drawn + from the Point A, perpendicular to the Plane 28 
of the quadrilateral Figure K BSO, meeting it in the 

Point Z, and join BZ, Z K. Then ſince AZ is 
perpendicular to the Plane of the quadrilateral Figure * Pe 
BSO, it ſhall alſo be * perpendicular to all Right 11. 
Lines that touch it, and are in the ſame Plane. Where- 

fore AL is perperdicularto BZ and ZK. And becauſe 

AB is equal to AK, the Square of A B ſhall be allo _ 
equal to the Square of AK: And the Squares of | 47.1. 
AZ, ZB are + equal to the Square of AB. Forthe 
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| TM at Z is a Right Angle. And the Squares of 
AZ, Z K, are equal to the Square of AK. There- 
bre the Squares of AZ, Z B, are equal to the Squares 
egef AZ, ZK. Let the common Square of AZ be 
(WY taken away. And then the Square of B Z remaining, 
„equal to the Square of Z K remaining: And o 
ede Right Line BZ is equal to the Right Pine Z K. 
Aer the ſame Manner we demonſtrate that Right 


e Lines drawn from the Point Z to the Points O, 8, 
n. re each equal to BZ, Z K. Therefore a Circle de- 
ne ſcribed about the Center Z, with either of the Di- 
nu ances Z B, ZK, will alſo paſs thro' the Points O, 
u:. And becauſe BK SO is a quadrilateral Figure in a 
u- Circle", and OB, BK, K &, are equal, and OS is leſs 
- than BK; the Angle B Z K ſhall be obtuſe ; and ſo 
ne. B K greater than BZ. But & L alſo is much great- 
re- Ne than BK. Therefore GL is greater than BZ. 
om And the Square of G L is greater than the Square of 


ere Z. And ſince A L is equal to AB, the Square of 
Fi L ſhall be equal to the Square of AB. But the 
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ſedÞquares of AG, GL, together, are equal to the Square 

FAL, and the Squares of BZ, Z A, together, equal 

neo the Square of AB: Therefore the Squares of AG, 

e be L, together, are equal to the Squares of BZ, Z A, 

ideyW2gcther : But the Square of BZ is leſs than the 1 
Sidepquare of G L: Therefore the Square of Z A is [it q 
andWreater than the Square of AG; And ſo the Right Line ff 
pO LA will be greater than the Right Line A G. But 


LL is perpendicular to one Baſe of the Polyhedron, 
and 
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and A G to the Superficies. Wherefore the Poly 


| hedron does not touch the Superficies of the leſſer 
Sphere. Therefore, here is deſcribed a ſolid Pol. 


bedron in the greater, of two Spheres having the ſame 
Center, which doth not touch the Superficies of the leſſer 


Sphere; which was to be demonſtrated. W 
Coroll. Alſo if a ſolid Polyhedron be deſcribed in 


{ome other Sphere, ſimilar to that which is deſcri- 
bed in the Sphere BC DE; the ſolid Polyhedron 
deſcribed in the Sphere BC DE, to the ſolid Po- 
lyhedron deſcribed in that other Sphere, ſhall have 
a triplicate Proportion of that which the Diame- 
ter of the Sphere BC D E hath to the Diameter of 
that other Sphere. For the Solids being divided 
into Pyramids, equal in Number and of the ſame 
Order, the ſaid Pyramids ſhall be ſimilar. But 
ſimilar Pyramids are to each other in a triplicate 
Proportion of their homologous Sides. There- 
fore the Pyramid whoſe Bale is the quadrilateral 
Figure K BOS, and Vertex the Point A, to the 
Pyramid of the ſame Order into the other Sphere, 
has a triplicate Proportion of that which the homo- 
logous Side of one, has to the homologous Side of 
the other, that is, which AB, drawn from the Center 
A of the Sphere, to that Line which is drawn from 
the Center of the other Sphere. In like Manner, 
every one of the Pyramids, that are in the Sphere 
whoſe Center is A, to every one of the Pyramids 
of the ſame Order in the other Sphere, hath a tri- 
plicate Proportion of that which AB has to that 
Line drawn from the Center of the other Sphere. 
And as one of the Antecedents is to one of the 
Conſequents, ſo are all the Antecedents to all the 
Conſequents. Wherefore the whole ſolid Polyhe- 
_ dron, which is in the Sphere deſcribed about the 
Center A, to the whole ſolid Polyhedron that 1s 
in the other Sphere, hath a triplicate Proportion of 
of that which AB hath to the Line drawn from | 
the Center of the other Sphere, that is, which the g. 
Diameter BD has to the Diameter of the other 
Ophere. | 


RN 
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PROPOSITION XVIII. 
2 PHEOREM 


ſpheres are to one another in a triplicate Proportion of 
their Diuameters. 


CU PPOSE ABC, DEF, are two Spheres, whoſe 

J Diameters are BC, EF. I fay, the Sphere ABC 
o the Sphere D E F has a triplicate Proportion of that 
/// ( 
For if it be not ſo, the Sphere ABC to a Sphere 
ither leſſer or greater than DEF, will have a tripli- 
ate Proportion of that which BC has to EF. Firſt, 
|t it be to a lefler as G HK. And ſuppoſe the Sphere 
DEF to be deſcribed about the Sphere & HK; ang 
kt there be deſcribed * a ſolid Polyhedron in the great- * 17 this. 
er Sphere DE F, not touching the Superficies of the 

leſſer Sphere G H K; alſo let a ſolid Polyhedron be 

deſcribed in the Sphere ABC, ſimilar to that which is 

deſeribed in the Sphere DEF. Then the ſolid Poly- 

tedron in the Sphere ABC, to the ſolid Polyhedton 
nthe Sphere DE F, will have þ a triplicate Propor- I Cor. to the 
'on of that which B C has to EF: But the Sphere laſt Prop. 
BC to the Sphere & HK, hath a triplicate Propor- _ 
on of that which BC hath to EF. Therefore as the 
here AB C is to the Sphere G H K, ſo is the ſolid 
Polyhedron in the Sphere AB C to the ſolid Polyhe- 


fi: ron in the Sphere DEF; and (by Inverſion) as the 
at MWphere AB C is to the ſolid Polyhedron that is in it, 
re, Wb is the Sphere & HK to the ſolid Polyhedron that is 
he ia the Sphere DEF; but the Sphere ABC is greater 
me Wtian the ſolid Polyhedron that is in it. Therefore the 
he- Wphere G H K is alſo greater than the ſolid Polyhedron 
the that is in the Sphere DEF, and alſo leſs than it, as 


being comprehended thereby, which is abſurd. There- 
ore the Sphere AB C to a * leſs than the Sphere 
DEF, hath not a triplicate Proportion of that which 
BC has to EF. After the ſame Manner it is demon- 
lirated that the Sphere DEF to a Sphere leſs than 
\BC, has not a triplicate Proportion of that which 
EF has to BC. I ſay, moreover, that the Sphere 
WBC to a Sphere greater than DEF, hath not a tri- 
1 plicate 
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plicate Proportion of that which B C has to EF; f 
if it be poſſible, let it have to the Sphere LM N ere; 
er than DEE. Then (by Inverſion) the Sphere L. 
to the Sphere ABC, ſhall have a triplicate Proportie 
of that which the Diameter E F has to the Diame 
BC; but as the Sphere LM N is to the Sphere AB 
ſo is the Sphere DEF to ſome Sphere leſs than AB 
becauſe the Sphere LM N is greater than DE 
Therefore the Sphere DEF to a Sphere leſs th; 
ABC, hath a triplicate Proportion to that which EF h; 
to BC, which is abſurd, as has been before prove 
| Therefore the Sphere ABC toa Sphere greater th; 
DEF, has not a triplicate Proportion of that whic 
BC has to EF. But it has alſo been demonſtrate 
that the Sphere ABC to a Sphere leſs than DEP, hi 
not a triplicate Proportion of that which BC has t 
EF. Therefore the Sphere ABC to the Sphere DEI 
has a triplicate Proportion of that which BC has 
EF; which was to be demonſirated. 
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DEFINITIONS. 
—_ HE Buſineſs of Trigonometry is 70 nd 
the Angles when 75 2 25 
aud the Sides, or the Ratio's of the Sides, 


Sides and Angles, w 


alſo certain Right Lines in and ab 
avided into ſome determined Number of Parts. 


Aud ſo the Ancient Mathematicians thought fit to di- 


Vide the Periphery of a Circle into 360 Parts (which 
they call Degrees;) and every Degree into 60 Minutes, 


and every Minute into 60 Seconds : Aud again, every 


Second into 60 Thirds, and ſo on. Aud every Angle is 


4 
— 
0 


rceſſary zhat not only the e of Circles, but 
| out Circles be ſuppoſed 


W 


e Sides are given, 


when the Angles are given, and to find 
| en Sides and An- 
= ples are given: In order to which, it is 


Jaid to be of ſuch a Number of Degrees and Minutes, as 


Yiere are in the Arc meaſuring that Augle. 


There | 
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called the Coſine. The other Segment B E, which is 


is called a verſed Sine, and ſometimes a Sagitta. 
And if the Right Line CG be produced from the Cen- 


 Reght Line BG, which is 2g eg to the Diame- 


CG is called the Secant, and BG the Tangent of the 
Arc DB. . Wee 


or Tangent of that Arc, which is the Complement of 


The ELEMENTS of 
| There are ſome that would have a Degree arvided 


into centeſimal Parts, rather than r ones: ill © 
And it would perhaps be more uſeful to divide, not only ( 


a Degree, but even the whole Circle in a decuple Ra. 
tio; which Divifion may ſome time or other gain Ml £ 


Place, Now, if a Circle contains 360 Degree, Wl * 
a Quadrant thereof, which is the Meaſure of a Rig; Ml © 
Angle, will be go of thoſe Parts: And if it contain; Ml * 


100 Parts, a Quadrant will be 2.5'of theſe Parts, j 
The Complement of an Arc is the Difference there. 
of from a 1 „ . 5 4 
A Chord, or Subtenſe, zs a Right Line drawn from Wl © 


one End of the Arc to the other. | 
The Right Sine of any Arc, which alſo is communh F 


called only a Sine, is a Perpendicular falling from one End 


of an Arc, to the Radius drawn thro' the other End 
of the ſaid Arc. And is therefore the Semiſubtenſ of 
double the Arc, vit. DES DO, and the Arc D() 
is double of the Arc DB. Hence, the Sine of an Arc 
of 30 Degrees, is equal to the one half of the Radius. For T 


(by 15. EI. 4.) the Side of an Hexagon inſcribed in a 
Circle, that is, the Subtenſe of 60 Degrees is equal 
to the Radius. A Sine divides the Radius into two 
Segments CE, EB; one of which, CE, which is in. 
tercepted between the Center and the Right Sine, 15 the 


Sine Complement of the Arc DB to a Quadrant, (for 
CE=FD which is the Sine of the Arc D H,) and it 


iutercepted between the Right Sine and the Peripber), 


ter C, thro) one End D of the Arc, until it meets the 


ter drawn thro* the other End B of the Arc, then 


The Coſecant and Cotägent of an Arc is the Secant 


the former Arc to a Quadraut. Note, As the Chord! 
of an Arc, andof its Complement to a Circle, is the ſame, 


ſo likewiſe is the Sine, Tangent, and Secant of an Arc 


the ſame as the Sine, Tangent, and Secant of its Com. 
plement to a Semicircle. + 5 * 
25 af Th 
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The Sinus Totus is the greateſt Sine, or the Sine 

of 90 Degrees, which is equal to the Radius of the 
Circle. | . 1 

A Trigonometrical Canon #s a Table, which, be 


that every Sine, Tangent, and Secant, have in reſpect 


of the Radius, which is ſuppoſed Unity; and is concerved 


jo be divided 10,000,000, or more decimal Parts. And 
ſo the Sine, Tangent, or Secant of any Arc, may be 
had by help of this Table; and contrarywiſe, a Sine, Tan- 
gent, or Secant, being given, we may find the Arc it 
R fpgnifies the Radius S 4 Sine, Col. a Cofine, T a 
Tangent, and Cot. a C 4 ned 


A 


\ > N v 2 "EN, \ . LIAN 2 ** S D £ 
en 


The Co Ns TR UC TION of the Trigono- 
. metrical Canon. 

PROPOSITION I 

The two Sides of any Right-angled Triangle being given, 

OR (by 47 of the firſt Element) AC 


I — ABq--BCq and ACq—BCq= 
[AB q. and interchangeably A C q — 


traction of the ſquare Root, there is gi- 


wy ven AC=y/ ABq-+BCq and AB 
=/ ATq—BCq. And BC=y/ACq—ABq. 


T4 'PRO- 


ginuing from one Minute, 2 expreſſes the Lengths 


expreſſes. Take Notice That in the 4 C9 Track, 
12 


ths W J 6 C| A Bq =B Cq. Whence, by the Ex- 


2 79 : 
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PROPOSITION. I. 
"PRO LEM: 
The Sine DE of the Are DB , andthe Radins C D, being 
given, to find the Coſine DF. 
Phe Radius CD and the Sine DE, being given in 
ie Right-angled Triangle C D E, there will be 
given (by the laſt Prop.) / CDq—DEq=DEF, 


4 


PROPOSITION III. 
PROBLEM. 


The Sine DE of any Arc DB being given, to find 
D Mor BM the Sine of half the Arc. 


DE being given, CE (by the laſt Prop.) will be 
given, and accordingly EB which is the Diffe- 
rence between the Coſine and Radius. Therefore 
DE, EB, being given in the Right-angled Triangle 
DBE, there will be given DB, whole half DM i 
the Sine of the Arc DL the Are BD. 


& rn POlNl 0 =. rrwwI 


PROPOSITION IV. 
PROBLEM. 


The Sine B M of the Arc BL being given, to find ib 
Ee, Sine of double that Arc. 


co 


THE Sine BM being given, there will be give 
(by Prop. 2.) the Cofine CM. But the Triangle. 
CBM, DBE, are equiangular, becauſe the Angle 
at E and M are Right Angles, and the Angle at ! 
common. Wherefore (by 4. 6.) we have CB: CV 
D, or 2 BM: DE. We ſince the thre 
firſt Terms of this Analogy are given, the fourth al 
ſo, which is the Sine of the Arc DB, will be know! 


Coroll. Hence, CB: 2 CM: : BD: 2 DE, thatiy 
| the Radius is to double the Cofing of ons halts 


Ti 
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the Arc DB, as the Subtenſe of the Arc DB, is 


to the Subtenſe of double that Arc. Alſo CB: 


2CM: : (2 BM: 2DE::) BM: DE:: 
+ CB: CM. Wherefore the Sine of any Arc, and 
the Sine of its Double being given, the Coſine of 
the Arc it ſelf is given. V 


- PROPOSITION: v. 
The Sines of two Arcs BD, FD, being given, to find 


Fl the Sine of the Sum, as likewiſe L, the Sing 


of their Difference. 


the Coſine of the Arc FD, which accordingly 
is given, and draw OP thro” O parallel to DK. Alſo 
let OM, GE, be drawn parallel to CB. Then be- 
cauſe the Triangles CDK, COP, CHI, FOH, 
FOM, are equiangular. In the firſt Place, CD : 
DK:: CO: OP, which Conſequently is known. 
Alſo we have CD: CK : : FO: FM, and fo like- 


wiſe this ſhall be known. But becauſe FO 


=E O, then will FM =M G= ON. And ſo 


OP + FM FI = Sine of the Sum of the 


Arcs: And OP — FM, that is, OP ON 
* = Sine of the Difference of the Ares. W. W. 


Coroll. Becauſe the Differences of the Arcs BE, BD, 
BF, are equal, the Arc BD ſhall be an Arithme- 
tical Mean between the Arcs BE, BF. = 


PROPOSITION VI. 
The ſame Things being ſuppoſed, Radius is to double 
the Coſine of the mean ine of 
rence, to the Difference of the Smes of the Ex- 


Ireams. 


OR we have CD. CK :: FO: FM, whence 
> by doubling the Conſequents C D: 2 0 K:: 
FO:2FM, or to FG; which is the Difference 


of the Sines EL, FI. W. W. D. . 
Coroll. 


T ET the Radius CD be drawn, and then CO is 


[rc as the Sine of the Diffe- 
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Coroll. If the Arc BD be 60 Degrees, the Difference 
ofthe Sines FI, EL,ſhall be equal to the Sine, PO, 
of the. Diſtance. For in this Caſe, CK, is the 
Sine of 30 Degrees, Double thereof being equal 
to Radius; and ſo ſince CD = 2 C K, we ſhall 

have FO=FG. And conſeqently, if the two 
Arcs BE, BF, are Equidiſtant from the Arc of & 
Degrees, the Difference of the Sines ſhall be equal 
to the Sine of the Diſtance FD. 


Coroll. 2. Hence, if the Sines of all Arcs be given 
_ diſtant from one another by a given Interval, from 
the Beginning of a Quardrant to 60 Degrees, the 
other Vines may be found by one Addition only, 
For the Sine of 61 Degrees = Sine of 59 Degrees 
＋ Sine of 1 Degree. And the Sine of 62 Degrees 
== Sine of 58 Degrees ＋ Sine of 2 Degree. Alſo 
the Sine of 63 Degrees = Sine of 57 Degrees + 
Sine of 3 Degrees, and ſo on. | 


ning of a Quadrant to any Part of the Quadrant, 
diſtant from each other, by a given Interval be 
given, thence we may find the Sines of all Arcs 
to the Double of that Part. For Example, Let 
all the Sines to 15 Degrees be given; then, by the 
precedent _— „ All the Sines to 30 Degrees, 
may be found. For Radius is to double the Co- 
fine of 15 Degrees, as the Sine of 1 Degree, is to 
the Difference of the Sines of 14 Degrees, and 16 
Degrees; ſo alſo is the Sine of 3 Degrees, to the 
Difference between the Sines of 12 and 18 De- 
grees ; and ſo on continually until you come to 
the of 30 Degrees. 3 
After the ſame Manner, as Radius is to double the 
Coſine of 30 Degrees, or to double the Sine of 60 
Degrees, ſo is the Sine of 1 Degree to the Diffe- 
rence of the Sines of 29 and 31 Degrees: : Sine 
2 Degrees, to the Difference of the Sines of 28 
and 32 Degrees : : Sine 3 Degrees, to the Dit- 
ference of the Sines of 27 and 33 Degrees. But in 
this Caſe, Radius is to double the Coſine of 30 
Degrees, as 1 to / 3. And accordingly, : the 

| = ines 


Coroll. 3- If the Sines of all Arcs, from the Begin- | 
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Sines of the Diſtances from the Arc of 30 Degrees, 
be multipiy*d by / 3, the Differences of the Sines 
will be had. 1 115 
80 likewiſe may the Sines of the Minutes in the Begin- 
ing the Quadrant be found, by having the Sines 
and Coſines of one and two Minutes given. For 
as the Radius is to double the Coſine of 2':: Sine 1: 
Difference of the Sines of 1. and 35: : Sine 2“: Dif- 
ference of the Sincs of o and 4“, that is, to the 
Sine of 4. And ſo the Sines of the four firſt Mi- 
nutes being given; we may thereby find the Sines 
of the others to 87, and from thence to 16, and ſo 
. pay ry 


PROPOSITION vll. 
THEOREM. 

Is ſmall Arces, the Sines and 7. angents of the ame 
Arcs are nearly to one another, in a Ratio of 4 qua- 
FO R becauſe the 9 CE D, CB G, are 

equiangular, C E: CB :: ED :: BG. But 
3s the Point E approaches B, EB will vaniſh in 


Wl Reſpect of the Arc BD: Whence CE will become 

- WH tcarly equal to CB. Aud fo ED will be;alſo near- = 

h equal to BG. If EB be leſs than the 

3 Ws V | 10,000,000 

: Part of the Radius; then the Difference between the 

ne and the Tangent will be alſo leſs than the- — 

1 „ 3 10,000,000 

1 part of the Tangent. | 

o I Coroll. Since any Arc is leſs than the Tangent, and : 
greater than its Sine, and the Sine and Tangent of 


1e a very ſmall Arc, are nearly equal; it follows that 
8 the Arc ſhall be nearly equal to its Sine; and ſo. 
i- © jo very ſmall! Arcs it ſhall be, as Arc is to Arc, 
m bo is Sine to Sine, 1 i e 


he = PRO- 
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/PROPOSITION VIII. 
To find the Sine of the Arc of one Minute. By 


TE E Side ofa Hexagon inſcribed in a Circle, that 
+ is, the Subtenſe of 60 Degrees, is equal to the 
Radius, (by 1 rh of the rb, ) and ſo the half of the Radi- 
us ſhall be the Sine of the Arc 30 Degrees. Where. 
fore the Sine of the Arc of 30 Degrees being given, 
the Sine of the Arc of 15 Degrees may be found, (4y 
Prop. 3.) Alſo the Sine of the Arc of 15 Degrecs be- 
ing given, (by the ſame Prop.) we may have the Sineof 
7 Degrees 30 Minutes: So likewiſe can we find the 
Sine of the half of this, viz. 3 Degrees 45*; and ſo 
on, until twelve Biſections being made, we come to 
an Arc of 52“, 44“, 37, 455, whole Coſine is 
nearly equal to be Ns in Which Caſe (as is ma- 
wifeſt from Prop. 7.) Arcs are propotional to their 
Sines : And fo, as the Arc of $2*, 44*, 3*, 45), 
is to an Arc of one Minute, ſo ſhall the Sine before 
found, be to the Sine of an Arc of one Minute, 


* Which therefore will be given. And when the Sine 


of one Minute is found, then (% Prop. 2. and 4 
the Sine and Coſine of two Minutes will be had. 


| THEOREM 


If the Angle BAC, being inthe Periphery of a Circle, 
be biſected by the Right Line AD, andif A C be pro. 
Do 1 7 DE AD meets it in E: then jhall 


N the quadrilateral Figure AB D C (8 13. 1 
* the Angles B and A C 5 are equal to two Right 
Angles = DCE + DCA ( 22. 3.) Whence the 
the Angle B= DCE. But likewiſethe Angle E = 
DAC (Y 5. I.) D AB and DC=DB. Wherc- 
fore the Triangles BAD and CE D are congruous, 
and CE is equal to AB. W. W. D. 


P R O- 


£2 


FP Stolen PAL. 


or 


ys + - 
& >. * 


ww, we CAMRHICASS 
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PROPOSITION. x. 
THEOREM. 


Let the Arcs AB, BC, CD, DE, E F, &c. be a; 
and let the * 'of the Arcs 'AB, AC, AD, AE, 
&c. be drawn; then will AB: AC:: AC: AB+ 


AD:: AD:AC+AE:: AE: ADFAF:: 
AF: AE+AG. 


ET AD be 3 to H, AE to I. AF to XK, 
and A G to L, that the Triangles ACH, AD I, 

AEK, AFL, be Iſoſceles ones; then becauſe the 
Angle BAD is biſected, we ſhall have DH AB, 
(by the laſt Prop.) ſo likewiſe ſhall EI AC, F K= 
XD, alſo GL=AE 

But the Iſoſceles Triangles ABC, CHA, DAT, ; 
EAK, FAL, becauſe of the 2qual Angles at the Ba- 
ſes, are equiangular. Wherefore it ſhall be as AB: 
AC:: AC: A 4 AD: Al 


AE: AE: AK=A TAF; ; AF:AL=AE 
+AG. W.W.D. 


Carol. I. Becauſe ABi is to AC, as Radius i is to dou- 
ble the Coſine of 4 the Arc AB, it ſhall alſo be (by 
Corol. 2 1 as Radius is to double the Coff ine 5 
of + the B, ſo d AB; r 
+AB+z AD : { AD: : ACLSAE: + AE 
+; AD ZAF. De. Now let each of the Arcs 
AB, BC, CD, 2 be 2'; then will < AB be the 
Sine of-one Minute, «XC the Sine of 2 Minutes, 
A the Sine of 3 Minutes; 2 AE the Sine of 4', 
&c. Whence if the Sines of one and two Minutes oy 
10 be given, we may eaſily find all the other Sines wn. 
the following Manner. . 
nll Let the Coſine of the Arc of one Minute, that 
=I, the Sine of the Arc of 89 Deg. 59“, ** ca es Q, ; 
25 and make the 8. J. Sings gies; R 7 — 
us. Sin. 2: S. 17 8 herefore the Sine of 3 
Minutes will be oY Alſo R:20Q::9.3' 
S.2'-S. . Wherefore the 8. 4 is given; and 


0 R. 2222 8. 8. 53; and ſo the Sine of 
9 5 will be dad. 5 F +5 i 
ike- 
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Likewiſe R: AS Sh 8. 5 . S. 4'+8. „ and ſo 
we ſhall have the Sine of 6“. And in like Manner 


the Sines of every Minute of the Quadrant will be 


given. And becauſe the Radius, or the firſt Term 
of the Analogy is Unity, the Operations will be 
with great Fat: and Expedition calculated by My]. 
tiplication, and contracted by Addition. When 
the Sines are found to 60 Degrees, all the other 
Sines may be had by Addition only, (by Cor. x, 


N . Sh 

he Sines being given, the Tangents and Secants 
may be found from the following Analogies, (in 
the Figure for the Definitions ;) becauſe the Trian- 
gles CE D, CBG, CHI, are equiangular, we 


CE:ED:: CB: BG; that is, Coſ.:S ::R: T. 
GB: BC:: CH: HI; that is, T: R:: R: Cot, 
CE: CD:: CB: CG; that is, Coſ.: R:: R: Secant, 


DE: CD:: CH: CI; that is, S:R: : R: Coſec, 


 SCHOLIUM, 


That great Geometrician and incomparable Philoſo- 


pber, Sir Iſaac Newton, was we feſt that laid down 
4 Series converging, in infinitum ; from which, having 
the Arcs given, their Sines may be found. T husif an 
Arc be called 1 and the Radius be an Unit, the Sint 
| thereof will be found tobe CE 


Vs AS A „„ AF. = e 
Ar — 4 — — 1 3g We 7” 
Fete IT 2597 1347.67 K 1. 2. 3.4. 5. G. 7. 8.9 5 
And the Coſine, FT RE E224 
CC RI 
1 5 1434 1. 2. 3. 4. 5. 6 83 1.2.3.4. f. ö. 7. 8 S. 


T heſe Series in the Beginning of the Quadraut when 


the Arc A is but ſmall, ſoon converge. Tor in the Se- 
res for the Sine, if N does not exceed 10 Minuites, the 


wo firſt Terms thereof, viz. A— A“ gives the Sint 


20 15 Places of Figures. If the Arc A be not greater 
than one 7. the three firſt Terms will exhibit the 


Sine to 15 Places of Figures ; and ſo the ſaid Series are 


very 


WY =. S I a >. &, = ©. 


. 


— , 
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very uſefull for finding the firſt and laſt Sines of the 
2 ut. But the greater the Arc 4 Is, e 
ce the Terms of the Series required to have the Sine 
in Numbers true toa given Place of Figures. And they 
when the Arc is nearly Equal to the Radius, the Series 
Convergeres very ſlow. And therefore, to remedy this 
I 8 other {pr ſimilar to the Newtonian 
one, herein, I ſuppoſe, the Arc, whoſe Sine is ſought 
E the Sum and DN AD of two p VIZ. 425 of 
A-: And let the Sine of the Arc A, be called a, 
and the Cofine b. Then the Sine of the Arc A will 


by... * DEL”: 420 hat 
DO COS.” 123 724 14345 — 
Aud the Cofme is, LD 2 


WW A : bz 


88 1.2.3 1.2.3.4 1.347 1.2.34.5.6 


In lite Manner the Sine of the Arc A —2 1s Be 
MM 1D ET a -Ta0---an- 


1.2.34 14345 1-2-34-5:6 
And the Coſine is, GE 
2 a0 bx* F 
. 1.23 T 1.2.3.4 * 1.2. 3.4.5 . 


The Arc A is an Arithmetical Meen between the Arc 
A—z and Az. And the Difference of the Simes are, 
bz az? b 23 22 * | 5 bes . = 225 
"= 7 is as” TT 1.2.34. 7 1-243-4-5-6 Ee. 
% © ES | nr 
Þ = . 1 1.2. 3.4.5. 6 
„ Hhence the Difference of the Differences or ſecond _ 
1 Difference. b . 
| Produce 222% _ 287 3 pe. 
5 88 1.2 127. ＋ 1.2.3.4. . - 
he 7 4 
/ JJC —————_ — — C, 
re 2 1.2 1.2.3.4 1234755 
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arg, and b its Coſine, will become Radius, or 1. And 


| tonian oves. By che fiſtb Propſtion. , 


Ia N. hi-angled Triangle, if the Hypothenuſe be mat: 
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Which Series it equal to donble the Sine of the Mean II. 


Arc, drawninto the verſed Sine of the Arc 2, aud Con- Wis 
verges very ſoon. So that if 2 be the firſt Minute of NN 


the Quadrant, the firſt Term. of the Series gives the ſe- Ipo 


cond Difference to 15 Places of Figures, and the ſecond Wit 
Term to 25 Places. 


From hence, if the Sines of the Arcs diſtant one M;. 
nute from each other be given. The Sines of all the Ares 
That are in the ſame Progreſſion may be found by an ex- WW) 
ceeding eaſy Operation. ; 

In the Ft and ſecond Series, if A So; then ſhall 


hence, if the Terms wherein a is, are taken away, and 
1 be put inſtead of 6, the Series, will become the New. 
tonian. In the third and fourth Series, if A be 90 
Degrees, we ſhall have bo, and a . I hence again, 
taking away all the Terms wherein b is, and putting! 


xaſtead of a, we ſhall have the Newtonian Series ariſe 'l 


BD ote, All the ſaid Series eaſily flow from the Ney- 
NOF 8 11.10 N--A1L. 4 


the Radius, then are the Sides the Sines of their oppo- 
ſite Angles, and if either of the Legs be made the 


Radius, then the other Leg is the Tangent of its op- R 
poſite * and the Hypothenuſe is the Secant of oh 
„„ 5 | Saks | 


that Ang 


TT is manifeſt that CB is the Sine of the Arc CDH 
1 and A B the Coſine thereof; but the Arc CD is the te 
Meaſure of the Angle A, and the Complement of the i": 
Meaſure of the Angle C. Moreover, if AB, in the Fi. DF 
gure to this Propolition, be ſuppoſed Radius, then BU E f 

is the Tangent, and AC the Secant of the Arc BD 
which is the Meaſure of the Angle A. So alſo if B th. 
be made the Radius, then is BA the Tangent, and A des 

the Secant of the Arc BE, or Angle C. WY 
| | ere 


* 
* 
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Therefore as A C being taken as ſome given Meaſure, 


s to BC taken in the ſame Meaſure; fo ſhall the 
Number 10000000 Parts in which the Radius is ſup- 
oled to be divided, be to a Number expreſſing in the 
fame Parts the Length of the Sine of the Angle A; 


that is, it will be 


| . as AC: BC: R: S, A, 
by the ſame Reaſon, as A C: BA: R: 8, C. 
„une & e DC :K:T;A 


PROPOSITION XI. 


The Sides of Plain Triangles are as the Siues of their 
OT oppoſite Angles. _ SN 


3 — — Yd , 


F the Sides of a Triangle, inſcribed in a Circle, be 
des be the Sines of the Angles at the Periphery ; for 
AC at the Periphery; (by 20 El. lib. 3.) and fo 
E is the Sine thereof. For the ſame Reaſon, BF 


ne of the Angle A. BC. 
wht Angle: Whence 4 BC is the Sine of the Angle 


Dun, and then the Angle L ſhall be the Complement 


FD E, (whoſe Sine is BE) = Angle L. Therefore 
BE mall be the Sine of the Angle BAC: And ſo in 


2D") Triangle, the Halves of the Sides are the Sines 


B the oppoſite Angles; but it is manifeſt that the 
Ales are to one another as their Halves. W. W. D. 


. D | 
ere . U | PR O- 


biſected by perpendidular Radii, then ſhall the half | 
e Angle BDC at the Center, is double of the Angle 
e half of every of __ +; BDE=BAC, and 
all be the Sine of the Angle BCA, and AG the 
In a Right-angled Triangle we have BD=ZBC 
Radius (by 31 Excl. 3.) but Radius is the Sine of a 
In an Obtuſe-angled Triangle, let BL, CL, be 


the the Angle A to two Right Angles, (by 22 El. 3.) and 
the they ſhall both have the ſame Sine. But the Angle 
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£4 AB, BC, and Baſe RC. Produce AB to 
ſo that BH BC, then ſhall AH be the Sum of th 


ACE, and its Tangent (putting the Radius EH. 


(V 29 El. 1.) Alſo the Angle HB D= Angle! 
whence FB D fhall be the Difference of the Ang 


half their Difference. Let I G be drawn thro'Ip 
rallel to A. C or BD, and then (by 2 El. 6.) Al 
BI:: CD: DG, but AB=BI; whence we 14 
have CD=DG, but CD=HEF, and ſo HF =D. 


Bes at the Baſe, to ED the Tangent of one halt th. 


PROPOSITION XII. 


In a plain Triangle, the Sum of the Legs, the Diff 
rence of the Legs, the Tangent of the half Sum of 1, 
Angles at the Baſe, and the Tangent of one half the 
Difference, are proportional. 


— 8 — in — _ 


% 


LIT there be a Triangle ABC, whoſe Legs ar 


Legs; and if you make BI=BA, then IH will! 
the Difference of the Legs. Alſo the Angle HB( 
—Angles A+ACB, (by 32. EJ. 1.) and fo EBCt 
half thereof = half the Sum of the Angles A 2 


EC. Again, let BD be drawn parallel to AC, a 
make HFC. Then ſince HBS CB, we ft 
have (by 4 El. 1.) the Angle HBF=CBD=BC! 


A and AC B; and EB D, whoſe Tangent is El 


and conſequently, HGS DF, and + HG =3D 
DE; and becauſe the Triangles AH C, IH G,: 
equiangular, it ſhall be as AH: IH: : HC: HG 
2 HC: HG: : EC: ED. That is, AH the ò 
of the Legs, to IH the Difference of the Legs, f. 
be as E C the Tangent of one half the Sum of the! 


ifference. W. W. D. 
PROPOSITION XIV. 


In a plain Triangle, the Baſe, the Sum of the Sides, 


Difference of the Sides, and the Difference of 
Segments of the Baſe, are proportional. 


LET. D C be the Baſe of the Triangle BC 
about the Center B, with the Radius B C, l 
Circle be deſcribed. Produce DB to G, and fro 


PLAIN 'TRIGONOMETRY. 


let fall BE perpendicular to the Baſe; then ſhall 
DPG =DB＋ BC = Sum of the Sides, and DH 
Difference of the Sides; and DE, CE, are the Seg- 
„ ments of the Baſe whoſe Difference is PF; becauſe 
U Cor. Prop. 33. El. 3.) the Rectangle under D C and 


hall be (by 16 E1.6.) as DC: DG:: DH: PF. 
PROBLEM. 


The Sum and Difference of any two Quantitie s being 
given, to find the Quantities themſelves. © 


F one half of the Sum be added to one half of the 


of the Quantities; and if from one half of the Sum be 
taken hun one halt of the Difference, the Reſidue ſhall 
deequal to the leſſer of the Quantities: For let there be 


BC, then DB will be their Difference, and AC their 
um; which, biſected in E, gives AE or EC the 


B=AEL+EB= the half Sum I the half Diffe- 
lf Difference. 5 V•f. ns 
In any plain Triangle if two Angles be given, the 
ird Angle is alſo given, becauſe it is their Comple- 
kat to ewo Right nt 88 
If one of the acute Angles of a Right-angled Tri- 
ngle be given, the other acute Angle will be given, 
ccauſe it is the Complement of the given Angle to a 
o 3 . 
And if two Sides of a Right-angled Triangle be 
wen, the other Side may be found by the firſt Pro- 
ortion without a Canon e | 


"a Co bs To, 
* | a ] 1 | 1 at 
BC : 
5 | U 2 Thy 


PF, is equal to the Rectangle under DG, DH, it 


Difference, the Ae char ſhall be equal to the greater 
1 


two Quantities AB, B C, and let there be taken AD= 


half Sum, and DE or E B the half Difference. Hence 
ence, and BC=CE—EB= the half Sum — the 
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The Tri gonometrical Solutions of a Right. 
angled Triangle, may be as Ale 
Vid. Fig. A. 


LegAB 


and the 
5 


The 


Hypo- 
thenuſe 
AC, 


Hypo- | 

| IJrhenuſe]. 

PC _|_ 
The 


| fand 'the 
Cie 
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ought 


"The | The 


| Angles. 


KC: A= N28, THEO. 
| As is the Angle A. 


Make a a8 


IU: T of the An. | 
gle A, whoſe Complement i is the 
Angle C. 


pothe- 


Jauſe 2, by 


Tue he 
Le 
AB. 


1 


7 he 7 rigonometrical b 3 of f 
angled Triangles. Vid. Fig. to VO 11 


Jide 


tren | 


3 ie 
4.56 


and the 


AB. 


1 


l he 
Sides 
C. BC and 
A. 


| 


- cs. 


yOughr | 


ue given, to fin 


Make as 


Ss C:$X: SH-BC- Allo 

C: 8 8 1 AC: But w 
two Angles are given, the thirc 
lis alſo given; whence the C 
wherein two Angles and a 8 
the reſt, f. 


Caſe. 


— 


into this 
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U 


Given [Sought | Make as © REY 
All these tncs, C: S, A:: AB: BU. And 
K N 8, C: 8, B:: AB:? BC: Whence 
A,B, CAB, if the Angles are given, the Pro- 
| „ {portions of the Sides may be found, 
1 but not the Sides themſelves, un- 
| jleſs one of them be firit known. 
[ne [The JAB: BC :: 5, C: 5, A; which 
two Angles [therefore may be found. When 
Sides JA and [A B the Side oppoſite to C, the 


AB, [B. given Angle is longer than BC the 

and Vide oppoſite to the ſought Angle, 

C the the ſought Angle is leſs than a 
z3jangle |  Jright one. But when it is ſhorter, 
[oppoſite] jbecauſe the Sine of an Angle, and 

to one | that of its Complement to two 

ofthem.| Right Angles, is the ſame, the 
1 Species of the Angle A muſt be 
555 ſtirſt known, or the Solution will 

pe ambiguous. 5 


lne lhe id. Fig. to eg 6 7 
tro [Angles „ op 4— 0 
Sides Is nd ]ÞC—AB::T,—: T, "If 


AB, C. Whence is known the Difference 
BC, anc} | [ofthe Angles A and C, whoſe Sum 
the inte ſis given; and ſo (by the Prob, 
jacent tollowing Prop. 14.) the Angles 
angle | jchemſelves will be given. 


AI nel tne PPA. Fig. B. Lit the Ferperdicu- 
| bk be drawn from the Vertex to 


AB, the Baſe, and find the Segments 
BC, of the Baſe by Prop. 14. 2:12. Make 
Mac. [xs BC: ACLHAB:: AC—AB: 
1 5 [DC- DB. And to BD, DC, 


Pre given from this Analogy; and 

hence the Atigtes ABD, ADC, 
[will be given by the Reſolution 
will |} If Right-angled Triangles. 


a — 
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DEFINI1TILIQ NS 
HE Poles of a Sphere are two Point 
in the Superficies of the Sphere that at 
the Extremes of the Axis. 

II. The Pole of a Circle in a Sphere 
is a Point in the Superficies of tht 
— Sphere, from which all Right Line 
that are drawn to the Circamference of the Gere, are 

equal to one another. 
III. A great Circle in a Sphere, is that whoſe Plan 
paſes thro" the Center of the Sphere, and whoſe Cente 

is the ſame of that of the Sphere. 3 

IV. A ſpherical Triangle is a | comprehende 


Cas Ea. — 4 


under the Arcs of three great Circles in a Sphere. 
| V. 4 ſpherical Augle is that which, in the Superfic 


of the Sphere, is contained under two Arcs of gre? 
Circles; and this Angle is equal to the Iuclination of 60 
Planes uf the ſaic Circles. 4 


r 1 8 
8 - —__ 4 "a3 2 
— * * Ws x 2 * 
Re > ws 8 . 7 "ee N r 
N _ 722 — 1 a 
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aller the Definitions and Prop 2. |; IE 


PLAIN I RIGONOMETRY. 


PROPOSITION LI 
Great Circles A CB, AF B, mutually * each 


| other. 


= OR ſince the Circles have the tithe Cen- 
{{ ter, their common Section ſhall be a Di- 
12 ameter of each Circle, and ſo will cut | 
them into two equal Parts. 


Coroll. Hence the Arcs of two great Circles in the 
Superficies of the Sphere, being leſs than Semicircles, 
do not comprehend a Space; tor they cannot, un- 
leſs they mect each other in two oppoſite Points 
ina Semicirele. 


PROPOSITION II. 


If from the Pole C C of any Circle AF B, be 3 a 
Right Line CD to the 2 enter thereof, "the ſaid Line 
will be perpendicular to the Plane of that Circle. Vid. 
Fig. to Prop. 1. 


LET there be drawn any Diameters EP, G H, in 

the Circle A. FB; then becauſe in the Triangles 
CDF, CDE, the Sides CD, DF, are equal to the 
Sides CD, DE, and the Baſe CF equal to the Baſe 
CE; (by Def. KY then (by 4 El. 1.) ſhall the Angle 
CDF=Angle CDE; and ſo each of them wilbe- 
a Right Angle. After 'the ſame Manner we demon- 
ſtrate that the Angles CDG, CD H, are Right An- 
gles; and ſo (by 4 EI. 11.) CD ſhall be Perpendicular 
to the Plane o the Circle AFE. W. 


Coroll. 1. A great Circle is diſtant from its Pole by 
the Interval of a Quadrant; for ſince the Angles 
CDG, CDF, are Right Angles, the Meaſures of 
them, Vit the Arcs CG, CF, will be Quadrants. 

2. Greas Circles that paſs thro” the Pole of Tome other 
Circle, make Right Angles with it; and _— 

4 wile 


29 


4 


* 
* 
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wiſe, if great Circles make Right Angles with ſome | 
other Circle, they ſhall paſs thro the Poles of that | 
other Circle, for they muſt neceſſarily paſs thro? the | 


Right Line DC. 5 
PROPOSITION III. 


If a greas Circle E C F be deſcribed about the Pole J; 
then the Arc C F intercepted between AC, AF, is the | 
Meaſure of the Angle CA F, or CDF, Vid. Fig. to | 


rep. 1. 


uadrants, and conſequently the Angles ADC 


W. W. D . 


Coroll. x. If the Ares AC, AF, are Quadrants, than | 
' ſhall A be the Pole of the Circle paſſing thro? the 
Points GC and F; for AD is at Rignt Angles to the | 


8 Plane FDC. (by 14 EL 11.) ON 


2. The vertical Angles are equal, for each of them is | 
equal to the Inclination of the Circles; alſo the 


THE Arcs AC, AF, (by Cor. 1. Prop. 2.) ae 
18 
ADF, are Right Angles. Wherefore (by Def. 6. El. 
11.) the Angle CDF, (whoſe Meaſure is the Arc CFH) 
is equal to the Inclination of the Planes A CB, AFB, I 
and alſo equal to the ſpherical Angle CAF, or CBF. 


adjoining Angles are equal to two Right Angles, 


*PROPOSI1 ION IV, 


Triangles ſhall be equal and congruous, if they have two | 


Sides equal to two Sides, and the Angles comprehendal. E 


5, by nn 74e to Sides alſo equal. 


PROPOSITION v. 


I Ar 


| 


Alſo Tr iqngles Fra be equal and congruous, if . 


together with the adjacent Angles in one Triangle, be 


equal to one Side, and the adjacent Angles of the 


other Triangle, 


5 „„ P R O- 


iſe 


SPHERICAL TRIA NL Es. 


PROPOSITION. VI. 
Equilateral, are alſo mutually 


Triangles mutually 
ES equiangular. 


PROPOSITION. VI. 
In Iſoſceles Triangles, the A ngles at the Baſe are equal. 
PROPOSITION VII. 
And if the Angles at the Baſe be equal, then the Tri- 
| angie ſhall be Iſoſceles, 
Theſe four laſt Propoſitions are demonſtrated in 
the fame Manner, as in plain I riangles. BL 


PROPOSITION IX. 


Any two Sides of a N are greater than the 
ES third. 


OR the Arc of a great Circle, is the ſhorteſt Way, 
between any two Points in the Superficies of the 
phere. . 


PROPOSITION X. 
A Side of a ſpherical Triangle is leſs than a 


Semicirele. 


18 


[ET AC, AB, the Sides of the Triangles ABC 
be produced till they meet in D; then ſhall the 
uc AC D, which is greater than the Arc AC, be a 
F>cmicircle. e 0 
*| PROPOSITION xX. 


ce 75 three Sides of a ſpherical Triangle are leſs than 


a whole Circle. 


OR DB+DC is greater than BC, (by Prop. 9.) 
and adding on each Side BA + AC, DBA+ 
UCA; that is, a whole Circle will be ou "TY 
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AB BC4AC, which are the three Sides of th 
Where Triangle A 8 


PROPOSITION XI. 


* herical Triang le ABC, the greater An * 
. 71 A is fubtended by the greater « Fae wo 


MAKE the Angle BAD=AngleB; * ſhall 
AD = BD, (by 8 of this;) and flo BDC DA 
DC, and theſe * are greater than AC. Where. 
fore the Side BC, that ſubtends the Angle BAC, is 
greater than the Side AC, that ſubtends the Angle . 


PROPOSITION XIII. 


ſpherical Triangle AB C if t the Sum of the Leh | 
vn and BC be greater, equal, or leſs, than a Semi- 
circle, then the internal Angle at the Baſz AC full 
be greater, equal, or leſs, than the external and opp WM 
ſue Angle BC D, and ſo the Sum of the Angles A 
and AC B fhall alſo be greater, TY or leſs, tba 
uo * ugles. | 


| 
( 
[ 
PIRST, let AB+BC= dd. then : 
. B C=BD, and the Angles BCD and D 0 
equal, (% 8 of this,) and therefore the Angle BCD 
thall N Angle A. bh 
Secondly, Let AB+BC be reater than ABD; Fu 
then ſhall 'C be greater than BD; and ſo the Angle 1 
D (that is, the Angle A, by 12 of this) ſhall be greater 
than the Ang le B P. In like Manner we demon 
ſtrate, if AB. BC be together leſs than a nemicircle 
that the Angle A will be leſs than the Angle BCD 
And becauſe the Angles BCD and BCA, are=twc 
Right Angles; if the Angle A be greater than thi 
Angle BUD, then ſhall A and BCA, be greater that 


two Right Angles; if the Angle A=BCD, the die 

| hall A and BCA be equal to two Right Angles. Av Are 

if A be leſs than BCD, then will A and BCA» FI 
leſs than two Right Angles. W. W. D. 

Dy 

dral 
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PROPOSITION, XIV. 


, any ſpherical Triangle & HD, the Poles of the 
Sides being joined by great Circles, do conſtitute ano- 
ther Triangle X MN: which 1s the Supplement of the 
Triangle 6 D, viz, the Sides NX, XM, and 
NM, Hall be Supplements af the Ares that are the 


aud the Arcs that are the Meaſures of the Angles 


and HD, 10 Semicircles. 


GM = Quadrant, (by Cor. 1 Prop. 2.) and ſince H is 


E cauſe D is the Pole of the Circle X BN, and H the 
Pole of the Circle TMN, the Arcs D N , HN, will 
be Quadrants; and ſo (by Cor. 1. Prop. 3.) N ſhall 


DX, are Quadrants, X will be the Pole of the Circle 
GD. Theſe Things premiſed. 3 
Becauſe N K =Quadrant, (Cor. 1. Prop. 2.) then 
will NK+X B, that is, NX -K B= two Qua- 
drants, or a Semicircle; and ſo N is the Supple- 
ment of the Arc K B, or of the Meaſure of the An- 
aa ce HD G to a Semicircle. In like Manner, becauſe 


nor MC == Quadrant, and X A= Quadrant, then will 


ele MCL XA; that is, XM AC two Quadrants, or 
demicirele; and conſequently XM is the Supplement 


tu; of the Arc AC, which is the Meaſure of the Angle 
HGD. Likewiſe, ſince MO, NT, are Quadrants, 


we ſhall have M O+NT=OTA4-NM= Semi 
circle. And therefore N M is the Supplement of the 
Are OT, or of the Meaſure of the Angle GH D, to 

W : dcmicircle. W. W. D. 1 N 
Moreover, becauſe DK, HT, are Quadrants, 
DK+HT, or KT + HD, are equal to two Qua- 
kant, or a Semicircle. Therefore K J, or the Mea- 
R ure of the Angle X NM, is the Supplement * 
. AX Mo 


Meaſures of the Angles D, G, H, to the Semicircles ; 
4 N, well be the Supplements of the Sides & H, 
PROM tae Poles G, H, D, let the great Circles XC 
L AM, TMNO, XK BN, be deſcribed ; then becauſe 
G is the Pole of the Circle X CAM, we ſhall have 
- W tic Pole of the Circle T MO, then will HM be alſo 


2 Quadrant; and ſo (by Cor. 1. Prop. 3.) M ſhall be 
"WE the Pole of the Circle G H. In like Manner, be- 


be the Pole of the Circle HD. And becauſe G X, 


rr 
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Side HD to aSemicircle. After the ſame Manner it 

is demonſtrated, that O C, the Meaſure of the Angle 
X MN, is the Supplement of the Side GH, and BA | 
the Meaſure of the Angle X, is the Supplement of 
the Side GD. W. W. D. „ 1 


PROPOSITION XV. 
Eguiangular ſpherical Triangles are alſo equilatery|, 
OR their Supplementals (by 14 of this) are equi- | 
L (lateral; and therefore equiangular alſo; and {6 | 
1 themſelves are likewiſe equilateral, (by Part 2. Prop, 


:-PROQPOSITION: N.. 
| The three Angles of wh wa gs Triangle, is preate | 
3 I than two Right Angles, and leſs than fix. | 


T7 OR the three Meaſures of the Angles G, H, D, | 

together with the three Sides of the T riangle | 

XN M. make three Semicircles, (by 14 of this;) but | 
the three Sides of the Triangle X NM, are leſs than 

two Semicircles, (by 11 of his.) Wherefore the three | 

| Meaſures of the Angles G, H, D, are greater than a 


Semicircle; and ſo the Angles G, H, D, are greater th 
than two Right Angles. IT 
| The ſecond Part of the Propoſition is manifeſt, for Ki 


in every ſpherical Triangle, the external and internal 
Angles together, only make ſix Right Angles; where- K. 
fore the internal Angles are leſs than fix Right Angles, ] ** 


SHE RICAL TRIANGLES: 


PROPOSITION XVI. 


If from the Point R, not being the Pole of the Circle 


AFBE, there fall the Arcs RA, RB, RG, RV, 


of great Circles to the Circumference of that Circle; 

then the 115 of thoſe Arcs is RA, which paſſes 
 #bro* the 5 

the leaſt; and * that are more diſtaut from the 


ole C thereof; and the Rewainder of it is 

_ greateſt are leſs than thoſe which are unarer to it 
and they make an obtuſe Angle with the former Circle 
AFB, oz the Side next to the greateſt Arc. Vid. F ig. 
to Prop. 1. ED | 


BEcauſe Q is the Pole of the Circle AFB, then 
be 


ſhall CD and R 3 is parallel thereto 
perpendicular to the Plane AFB. And if SA, SG, 


S V, be drawn, then ſhall 8 A (by 7 EL. 3.) be greater 
than S G, and SG greater than 8 V. Whence in the 


Right-angled plain Triangles RS A, RSG, RSV, 


we ſhall have RSq+ S Aq, or RAq, greater than 
RSq＋ S Gq, or R Gq; and ſo RA will be greater 


than RG, and the Arc RA greater than the Arc RG. 
In like Manner, R Sq +5 Gq, or R Gq ſhall be greater 
than RS SVq, or RVq; and ſo RG ſhall be greater 


than RV, and the Arc R G greater than the Arc RV. 


2dly, The Angle RGA is greater than the Angle 


CG A, which is a Right Angle, (by Cor. Prop. 3.) 


and the Angle R V A is greater than the Angle CVA, 
which alſo is a Right Angle. Therefore the Angles 
RGA, RVA, are obtuſe Angles. | X 


PROPOSITION XVII. 


ln a ſpherical Triangle right-angled at A, the Legs 


containing the Right Angle, are of the fone Affection 
with the oppoſite Augles; that is, if the Legs be greater 
or leſs than e, then Sy will the Augles 
oppoſite to them be greater or leſs than Right Angles. 
Vid. Fig. fo. Prop. 1, TL 


FO R if A C be a Quadrant, then will C be the Pole 

of the, Circle A F B, and the Angles A G C, or 
VC, will be Right Angles. If the Leg AR be 
pccater than a Waren, then ſhall the Angle AG $ 
| e 
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be greater than a Right Angle, (by 17 of this;) and if 
he Tan AX be leſs than a Quadrant, the Angle AGX 
ſhall be leſs than a Right Angle. 


PROPOSITION XIX. 
#F# two Legs of a right-angled ſpherical Triangle be of 


the ſame Affection; (and conſequently the An les,) | 


that is, if they are both leſs or both greater thay 4 


Quadrant, then will the Hypothenuſe be leſs than a | 


Quadrant. Vid. Fig. to Prop. . 
IN the Triangle A RV, or BRV, let F be the Pole 


of the Leg AR, then will RF be a Quadrant, 


155 which js. greater than RV, (by 17 of this.) 
PROPOSITION XX. 


if they be of a different Affection, then ſhall the Hypo- 


thenuſe be greater than a Quadrant. Vid: Fig. to 
„ e 


OR in the Triangle A R G, the Hypothenuſe 


R is greater than RF, which 1s a Quadrant. 
PROPOSITION XXI. 


File Hypothenuſe be grey than a Quadrant, then the 

Legs of the Right Angle, and ſo the Angles oppoſite to 

them, are ofa: differentTAecion ; but if 1 fe, of 6 
 (hepameApedion. Vid. Fig. to Prop. I. 


| THIS Propoſition being the Converſe of the for- 


mer ones, eaſily follow from them. 


PROPOSITION XXII. 


In any [| Pe Triangle A B C, if the Angles at tht 
| Baſe B and C, be of the ſame Affection, then the 
Perpendicular falls within the Triangle; and if they 
be of a different Affection, the Perpendicular fall 
without the Triangle. 3 e 


| 1 N the firſt Caſe, if the Perpendicular does not fall 
within, let it fall without the Triangle, (as in Fig. 2 


then in the Triangle ABP, the Side AP is of the 1ame 
| p Toke Affection 


Pre C7 4 Ky 
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Affection with the Angle B. And in like Manner, in 
the Triangle ACP, AP, is of the ſame Affection with 
the Angle ACP. Therefore fince ABC, and ACP, 
are of the ſame Affection, the Angles ABC, ACB, 
ſhall be of a different Affection; which is contrary to 
the Hypotheſis. 2. 


In the ſecond Caſe, if the Perpendicular does not 


fall without, let it fall within, (as in Fig. 1.) Then in 
the Triangle A BP, the Angle B is of the ſame Aﬀec- 
tion with the Leg AP. So likewiſe, in the Trian- 
gle ACP, the Angle C is of the ſame Affection with 


AP; and therefore the Angles B and C are of the 
ſame Affection; which is contrary to the Hypotheſis. 


"PROPOSITION XXIII. 
In ſpherical Triangles BAC, BHE, right-angled at 
A and H, if the ſame acute Angle B be at the Baſe 
BA, or BH, zhen the Sines of the Hypothenuſes ſhall 


be proportional to the Stnes of the perpendicular Arcs. 


O Rthe a Lines CD, EF, being perpendicu- 
lar to the ſame Plane, are parallel. Alſo F R, 
DP, perpendicular to the Radius O B, are likewiſe 
parallel; wherefore the Planes of the T riapgles EFR, 
CDP, are alſo parallel, (by 15 El. 11.)/ Wherefore 
CP, ER, the common Sections of thoſ: Planes, with 
the Plane paſſing thro' BE, CO, will be parallel, 
(by 16 EI. 11.) Therefore the Triangles CDP, EF R, 
ſhall be equiangular. Wherefore CP the Sine of the 
Hypothenuſe BC, is to CD the Sine of the perpen- 
dicular Arc CA, as ER the Sine of the Hypothenuſe 
2 15 EF, the Sine of the perpendicular Arc EH. 
6 D. | Ry | | 3 


PROPOSITION XXIV. 


The ſame Things being ſupppoſed, AQ, HK, the Sines 
of the "Ys are ed 70 IA, G H, the Tan- 


gents of the perpendicular Arcs. 


F OR after the ſame Manner, as in the laſt oy 14 


fition, we demonſtrate that the Triangles QA1, 
KHG, are equiangular; whence QA: AI::KH: 
HG. P R O- 


1 Perpendicular to the Radius. 


Prop. 2 of this,) and & the Pole of IF CB; alſo AE | 
will be=Complement of the Arc BA, and FE the 


CASH D, and DC their Complement. Theſe | 
Things premiſed in the Triangles HIC, DCF, right- | 
angled at I and F, and having the ſame acute Angle | 


AE is leſs than a 
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PROPOSITION xxv. 

In a ſpherical Triangle A B C, right-angled at A. 2 
the Cofue of the le B, at the Baſe B A, is 2 : 
Sine of the vertical Angle A CB, ſo is the Cofine of | 


PREPARATION. 

ET the Sides A B, BC, CA, be produced, ſo 
that BE, BF, CI, CH, be Quadrants; and from 
the Poles B and C, draw the great Circles E FD G, 1 
IHG, then will the Angles at E, E; I, H, be Right 
Angles. And ſo D is the Pole of BA E, (by Cor. 2. 


Meaſure of the Angle BG D, and DF their Com- 
plement: Alſo B C ſhall be=FI=Meaſure of the 
Angle G, and CF their Complement. Likewiſe | 


C, ſince BA is leſs. than a Quadrant, it will be as 8, I 


DF: S, HI::S, DC: 8, HQ; that is, the Cofine | 
of the Angle B, is to the Sine of the vertical Angle 
BCA, as the Coſine of CA is to Radius. W. W. D. [! 


PROPOSITION XXVI. 


The Cofine of the Baſe: Cofine of the Hypothenuſe 85 
. R: Coſ. of the Perpendicular. . f 


O Rin the Triangles AED, CFD, tight-angled 

Tat E, F, having the ſame acute Angle D; becauſe 

a Tray we have 8, EA: 8, CF 
„ WWD: 


PROPOSITION xxvn. 


* the Baſe: R:: T, of the Perpendicular: T, of 
the Angle at the Baſe. 


OR i in the Triangles BAC, BE F, right- angled 
at A and E, and having the fame acute Angle B; 


becauſe A C is leſs than a Quadrant, we have S, BA: 
5 E: 1, AC: T. EF. W. W. D. 


PRO P O SIT I oN XXVIIL 


(of of the vertical Angle: R: T, of the Perpendix 
= ealar: T, of the Hypothenaſe. 


N the Triangles G1 F, GHD, right-angled at I 
and H, and having the ſame acute Angle G, be- 
cauſe 115 is Jeſs than HC, or a Quadrant, it is as 
56H :8, G:: T, HD: 88 . 


PR OP O 8111 ON XXIX. 


5 of the  Hypotbenaſe: : 8, of the Perpendicular : : 
8, of the Angle al ' the Baſe. 


F. the aforeſaid Triangles, we have 8, IP: S, GF 
8, HD: 8, GP). 


PROPOSITION XXX. 


R. Cof. of the Hypothenuſe : : T, of the vertical 
Angle: Coz. of the Angle at the Baſe. 


IN the Triang les HIC, DF C, right-angled at 
[ and F, hs having the ſame acute Angle C, be- 

eule DF is lefs than a Quadrant, we have 5 CT. 

E:: F. HI: T, DF, that is, R: Coſ. BC: 


FG: Cor. B. 


The laſt fix Propoſitions a are ſufficient for ſolving 
ul the ſixteen Caſes of Right-angled ſpherical Trian- 
ples. Theſe ſixteen Caſes, with their Analogies de- 
ud from the ſaid Propoſitions, are as follows: 


X iv en 
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{Given Sought id. Fig. to Frop. 25, 26, 27, 28, 
ba | 29, 30. | 
ne 
Right 
Angle 1 3 
IAC: EB R: Cof. CA:: 8, C: Col. B off Bri” 
1 ſand C. [rhe ſame Kind with CA. 
Ke. dor GA: N:: Co. B: 5, C | 
2 and B. his is ambiguous. 
BB and AC. S, C: Cot. B:: R: Coſ. CA off by Prop, 
"> ED 3 ſame kind with the Angle B. 78 and 
BA, BC. R: Coſ. BA:: Cof: AT: Col. by Froh. 
. BC. If BA, AC, be of the ſame| 26. 19, 
7 Affection, and nor Quadrants, then and 20 
4 BC will be leſs than a Quadrant. 
If they be of a different Affection, 
B C ſhall be greater than a Qua- 
* 5 drant. „ | 
} BA, } AC. (Co. BA: R:: Col. BG: Col. U Prop, 
6 CA. If BC be leſs than a Qua- 26 and 
wu 4 + drant, then ſhall BA and CA be of| 21. 
* ny the ſame Affection, if greater, of aj 
a 7 _ [different ; but B A is given, and 
[therefore the Species thereof. 
Wherefore the Species of AC is 
3 falſo given. 0 
, . ,n, e 
M's ame Affection with the” oppoſite 
Ht ECL | 
BA, B. AC. jR:S, BA::T,B:T,AC of the 
7] | fame kind with wo.” - 
AC, B BA. I, B: R:: I, CA: d, BA am- 
8 biguous. 
14 


„ 


9 
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—Given Sonrhe . 
= 90 


BC, 80, C. ACR: Coſ. C: 1A TCA. By Prop. 

5 [f B C be leſs than a Quadrant, 28 and 

. ; the Angles GC and Bare of the fame[21. 

q Affection, if greater, of a different 
| [Therefore if the Species of the An- 


Igle B be given, then will AC be 
given. 


AC, C.] BC. [Coſ. C: R: . CR T. B C. 2 
7 3” - T0 © Angle C, and C A. 28, 20, 
3 be of the ſame Affection, then BE 1... 


ſhall be lefler than a Quadrant, it 
ſof a different, Kroner: 


SV RK a: "Cor C. by Prop, 
I' B C be leſs than a Quadrant, 28, and 
then CA and B A, and conſequenr-|21. 
ly the Angles, ſhall be of the ſame | 

Affection, if greater, of a different. 
but the Species of CA is given. 
Therefore the Species of the An-. 
[gle C will be alſo given. 


* 


: „ 8, EC , B: SAC otſby Prop. 


the ſame . with B. 29, and 

7 1 
8 B. 8. Nel KR: 8, BC ambi- Oy Prop. 
|  ſguous. 18 


|S; FORT: F. XC 5, EB or tic Drop,” 
[fame 97 1 with CA. N 


re :- Cot. BF: Coſ. B C.|by Prop. 
And ſo if the Angles B and C are 30, 19, 
of the ſame Affection, then ſhalljand 20. 
BC be leſs than a Quadrant, it of 
Ja different, greater. 


c. 


X 2 = Given 


308 The ELEMENTS of 
alven jlought} | 
beſides 
he 
Right 

Angle. 


. KN Col. BC: Io it 0X "Tot, B. 
| JAndfo if BC be leſſer than a Qua- 
Asrant, the Angles C and B ſhal] be 
1 | | Þf the ſame Affection; if greater 
| 10 5 of a different. But the Species of 
1 [the Angle C is given; therefore the| 
1 5 1 _ [Species of the Wale * will be 87 5 
BY Iven allo. 
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cal Triangles, by the five circular 
ä TS 


HE Lord Napier, (the Noble Inventor of Loga- 
rithms,). by a due Conſideration of the Analogies, 


Dy which Right-angled ſpherical Triangles are 
ae ſolv'd, found out two Rules, eaſy to be remem- 
bered, by means of which, all the ſixteen Caſes may 
be ſolved ; for ſince, in the theſe Triangles, beſides 


tbe Right Angle, there are three Sides and two An- 


les; the two Sides Comprehending the Right An- 


le, and the Complements of the Hypothenuſe, and 
e two other Angles, were called by Neprer, Circular 


arts, and a third is ſought ; one of theſe three which 


der two Parts, which are called Adjacent Extremes, 
ris ſeparated from them, and then are called Oppo- 
te Extremes; ſo if the Complement of the Angle 
(Fg. to Prop. 25.) be ſuppoſed the middle Part, then 
e Leg AB, and the Complement of the Hypothenuſe 


lo if the Complement of the Hypothenuſe BC, be ſup- 


ws AB, AC, are oppoſite Extremes. In like Man- 
r, ſuppoſing the Leg A B the middle Part, the 
omplement of the Angle B and A C, are adjacent 
tremes; for the Right Angle A does not interrupt 
Je Adjacence, becauſe it is not a circular Part. But 
e Complement of the Angle C, and the Comple- 
enc of the Hypothenuſe BC, are oppoſite Extremes 

the ſaid middle Part "Theſe Things premiſed. 


RUEE-L 
any Right-angled ſpherical Triangle, the Rectangle 
under the Radius, and the Sine of the middle Part, is 
qual to the Rectangle under the Tangents of the adja- 


ent Parts. X x RULE 


Of the Solution of Right-angled Speri- 


Parts. And then there are given any two of the ſaid 


«called the Middle Part, either lyes between the o- 


C, are adjacent Extremes Parts; but the Complement 
che Angle C, and the Side AC, are oppoſite Extremes. 


oſed the middle Part, then the Complements of the 
Ingles B and C are adjacent Extremes, and the 


gin 


* . oe! $ 
— ns — — = 
—_—— . AE Ne K r — ES 


_ 4.1 ee 
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C, or the Complement of the Hypothenuſe BC; ; Or | 
one of the Legs, AB, AG. 


the middle Part. Then ſhall AC, and the Comple 


ment of the Hypothenuſe BC, be adjacent Extremes 


"BC: Cor BC: . (as has been before ſhewn.) 
RX CO. C T, ACxCot. BC. 


plement of the Angle C. (and by Prop. 25. as tg 
Coſine of the Angle C, to the Sine of the Ang! 
CD F, ſo is the Coſine of DF to Radius. But th 


N n that is, Radius drawn into the Sine oft 
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R U L E. II. 


T he Rectangle under the Radius, and the Sine cf he | | 
middle Part, is equal to the Rectanglt ander the Coci 
ſmes of the oppoſi ite Parts, 


Each of the Rules have three Caſes. F or the mid- | | 
dle Part may be the Complement of the Angle B, or | 


Caſe 1. Let the Complement of the Ang le 0 def 


By Prop. 28. the Coſine of the Vertical Angle C istof 
Radius, as the Tangent of CA, is to the Jangent off 


the H ypothenuſe B C. Then (b N Alternation) we 
ſhall have Co: C: TCA: : R I. Se. Bur: H 


Wherefore Coſ. C: . AC: ; Cot. BC: R; whencd 


And the Complement of the Angle B, and AB, arc 
oppoſite Extremes, to the ſame middle Part, the Com 


Sine of CDF=, AE = Coſ. BA, and Coſ. DF 
S, EF 28, An le B. Whence it Will be as Coſ. C 
Coſ. BA: 28, : R. And Rx Coſ. C ee 


middle Part, is equal to the Rectangle under the C 
ſines of the oppolite Extremes. 


Caſe 2. Let the e of the H. ypothenu 
BC, be the middle Part ; then the Complement 
the Ang les Band C, will be adjacent Extremes. Int 
Tm Pe DCF (b y Prop. 27 it isasS, CF: R.: T, 

Vence e 8, GF: T, PF :: Pom 
T C Cot.C:R. But 8, F'= Coſ. BC and 0 as 
DF ot. B. Wherefore R x Coſ. BC==Cot. C AC 
Cot. B; that is, Radus drawn into the Sine of 4} 
middle part, is equal to the Product of the I ange 
ot the adjacent extreme Parts. ; 
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And A'B, A C, are the oppoſite Extremes to the 
{aid middle Part, wiz. the Complement of BC; and 


(by Prop. 26.) Coſ. BA: Coſ. B C : RO. AG. 
Wherefors we ſhall have RX Coſ. BC Coſ. BAx 


Caſe 3. Laſtly, Let AB be the middle Part and 
then the Complement of the Angle B, and AC will 
be adjacent Extremes, (and by Prop. 27.) S, AB: 


T..CA x Cot. B. 


e C, are oppoſite Extremes to the ſame middle Part 


W=Coſ. AE=S, AB, and 8, G=S, IF=S, BC. 
Ao Coſ. GH=5S, HIS, C. Wherefore it will 


T eas 5, AB: 8, BC::S,C:R. And hence RX S, 
n.) W=S, BCXS, C. | 5 . 
e And fo in every Caſe the Rectangle under the Ra- 


as, and the Sine of the middle Part, ſhall be equal 


f the adjacent Extremes. And conſequently if the 


16. E/. 6.) the unknown Parts may be found by the 
kule of Proportion. And if the Part ſought be the 


de Radius, and the ſecond and third, the Tangents or 
olines of the extreme Parts. If one of the Extremes 

de ſought, the Analogy muſt begin with the other; 

nd the Radius, and the Sine of the middle Part, muſt 

e put in the middle Places, that ſo the Part tought 
ay be in the fourth Place. . 


N Oblique-angled Spherical Triangles (Fig. to Prop. 


31.) BCD, it a perpendicular Arc A C be let fall 
tom the Angle C to the Baſe, continued, if need be, 


AC, DAC, then by thoſe Right-angled Triangles, 
lay moſt of the Caſes of Oblique-angled ones be ſolved, 


P R O- 


ot. C 
of t 


nge 


At 


C : hence, „ TB: FAK: 
KI, Be: Cot, B: R. And fo R&S, AB = 


Moreover, the Complements of BC, and the An- 


AB; and in the Triangle GHD (by Prop. 25.) we 
we Coſ. D: S, DGH : : Cof GH: R. But Cof. 


tothe Rectangle under the Coſines of the oppoſite Ex- 
remes, and to the Rectangle under the Tangents 
Wioreſaid Equations be reſolved into Analogies, (by 


middle one ; then ſhall the firſt Term of the Analogy 


das to make two Right-angled Spherical Triangles 
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F OR Coſ. BC: Coſ. BA: : / Cof. CA: 8591 


B 


DA: : T, of the Angle D: T, AC. Then will itbe 
23. EI. 5.) 8, BA: 8, DA: : T, Angle D: T, Angle B. 
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PROPOSITION XXXI. 


The Coſines of the Angles B and D, at the Baſe BD, | 


are proportional to the Sines of the Vertical Angles | 
BCA, DCA. 9 | 


Fer Coſ. Angle B: S, BCA: : (Cof. CA: R: :) 


Coſ. D: 8, DCA. (by 25. of this.) 
PROPOSITION XXXII. 
The Coſines of the Sides BC, DC, v7 ana 0 
the Coſines of the Baſes BA, DA. | 


Cof. DG: Coſ. DA. (by 26. of this.) 
"PROPOSITION. Xxx. - | 
The Sines of the Baſes BA, DA, are in a reciprucal | 

1 of the Tangents of the Angles B and D a 
the Baſe BD. ee 


ECA USE (by27.of this.) 8, BA: R:: T, AC: 
T. of the Angle B. And by the ſame inverſely, R: 5, 


(by the Equality of purturbate Ratio, according to Prop 


PROPOSITION. XXXIV. 


The Taugents of the Sides BC, DC, are in a recipro- 
cal Proportion of the Cofines of the Vertical Angle 
BCA, DCA, i _ 


| ks by alternating the the 28th Prop. We 
+ have e | x 
TER CA Cord 
and by the ſame R: Coſ. DC A:: T, DC: T, CA 
Wherefore by Equality of perturbate Proportion. 
I, BC: Cof. DCA; : T, DC: Coſ. BC! 


PRO 


Sad SEE V 8875 


K 2 
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PROPOSITION, XXXV. 


The Sines of the Sides B. C, DC, are proportional to the 
Sines of the oppoſite Angles D and B. 


PECAUSE by the 29th of this, 8, BC: R:: 8, CA: 

S, of the Angle B. And by'the ſame, inverting 
R:S, DC:: S, Angle D: 8, of CA, whence by 
4 55 of perturbate Ratio, 8, BC: 8, DC:: 8, D: 


9 


PROPOSITION. XXxVI. 


In any Spherical Triungle A BC, the Rectangle CF 
_ XAE, or FMXALE, contained under the Sines of 
the Legs BC, BA, is to the Square of the Radius, as IL ” 
or TA—LA zhe Difference of the verſed Sines of the 
Baſe CA, and the Diſſerence of the Legs AM, to 
GN, the verſed Sine of the Angle B. | 


4-4 ut Circle PN be deſcribed from the 
Pole B; and let BP, BN be Quadrants, and 
then PN is the Meaſure of the Angle B; alſo deſcribe 
from the ſame Pole B a leſſer Circle CF M thro” C; 
:5,M the Planes of theſe Circles ſhall be perpendicular to 
irbel the Plane BON, (by the 24 of this.) And PG, CH 
rp. being perpendicular in the ſame Plane, fall on the 
B. common Sections ON, FM; ſuppoſe in G, H. 
Again draw HI, perpendicular to AO, and then the 
Plane drawn thro' CH, HI, ſhall be perpendicular 
to the Plane AOB. Whence AI which is perpendicu- 
pro lar to HI will be perpendicular to the Right Line CI, 
glei (by Def. 4. EI. 11.) and ſo AI is the verſed Sine of 
the Arc AC, and A the the verſed Sine of the Arc 
AM = BM — BA = BC — BA. The Iſoſceles 
Triangles CFM, P ON, are equiangular, ſince MF, 
NO, as alſo CF, PO (by 16. EI. 11.) are parallel. 
Wherefore, if Perpendiculars CH, PG be drawn to 
the Sides FM, ON, the Triangles will be divided 
ſimilarly, and we ſhall have FM: ON: : MH: GN. 
Alſo, becauſe the Triangles AOE, DIH, DLM, 
are equiangular, we ſhall have AE: AO: IL: MH. 


But 


The ELEMENTS of 


But it has been proved that F M : ON :: MH: GN. 
Wherefore it ſhall be as AEXFM : AO x ON : 


IL *x MH: MHx GN, or as IL to GN, that i is, 
the Rectangle, under the Sines of the Legs, is to the 


Square of Radius, as the Difference of the verſed Sines 
of the Baſe, and the Difference of the Legs B + BA, 


is to the verſed Sine of the Angle B. W. D. 


PROPOSITION XXXVIL 


The Difference of the ven ſed Sines of two Arcs draws 


intRadins, is equal to the Rectangle under the Size | 
of half the Sam and the Siue of half the —— f 
"we Ares. - 1 


E T there be two Arcs BE, BF, whoſe Diffe- | 
rence EF, let be biſected in D; then ſhall BDbe 
Fl half Sum, "and F D the half Difference of thoſe 
Arcs. G E= I L is the Difference of the verſed Sines 


of the Arcs BE, BF; alſo FO is the Sine of the half 
Differencs of the Arcs. And becauſe the Trian les CDR, 
5 5 G, are <quiangular, we have DK: G (CD: 


542 z EE. Whence D K* 5 


DKXFO=GEX! 2 CD=ILX2 CD. W. W. P. 


PRO PY OSI ION XXXVIII. 


The verſed Sine of any tire: drawn into the half the Ra- 


dins, is equal to the Square of the Sine 7 one half of 
the ſaid Ar tre. 


THE Triang les C B M, D E ne equiangular 


ſince the Angles at M and E arc Right Angles, and 


the Angle at B is common. Wherefore EB: BD:: 


BM : BC. And then will E BXBC=BMxBD; 


and EBxX4BC=BMx zDD=BMq. W. W. D. 


p R O- 
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PROPOSITION XXXIX. 


In any Spherical Triangle ABC, whoſe Legs containing 
the Angle Bare BC, AB, and Baſe ſubtending 
that Angle AC: If the Arc AM be taken = Diffe- 
rence of the Legs =BC— AB. Then ſhall the Re&- 
angle under the Sines of the Legs BC, BA, be to 
the Square of the Radius, as the Rectangle under the 
Sine of the Arc AC} AM, and the Sine of the Arc 


AC—AM is zo the Square of the Sine of one half of 
the Angle B. Vid, Fig. to Prop. 36. 


RE CAUSE the Rectangle under the Sines of the 

| © Legs AB, BC, is to the Square of Radius, as 

IL is to the verſed Sine of the Angle B, or as 4 Rx 
IL to z R drawn into the verſed Sine of the Angle B 
(by 8 36. of this.) And fince 4 RxI L=ReQan- 
gle under the Sines of the Arcs A C+ AM, and 


AC— A Md(by Prop. 37. ofthis.) And alſo 4 R drawn. 
into the verſed Sine of the Angle B is equal to the 
Square of the Sine one half of the Angle B. Therefore 
o the Rectangle under the Sines of the Sides to the 
f Square of Radius, ſhall be as the Rectangle under the 
Sines of the Arcs AC AM and AC—AM, is to 


| | | 5 "HF |  Þ | 
0 the Square of the Sine of one half the Angle B. W. 
d W. D. Os ; 
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The ae Ca ſes of Oblique-an led "TN 1 
rical Triangles are as 5 ww. } 


In the Ori- 
ginal, the 


was thus, 
Co. BC: 
R:: TB: 
Cot, BCA. 


This Propo- WW 


rion iu the 


Original 
was as in the 


fore going. 
De Species < 


of the An- 


gle BCA | | 
ma be | 


known by 
Prop. 18 


and 19. 
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"a 


c 


wen. ſought. 


Is 
[Angles | Angle 
e. c | 


land BC. 
1 


10 


1 8 


* WHT — 


. dan of the Angles BCA, 
ff the Perpendicular falls Within the 
without, will be BC D. Whe- | 
[ther the Perpendicular falls within, 
ſor without the Triangle, 
from the Affection of 
the Angles B and D (by 22. of this,) 
which Admonition ought to be ob- 


 tknown 


— 
— —— 


make AS 


44 Prop. 30. of this. ) Alſo Coſ. B 
BCA :: Col. D: 8, DCA 
(by 3 1. of this. ) Wherefore the 


Triangle, or the Difference, if it falls 


ſſerved in the following Solutions. 


e [Angle R: Co. BC-::T, B: Cor. BCA | 
IB, BCDUD. Prop. 30. of this.) And 8, B CA: 
land the De: ol B* Cof. D (by 
Side Prop. 31. If BCA be leſs than 
1 CD: the Angle D ſhall be of the 
fame Affection with the Angle B. 
| {IF BCA be greater than the Angle 
BCD, then the Angles B and 
1 5 be of a different Affection, by 
LEG the Convertc of . „ 
Ihe fie JR: Co. B:: 4, BC:'EF; BA 
. [Sides [Side [(by 28, of this. ) and Coſ. B G:: 
BC, CDIBD. Coſ. BA: : Cof. DC: Coſ. DA 
and the] (by 32. of this. ) the Sum or Diffe- 
Angle rence of BA or DA, according 
B. as the Perpendicular falls within, 
or without the Triangle, is equal 
to BD, which cannot be known, 
unleſs the Species of the * D 
be firſt known. 5 
Given. 


R: Co- BC -: T. B: Cot. BCA. 1 


DCA, 


may be 


eien 
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„ —_— — 8 —— 


— — 


Given. ſought. make as 


R: Cor. H.:: T, BC:T, BA, 


| [The The 
Sides [Side [(by 28. of this.) and Gof. BA: 
BC, DBC D. fCof. BC: : Col. DA *Cof. DC. 
and the. (by Prop. 32. of this.) According 
17 Angle las DA is ſimilar or difimilar to 
a CA, or to the Angle BDC, ſo 
I hall DC be leſſer or 1 
l [a Quadrant, (by 19. and 20 of this.) 
i jAngle Ide R: Co. Bt: I, BU: TBA, 
IB, D, [Side (by 28. of this.) And T, P: T, 
Fland theJBD. |]B :: 8, BA: S, DA (by 33. f 
Side Ichis.) The Sum or Difference of 
BC. which BA and DA is = BD. 
; [The [Angle R: Coſ. B:: I, BO: I, BA, 
Sides D. (by Prop. 28. of this.) and 8, DA : 
.:: T, B: I. D. (by 33. 
ſand the} j;of this.) According as BDis greater 
| [Angle | or leſſer than BA, the Angle D 
. Ichall be ſimilar or diſſimilar to the 
FFV 
be be Col. BC: R:: Tor. B: T, BCA, 
| [Sides  |I(by 30. of this.) and T, DC: T, 
BC, DOE. „B C:: Coſ. BCA: Coſ. DCA, 
and the. up (by 34. of this.) Ihe Sum or Dif- 
Angle CG [ference of the Angles BCA, DCA, 
Z. _ [according as the Perpendicular falls 
3 within or without the Triangie, is 
. equal to the Angle BED. © 
[The [«: *-: JEoEBC:R::Cor B: T, BCA, 
( [Angles|.,CD. (by 30. of this.) Alſo Coſ. 
BCD, B De: Co. BCA :: T, BC: 
and the. T, DC, (by 34. of this.) If the 
| [Side Angle DCA be ſimilar to the An- 
BEC. _ (gle B (that is, if AD be ſimilar to 
3 CA,) then DC ſhall be lefs than 


| [a Quadrant. If the Angles DCA 


and B be diſſimilar, then D © ſhall 


joe greater than a Quadrant, which 


20. of this.) 


__ Given. 
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follows (from Prop. 18, 19 and 
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Nen. ſought. make as 


8, CD: 8, B 8, BC: , 
which is Ambi uous. The Anas 
logy follows om Prop. 35. of 


this. 


„DBC SES DU 
[which Side i is Ambiguous. 


and 


As 5 Reg under the res | 
BC: The Square 
_ |f Radius : : the Rectangle under 


of the Legs A 
AC AM. 


ſthe Sines of the Ares — — — 


Ac — AM 
: the Square of the 


| |Sineof £ 5 Alot (by Prop. 39 


12 


Side 


[lame Sines. 


n the Triangle X the Arc 
N is the Complement Ff the An- 
leGHD to a Semicircle. XM 


|is the Complement of the Angle 
, and XN the Complement of 


the Angle D. And the Angle X, 


the e. of the Side GD 


to a Semicircle. Wherefore if the 


]Angles be changed into Sides, and 


the Sides into Angles, the Opera- 


tion will be the ſame, as in Caſe 11. 


of this, ſince Arcs and their Com- 
plements to Semicircles have the 


— 


The 


SYHERICAL TRIANGLES. 


The following R E MARK by 
SAMUEL CUN 


HAT this is true but in a particular Caſe, viz. 
when two of the Angles of the Triangle are 
Right ones. and two of the Sides Quadrants, may be 
thus demonſtrated. For if poſſible, let ſome Trian- 
1 Fig. to Prop. 14th be ſuch, that its Sides 
8, ST, TR, be equal to the Meaſures of GHD, 
HG D, G DH, the Angles of a Triangle G HD; 
and alſo, that the Meaſures of RS T, PT R, T RS, 
the Angles of the Triangle RS T be equal to GH, 
GD, HD, the Sides of the Triangle GHD. And 
produce MX, MN, two Sides of the ſupplemental 
Triangle to Semicircles, and they will meet ſome- 
where, ſuppoſe at E; and there will be conſtructed 
thereby the Triangle NE X, of which X E (the 


Supplement of XM, which, by the 14% Prop. was the 


Supplement of the Meaſure of the Angle HG D) is 
equal to the Meaſure it ſelf of the ſame Angle HGD: 
And in like manner, NE (the Supplement of N M, 
which, by the 14:h Prop. was the Supplement of 
the Meaſure the Angle GHD) is equal to 
the Meaſure it ſelf of the ſame Angle GHD. But 
the third Side XN, is not the Meaſure of the third 
Angle G D H, but its Supplement, by the 147% Prop. 
Moreover, of the Angle EX N {whoſe Supplement 
is NX M) the Meaſure, by the 14% Prop. is equal 


to GD; and of the Angle X NE, (whoſe Supple- 


ment is MN the Meaſure, by the 14th Prop. is 
equal to HD. But of the third NEX, (which is 


equal to NMX) the Meaſure is not equal to & H, 


but its Supplement. 

Now make NV =RT =BK, the Meaſure of 
the Angle GDH, and draw the great Circle EV. 
And fince RS, by Suppoſition, is equal to the Mea- 
{ure of the Angle GHD, which is equal to EN; 
and fince the Meaſure of the Angle SRT, is by Sup- 
pPolition, equal to DH, which is alſo equal to the 
Meaſure of the Angle XNE; the Angle X NE, is 
equal to the Angle N. Then conſequently, by _ 

0 Ah 


20 The ELEMENTS of 

ath $5.5 the Triangles 8 RT, ENV, will have the 
aſe ST, equal to the Baſe EV; the Angle T, to 
the Angle NVE, and the Angle 8, to the Angle 
NEV. But SJ, (which is equal to EV,) by Sup- 
poſition, is equal to the Meaſure of the Angle HGD; 
to which Meaſure X E is alſo equal. Therefore, EV 
is equal to X E; and conſequently, by the 77% Prop, 
the Angle EVX is equal to the Angle EXV; and | 
the Angle EX V (whoſe Meaſure, as hath been ſhewn | 
above, is equal to G D) is equal to the Angle T, (or 
NVE,) ſince by Suppoſition, the Meaſure of this;is | 
alſo equal to GD. Therefore the Angle EV X is equal to 
to the Angle EVN, and ſo both right ones; and con- 
ſequently EX V a right one alſo. Therefore, by the 2d 
Cor. to the 2d Prop. EV and EX are both Quadrants. 
But if EV be a Quadrant, and at Right Angles to 
NX, then E, by 2d Prop. and its Coroll. is the Pole 

of NX; and fo EN a 7 alſo, and the Angle 
ENVa right one. Therefore, if the Sides of a Tri— 
angle (NEV, or its Equal) RS T, are equal to the 
Meaſures of the Angles of ſome other Triangle GHD, 
and the Meaſures of the Angles of the former, equal 
to the Sides of the latter; two Sides of ſuoha Triangle 
RST, or GHD, muſt be Quadrants, and two An- 

ples of each ent ones; ©... „ 
Therefore, if a Triangle RS T be conſtructed 
whole Sides are equal to the Meaſures ofthe Angles 
another Triangle G HD: The Meaſures of the Angles 
of the Triangle RS T, ſhall not be equal to the Sides 
of the Triangle & HD, unleſs in the one Caſe before- 
mentioned. Therefore the Meaſures of the Angles of 
the Triangle GH D, uſed as the Sides of a Triangle in 
the 11th Caſe, will not give us a Side of G HD, but 
the Meaſure of an Angle of the Triangle RS I', unleſs 
in the one afore-mentioned Caſe ; which was to be 

demonſtrated. 5 1 1 


But to find a Side G D of Spherical Triangle GHD, th 
whoſe Angles are all given, Produce MN, that“ 
Side of the ſupplemental Triangle, which is equal to 

the Supplement of the Meaſure of GHD, the Angle 


oppoſite to the Side ſought, and MX, either of the ; 
Other Sides till they meet as in E. And there, as hath] 
been before ſhewn, the Sides EX, EN, of the Iri- 


angle 


0 


SeHERICAL, TRIANOLESõ. 
angle EX N are exactly equal to the Meaſures of the 
Angles HGD, GHD, of the Triangle & HD; and 

of the Angles EX N, EN XA, of the Triangle E XN, 

the Meaſures are equal to GD, HD. But the Side 
IN is equal to. the Supplemeny of the Meaſure, of = 
the Angle GDH. And of the Angle X E N, the 
Meaſure is equal to the Supplement of GH, © 


Therefore the SOLUTION is thus: 


Change one of the Angles GDH, adjacent to the Side 
fought into its Supplement; and then work with the 
Meaſures of the Angles as tho' they were Sides, and 
he Reſult will be G, the Side ſougnlt. 


The preceeding Fault, as well as the Omiſſions 
kereafter mention'd, are not peculiar to our Author; 
but may be found in Dr. Herris, Ms. Caſwell, Mr. | 
liynes, and many other Trigonometrical Writers. 


Inthe Solution of our 8th and gth Caſes, they havetold 

v,that the Quæſita are Ambiguous; which ſometimes, 

ndeed, is true, but ſometimes alſo falſe: Therefore, 

51 conceiyeit, they ought to have laid down Rules, 

bj help of which we might diſcover. when the Quæ- 

ware Ambiguous, enn. 

This Overſight may be corrected by:the following. | 
Directions: Whereip, becauſe every Sine correſponds 155 
0two Arches, to one leſs than a Quadrant, and to : 
mother, which is the Supplement of the former to a. 
emicircle, (a true Diſtinction of which, of theſe are 

0 be uſed, being neceſſary to be known, before a 

roper Solution can be given, to ſuch Problems as 

tele are,) I ſhall beg leave, for Brevity Sake, to call 

e leſſer Arch the Acute Value, and the greater the 

ltuſe ; whether the Sine be of an Angle or a Side. 


the tenth Caſe, there are given two Angles B, D, 
nat 4 BC 4 Side oppoſite to one of thoſe Angles D, 
to fd DC the Side oppoſite to the other. 8 


age Po the Acute Value of DC, and alſo to its Ob- 


Ye tuſe one, add BC; and ifeach of theſe Sums are 
Tr | * greater 
ngle | 
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; 5 greater 


DC can be true, vi, the 8 
is not eee 1 . t 


Is the ninth Caſe: ehive « are given two Sides BC, DCA 
aud one Angle B, oppoſite to D C one of thoſe Sides, 


178 8 than two Right Angles, when the Sum of 
7 the Sides i is Wt than A Semicircle „ both the 


is Ambiguous : But when only one of thoſe Sums is 


The ELEMENTS Ui 


Toſs Zhan a Semicircle, when the cum of the 


Angles B, D, is tage Þ than two Right Angles; | 


both the Values of DC may be admitted, and then is 
Ambiguous : But when only one of thoſe Sums is] 


de 5 than a Semicircle, only one Value of 


gk one; and then! 


Acute 


10 find D the Angle oppoſite to the other. 


PO the Acute "Value of D, and alſo-to its Obturd 
Value, add B; and if each of thefe Sums 5 


Values of D may be admitted, and conſequently, I 


TH Every ie than two Right Angles , only one Value . 
1 F Obtuſc Bl 
ot Dis true, viz. | the Acute 3 one; and t then rol; 
= Ambiguous. 820 2 
FE | c 

Nor are we 9 uſed in the firſt Propolita tion; 
for tho! it is determined by the given Angles, whether 1, 
the Perpendicular falls within or without the Tria z 
gles, yet in each] of thoſe Varieties, the Cuæſi 7 
will be ſometimes Ambiguous, and ſometimes not. | } 


SPHERICAL TRIANGLES. 


Wb this firſt Propyfition there: are gimew two Angler B. 
D, azd BC, Side oppoſite t 55 one of chem, to to 
find C the third Angle. 


1. Let the Perpendicular fall within; that is, let 
the given Angles be of the ſame Species. 


T O the Acute Value of DCA. and alſo to its Ob- 
N tuſe one, add the Angle BCA; and if each of 
ele Sums is leſs than two Right An zles, then either 
the Acute Value of DCA, or its Obtuſe one added 
o BCA, gives a Value of BCD; which, therefore; 
$ Ambiguous: And when only one of theſe Sums 
i leſs than two Right Angles, the Acute Value of 


50D; which then ĩs not Ambiguous; tho? in both 
Varieties the Perpendicular fell within. 


2. Let the Perpendicular fall without ; that! is, let 
the given Angles be of different Species. 


may be had by fubſtracting either Value of DCA 


When the Obtuſe Value of DCA is not leſs than 
BCA, the Acute Value of DCA, taken from BCA; 
ges the fi ingle Value of BCD; which therefore is 


dicular fell without. 
jon ; 
ethe 
rian 
14 ſit 


10t. 


In the fifth Caſe, we lie under ay ame Misfortane, 
where there are given, as in the firſt, the Angles B, 
D, and the Side BC, 10 find BD "the Side lying 
between thoſe given Angles. 


when the given Angles are of the ſame Species. 


Obtuſe one, add BA; and if each of theſe Sums 
$lefs than a Semicircle, then either the Acute Value 
DA, or its Obtuſe one, added to BA, gives the 
Y 2 Value 


DCA, added to BCA, gives the only Value of | 


WHEN the Obtuſe Value of the Angle DCAis 
ks than the Angle BCA, the Angle BCD 


tom BCA; and then BCD is Ambiguous. But | 


not Ambiguous ; tho” in both Varieties the ron” 


1. When the Perpendicular falls, within; ; that is, 


() the Acute Value of DA, and ſo alſo to its 
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- WHEN the Obtuſe Value of D A is leſs than 


dus. But when the Obtuſe Value of DA is nat tet 
than BA, the Acute Value of DA, taken from BA 
leaves the only Value of BD; which therefore is not 


than a Quadrant. And, 


- . The Et.EMmENTS of 
Value of BD ; which thence is Ambiguous. Ang 
when only one of theſe Sums is leſs than a Semicir- 
cle, the Acute Value of D A, added to BA, gives the | 
only Value of BD; which then is not Ambiguous; 

tho? in both Varieties the Perpendicular fell within. 


2. When the Perpendicular falls without ; that is, 
when the given Angles are of different Species. 


BA, BD will be had by fubſtracting cithe 


* 


Value of DA from BA; and then B D is Ambigu- 


Ambiguous; tho” in both Varieties the Perpendicular 
— ᷣ 5 | 


In the third, we have the ſame Omiſſon; where ther 
are given two Sides BO, CD, and B an Angle pry 


ite to CD one of thera, to find the third Side B c 
F1RS T, we may obſerve, that the Species of DA . 
is always known; for it is of Ja dieren) A ; 
3 8 \ 
fection with the Angle B, when DC is — = 


If AD be leſs than AB, and alſo the Sum of AD | 


and AB lefs than a Semicircle ; then AD, either al 


ded to, or ſubſtracted from AB, will give the Val Tn 


of BD, which, therefore, is Ambiguous. 1 
But if AD be not lefs than A B. or if their Sum bY « 

be not leſs than a Semicircle ; then their Sum in ti 

former, and their Difference in the latter Variety, ſh 
give one ſingle Value ot BD, and then is not A 
gzuous. e 5 NED 


\ mbl 


SPHERICAL TRIANGLES: 


The ſeventh Caſe much reſembles the third; for there are 


given two Sides BC, CD, and B an An 855 oppoſite 
zo CD one of them; to find the — B „ lying 
between thoſe tuo Sides. 


\ ND here we may obſerve, that the Species of the 


Angle DCA is known; for it is of aus une 8 


kind. with the Angle B ; when DC is < Leer 3 
than a Quadrant. And, 


f DCA be leſs than BCA, nad the Sum of D CA 
gle B C D; which therefore 1s Ambiguous. 
ind BCA not leſs than 2 Right Angles ; then their Sum 


ls not en. 
* B. If any one will be at the Trouble to make 2 
D, as taught in the Remarks on the gth and 10th 


; Iſt, 2d, Fth, and 7th, to be as here laid down i in 
"AD theſe 5 Rules. 


Vai rue Truth of theſe Rules may be eaſily deduced from 


um bY of this, 


ln our third Caſe of Oblique-plain Triangles, our 
Author ſhould have added this. 


If AB be leſs than BC, the AngleA i is Ambiguous, 
Piterwiſe not. 


ind BCA leſs than 2 Right An les; then, DCA either 
added to, or ſubſtracted from CA will give the An- 


If DCA hs not leſs than BCA, or the Sum of DCA 


in tte former, and their Difference in the latter Va- 
ſlety ſhall give "the Siugle Value of BC D; which then 


double Calculation for the Side DC, or the Angle 


Caſes, they will find the ſeveral Varieties in the 


the 102%, 13th, 187%, and 224 Prop. of this, and the 7 
2d, 8th, and 13th Examples, following Prop. 30. To 
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N. B. Moſt Treatiſes of this K ind not having their Faults 
(which are many) affix d to them, and ſo the Reader's Pro- 
greſs very often retarded thereby; for ayoiding this, by 
carefully reading the Book, and examining the Demon- 
ſtrations over and over, we have found the following 
Errata, which the Reader is deſir'd to correct. 


E R R A T A 
[* the Probicds Page ii. line 14. for accuſed read accu 5 Pe ini. J. 9. for 


I. 18. for Conſtruction 7. Conſtructions; p. vii. I. 9. for Demouſtrations 


B D, and, B C falls upon them, the alternate * AC B, BCD are e- 


n Margin + 34 p. 48. for f 41. f. v. f 31. 1 Did. aguinſt J. 40. 
be | qc a 


page 51. againſt Line 16. for f 36. 1. in the Margin, read Ta: © Fas 
7 or. 4. 


J. 34. for +. . I. 11. in Margin r. f 4. 13 p. 73. 4 
fo 


argm Pace, „ : 1 
7 4 0 chis r. 3 of this; p 81. in Magin againfs I. 12. 
for 4 32. 1. r. ff. f; p. 83. L 75 for EF Cr. FE C; p. 86. againſt l. 


J. 21. for A EC r. ACE Ibid. 1 a3. dele*; p. 93. for f 19-1. 1. 


ame Magnitude has 2 greater Proportion; p. 149. J. «x. fr E F r. EC; 
F6. for ADE r. B DE; Þ. 152. for 7 29. 3. 7. 7 29.15 p. 153 


procend, 7. Lemma preceed 3 id. in Margin, fer + 25. 3. E K 28, 3145 


* 
97. 


187. l. 33. for B L, and GBL, r. GB, GBC, 5. 193. l. 12. fir C b. 
r. CB; p. 194. J. 1. for G H. GE; 5. 199. J. 16. fo Right r. Right 
Angles; p. 200. in Magin, for 31. 2. and + 14. of this, . * 2, 1. and 
f 4. of this; p. 202. . 6. dele can; . 206. J. 1. for Place ſr. Plane; 
+ 210, J. the . laſt but two,'for L Er. LX; p. 216. 1.22. for LT „. 
LY; . 221. I. 37. fr r. TY, b: 222. tv. and 12. for © Y 
r. TI; 5. 23. h 7, for EH r- FHR; „ & EK. rw 
EK; 1 in Margin, for 3o. of this, y. * 31. of this; . 
25. fr B Ir. BT; p. 234. I. 20. for plane Angle r. only plane; p-. 235. 
J. E. after the Word Diameter, dele Comma, pu. r. of; p. 236. J. 11. for 
Which v. Which is; Bid. is Margin, for 14. 1. 1. 41. 13 p. 238. in 
Margin, far f 22. 1. r. f 20. 65 p. 241. I. 31. for ſo is v. ſo is“; Th. 5 

Margin, for * 14.5. r. 11. 53 P. 742. I. 10. for into 7: into two ; p. 
. 259. (. 5. for P E r. PF; p. 263. J. 1. for EM ON. FMON; p. 

26%. I. 23. dele not; p. 270. J. 16. for is to, r. is equal to; Bid. 15 
Margin, for f 23. 1. F. f 33. 13 Bid. I. 38, for RBOS r. KB OS; 
5. 282. for the of r. the Sine of; p. 283. L. 5. for beging the r. beginning 
of chez p. 28 . J. 29, for (by 13-1) r. (by 22-3); J1bid. I. 31. for (by 22. 
8) r. (13-1); p. 285. I. 13. fr GL AB r. GL=AE; Bi 5 
| 22. for Prop. 5 r. Prop. 4 3 2 286. * it for . * r 63 pe 
. b. n ORs 2 A 2. . Ec, 
P. 288. J. 12. for a=c r. ao; Did. I. 14. for 6. r. b; p. 291. |. 
14. dele from; p. 294 in the Title (and in the Titles afterwards) for Sphe- 
_ rical Triangles v. Spherical Trigonometry; p. 296. I. 26. for comprehen- 
ding r. comprehended by; p. 301. I. 9. for nnarer r. nearer; Bid. |. 22. 
Jor RS r. RS; f. 302. J. 22. for the ſame 7. a Different; B. I. 23. for a 
Different r. the ſame; p. 316. J. 32. for or r. and; Did. l. 35. for BL 

r. BD; p. 317. J. 16. for C D r. BD; Did. in the Column und er the 

Mord ſought agazmſt Number 7. for the Side DC r. the Angle C; id. in 
_ _ the Column wh, the Word given, againft Number 8. for the _ BCD. 

the Angles BCD, and B; Bid. is the Column u the Wor onghe, a- 

gainſt Number 8, for Angles BCD y. the Side DC; p. 318. J. 4. fo 
DB r. DC; page 319. J. 10. for PTR 7. STR; p. 320. I. 28. fo 
another 2. of another ; p. 334+ I. 18. for 15 r. 14 3 P. 335. for ZALM 
r. ILM; p. 335. I. 15. for therefore 7. thereof; p. 343. l. 16. for if 


v. if to; p. 346. J. 29. for 550.7. TU 988 10:1. 34 fr r. 15 5 


7. 348. J. 31. for triplate r. triple; . 350. l. 23. fer and r. of. 
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EIT HE Mathematicks For- 


merly received conſiderable 


Characters, aud aſtercuarde 


Logarithms, as from both the other two. 


| The V/e of theſe, every one knows, is of 


the greateſt Extent, and runs throngh 
all Parts of Mathem aticks. By their 
Means it is that Numbers almoſt infinite, 
and ſuch as are otherwiſe impracticable, 
ere managed with Eaſe and Expedition. 
y their Aſſiſtance the Mariner ſteers his 
Veſſel, the Geometrician inveſtigates the 
Mature of the higher Curves, the Aſtrono- 
| | „„ mer 


Advantages; firſt, by the 
Introduction of the Indian 


=D I by the Invention of Deci- 
mal Fractious 5 yet has it ſince reaped 
at leaſt as much from the Invention of 


\ 
Fea. 
cs 


PRE FACE. 
mer determines the Places of the Stars, 


the Philoſopher accounts for other Pheno- 
mena of - Varure s and laſtly, the Vſurer 
computes the Intereſt of his Money. 


* 


he Subject of the following Treati ſe 


Has been cultivated by Mathematicians of | 
the firſt..Rank; ſome of whom taking in 
the whole Doctrine, have indeed wrote 
 dearnedly, but ſcarcely intelligiblè to any 
but Maſters. Others, again, accommoda- 


ting themſelves to the Apprehenſin of 
Novices, have ſelected out ſome of the 


moſt eaſy aud obvious Properties of Loga- 
rithms, but have left their Nature and 


== more intimate Properties untouch'd. My | 


Deſign therefore in the following Tratl, | 


: It to ſupply what ſeemed flill wanting, 


viz. to diſcover and explain the Doctrine 


of Logarithms, £0 thoſe who are noi yet 
de beyond the Elements of Algebra and 


Geometry. 


Dye Wonderful Invention of Logarithms 


de owe to the Lord Nep 
fir ft that conſlrutted ns | 
non thereof, at Edenburgh, in the Tear | 
1614. Theres was very graciouſly received 


or. who was, the 


* 


publiſhed a Ca- 


by all Mathematicians, who were imme- 
diately ſenſible of the extreme *Oſefulneſs 


thereof. And tho? it is uſual to have va- 


rious Nations contending for the Glory of | 
any notable Invention, yet Neper it uni- 
ver ſally atlow'd the Inventor of Loga- 
rithms , and enjoys the whole Honour 


thereof without any Rival. The 


| P RE FA CE. 
Dye ſame Lord Neper afterwards 
nente another and more commodious 
Form of Logarithms, which he communz- 
ted to Me. Henry Briggs, Profeſſor of 
| gue at Oxford, who was hereby in- 
\roduced as a Sharer in the compleating 
b hereof : But the Lord Nepex dyimg, the 
i phote Buſmeſs remaining, was devolved 
on Mr. Briggs, who, with prodigious 
ſpplication, and an uncommon Dexterity, 
 \pmpoſPd a Logarithmick Canon, agreca- 
eee to that new Form for the firſt ten- 
W 3 | Chiliads of Numbers, (or from 1 to 
er go0000 to 101000. For all which 


0000) and for eleven other Chiliads, vis. 
Vumlers he calculated the Logarithms to 
urteen Places of Figures. This Canon 
yas publiſhd at London in the Tear 


{| 


Adrian Vlacq publiſhed again this Ca- 


# 


In at Goudz in Holland, in the Lear 
628, with the intermediate Chiliade be. 
ve omitted, filled up according to Briggs 
ſreſeriptious; but theſe Tables are not 
z uſeful as Brigg's, becau e Logarithms 
e continued but to 10 Places of Figures. 
Mr. Briggs alſo has calculated the Lo- 
\brathms of the Sines aud Tangents of 
ſpery Degree, and the hundredth Parts 
Degrees to 15 Places of Figures, and 
zr ſubjoined to them the Natural Sines, 
Eugene, and Secants, to 15 Places of 
ures. The Logarithms of the S 420 
| an 


PRE FA CE. 
mer determines the Places of the Stap. 
the Philoſopher accounts for other Phen 
mena of Nature; and laſtly, the *Ufur 
computes the Intereſt of his Money. 

The Subject of the following Treat} 
bas been cultivated by Mat hematicians 
the fit Rant; ſome of whom taking } 
the whole Doctrine, have indeed wrol 

 tearnedly, but ſcarcely intelligible to af 
but Maſters. Others, again, accommodd {| 
ring themſelves to the Apprehenſiun 
Novices, have ſelected out ſome of ti 
moſt eaſy and obvious Properties of Log 
rithms, but have left their Nature aj 

more intimate Properties untouchid. AM, | 

Deſign therefore jn the following Trat | 
3s to ſupply what ſeemed ſtill want, 
viz. to diſcover and explain the Dottru 
'of Logarithms, to thoſe who are not 
For beyond the Elements of Algebra d 

De wonderful Invention of Logarithi 
"we owe to the Lord Neper, who w 


. 


firſt that conſtrutted and publiſhed a 
aon thereof, at Edenburgh, in the 7 
1614. This was very graciouſly recet7 
all Mathematicians, who were imm 
diately ſenſible 15 the extreme D ſe ful 
thereof. And tho? it is uſual to have © 5 
rious Nations contending for the Glory 
any notable Invention, yet Neper is f |} } 
ver ſally allow'd the Inventor of LM 7 
rithms , and enjoys the whole Hoi J 
thereof without any Rival. 
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The ſame Lord Neper afterwards 
zjnvented another and more commodious 
Form of Logarithms, aobich be comment. 
cated to Me. Henry Briggs, Profeſſor of 
Geometry at Oxford, who was hereby in- 
 troduced as a Sharer in the compleating 
thereof: But the Lord Nepex dying, the 
whole Buſmeſs remaining, was devolved 
upon Mr. Briggs, who, with prodigious 
Application, and an uncommon Dexterity, 
 .compoſi*d a Logarithmick Canon, agreea- 
ble to that new Form for the firſt twen- 
ty Chiliads of Numbers, (or from 1 to 
J 20000) and for eleven other Chiliade, vig. 
3 from yoooo to ioiooo. For all which 
Numbers he calculated the Logarithms to 
fourteen Places of Figures. This Canon © 
was publiſh'd at London in the Tear 
1624. F 5 
Adrian Vlacq publiſhed again this Ca- 
non at Goudæ in Holland, in the Tear 
1628, with the intermediate Chiliads' be. 
fore omitted, filled up according to Brigg's 
Preſcriptions 5 put theſe Tables are not 
fo uſeful as Brigg's, becauſe the Logarithms 
are continued but to 10 Places of Figures. 
Mt. Briggs alſo has calculated the Lo- 
 garithms of the Sines and Tangents of 
every Degree, and the hundredth Parts 
_ of Degrees to 15 Places of Figures, and 
Har ſubjoined to them the Natural Sines, 
Tangents, and Secants, t0 15 Places of 
Figures. The Logarithms of the S wee 


| 
| 
H 
| 


„J 
A Tin ents tire called Artificial Hines 


their Conſtruttion and Uſe, was publi- 


Mo 


. 


_ after Brigg'y Death, at London, in He 


Tear 163 3, by Henry Gelibrand, and ty 


Him called, Trigonometria Britannica. 
Line then there have been publiſhed, 
in ſoverdl P taces, compendious T ables, 
where the Sines and Tangents, and 


their L. Bee confift of but ſeven Pla- 


2 
* 


 "Logarithms of the Numbers from 1 to 


TOOOOO, Which may be ſufficient for moſt 


. 


"The beſt Diſpoſition of theſe Tables, in 


my Opinion, i that frſt Thought” of by 


Nathaniel Roe, of Suffolk; and with fime | 


Alterations for the better, followed by 


Sherwin in his Mathematical Tables, 
publiſſhbd at London in 1705; wherem 


are the Logarithms from 1 t 101000, con- 


Sifting of 7 Places of Figures. To which 
are fubfoined the Differences and propor- 


_ tional Parts, by Means of which may be 


found eaſily the Logarithms of Numbers 169 
10000000, ober uing at the ſame T ime 


that theſe Logarithms \conſift only Of 7 
Places of Figures. Here are alſo the 


Ines, Tangents, and Secants, with the 
Logarithms and Differences for every De- 
gree and Minute of the Quadrant, with 
ſome other Tables of *Oſe iu practical Ma- 
thematicks, . DS RB AR BB Aa 
py O F 


OF THE 


NATURE and ARITHMETICK 


OF 


LOGAN HM. 


"CHAP. L 


OF the Ox IGIN and NATURE of 
„ Rl; 


Is in Geometry, the Magnitudes of Lines 


llent to expound Numbers by Lines, v:z. 

—— by aſſuming ſome Line which may re- 
preſent Unity, and the Double thereof; the Number 
2, the Triple 3, the one half, the Fraction +5, and fo 
on. And thus the Geneſis and Properties of ſome 
certain Numbers are better conceived, and more clear- 
ly conſidered, than can be done by abſtract Numbers. 

| Hence, if any Line a* be drawn into itſelf, the Quan- 


tity az produced thereby, is not to be taken as one of 


two Dimenſions, or as a Geometrical Square, whoſe 


Side is the Line a, but as a Line that is a third Pro- 


portional 


are often defined by Numbers; ſolikewiſe 
MM onthe other hand, it is ſometimes expedi- 
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ten a. And if a mean 


Of LOGARITHMS. 


portional to ſome Line taken for Unity and the Line 
4. So likewiſe, if a* be multiplied by a, the Product 
as, will not be 8 of three Dimenſions, or 4 


Geometrical Cube. but a Line that is the fourth Term 
in a Geometrical Progreflion, whoſe firſt Term is 1, 
and ſecond a; for the Terms 1, 4, «*, 48, af, as, as, 


a), c. are in the continual Ratio of 1 toa. And 
the Indices affixed to the Terms, ſhew the Place or 
Diſtance that every Term is from Unity. For Ex- 
_ ample, as is in the fifth Place from Uuity, 45 is the 
ſixth, or ſix times more Diſtant from Unity than a, 
or a, which immediately follows Unit. 
If between the Terms 1 and a, there be put a mean 
Proportional which is y/ a, the Index of this will be 3, 
for its Diſtance from Unity will be one half of the 
Diſtance of a from wy and ſo a+ may be writ- 
Proportional he put between 


a and 42, the Index thereof will be 1 , or 4, for its 


Diſtance will be ſeſquialteral of the Diſtance of a from 
Vnity. : 2 , 


lf there be two mean Proportionals pf between 1 


and a; the firſt of them is the Cube Roof6f a, Whoſe 


Index muſt be 3, for that Term is diſtant from Unity 


only by a third Part of the Diſtance of a from Unity; 
and ſo the Cube Root muſt be expreſſed by 423. Hence, 

the Index of Unity is o. for Unity is not diſtant from 

n en FT 2 


'Theſame Series of Quantities, Geometrically Propor- 


tional, may be both ways continued, as well deſcend- 
ing towards the Left Hand, as aſcending towards the 


V 


Right; for the Terms => = > —- => — 1, a, 4, 


a3, 40, a5, ec. are all in the ſame Geometrical Pro- 
greſſion. And ſince the Diſtance of a from Unity is 
towards the Right Hand, and poſitive or + 1, the 
Diſtance equal to that on the contrary Side, viz. the 


Diſtance of the Term— will be Negative or — k, 


which ſhall be the Index of the Term — for which 


may be written a—*. So likewiſe in the Term a—=*. 


The Index — 2 ſhews that that Term ſtands in the 
ſecond Place from Unity towards the Leſt Hand, and 


the 


„ A Ya om 


n 


Of LOGARITHMS. 


the Terms 2— and * are of the ſame Value. Alſo 
; OE 5 5 | 


42 is the ſame as — For theſe negative Indices 


2 


mew that the Terms belonging to them, go from 


U ny the contrary way to that by which the Terms 
— 1 Indices are poſitive do. Theſe Things pre- 
mitted. | 55 | 


If on the Line A N, both ways indefinitely ex- 
tended, be taken, A C, C E, E G, GI, IL, on the 
* Hand, And alſo AT, TII, Sc. on the left, 
a 


: equal to one another. And if at the Points II, T, 


The Lines AC, AE, AG, AI, AL— AT, — Alf, 


reſpectively expreſs the Diſtances of the Numbers from 


Unity, or the Place and Order that every Number 


obtains in the Series of Geometrical Proportionals, 
according as it is diſtant from Unity. So ſince AG. 
is triple of the Right Line A C, the Number G H 
ſhall be in the third Place from Unity, if CD be in 
the firſt: So likewiſe ſhall LM be in the fifth Place, 
ſince AL=5AC. If the Extremities of the Propor- 
tionals , A, B, D, F, H, K, M, be joined by Right 


Lines, the Figure ALM will be become a Polygon 


conſiſting of more or leſs Sides, according as there 


are more or leſs Terms in the Progreſſion. 


If the Parts AC, CE, EG, GI, IL, be biſected 


in the Points c, e, £ ;, I, and there be again raiſed the 
Perpendiculars c 


of Proportionals, whoſe Terms beginning from that 
Which immediately follows Unity, are double of 
thoſe in the firſt Series, and the Difference of the 
Terms are become leſs, and approach nearer to a Ra- 
tio of Equality than before, Likewiſe in this new 
Series, the Right Lines AL, AC, expreſs the Diſtan- 
ces of the Terms LM, CD, from Unity, viz. Since 
AL is ten times greater than Ac, LM ſhall be the 
tenth T'erm of the Series trom Unity: And 0 
21 


A, C. E, G, I, L, be erected to the Right Line AN, 
the Perpendiculars l EZ, Ta, AB, CD, EF, 
_ GH, IK, LM, which let be continually proportio- 
nal, and repreſent Numbers, whereof AB is Unity. 


. 7 1, Im, which are mean 
Proportionals between A B, CD CD, EF, EF, GH; 
G H, IK; IK, LM; thenthere will ariſe a new Series 
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Ae is three times greater than Ac, e f will be the third 
Term of the Series, if c d be the firſt; and there ſhall 


be two mean Proportionals between AB and ef, and 
between AB, and LM, there will be nine mean Pro- 


portionals. 


And if the Extremities of the Lines BA Df FY 
H, c. be joined by Right Lines, there will be anew 
Polygon made, conſiſting of more, . but ſhorter Sides 
than the laſt. „5 by ert 
Ik, again, the Diſtances Ac, c C, Ce, e E, &c. be 
ſuppoſed to be biſected, and mean Proportionals be- 
tween every two of the Terms, be conceived to be 
put at thoſe middle Diſtances; then there will ariſe 
another Series of Proportionals, containing double 
the Number of Terms from Unity than the former 
does; but the Differences of the Terms will be leſs; 


and if the Extremities of the Terms be joined, the 


Number of the Sides of the Polygon will be augmen- | 
ted according to the Number of Lerms; and the Sides 
thereof will be leſſer, becauſe, of the Diminution of 
the Diſtances of the Terms from each other. 
Nc in this new Series, the Diſtances AL, AC, 
Fc. will determine the Orders or Places of the 
Terms; viz. if AL be five times greater than AC, 
and CD be the fourth Term of the Series from Unity, 
then LM will be the twentieth Term from Unity. 


If in this Manner mean Proportionals be continu + 


ally placed between every two Terms, the Number 
of Terms at laſt will be made ſo great, as alſo the 
Number of the Sides of the Polygon, as to be greater 
than any given Number, or to be infinite; and every 
Side of the Polygon ſo leſſened, as to become leſs 


than any given Right Line; and conſequently the Po- 
1ygon will be changed into a Curve-lin'd Figure; for! 
any Curve-lin'd Figure may be conceived as a Poly- 
gon, whoſe Sides are infinitely ſmall and infinite in 
\umber. „ 2 VV 
A Curve deſcribed after this Manner, is called Lo- 
garithmical; in which, if Numbers be N 
Right Lines ſtanding at Right Angles ta the Axis AN, 
the Portion of the Axis To. ene betwcen any Num- 


ber and Unity, ſhews the Place or Order that that. 


Number obtains in the Series of Geometrical Propor- 
tionals, diſtant from each other by equal E 
| "Or. 


OF LOGARITHMS: 


For Example, if AL be five times greater than AC, 


and there are a thouſand Terms in continual Propor- 
tion from Unity to LM; then will there be two 
Hundred Terms of the ſame Series from Unity to 
CD, or CD ſhall be the two hundredth Term of the 


Series from Unity; and let the Number of Terms 


from A B to LMM be ſuppoſed what it will; then the 


Number of Terms from A B to CD, will be one 
fifth Part of that Number. -? | 


The Logarithmical Curye tnay alſo be conceived | 


to be deſeribed by two Motions, one of which is 
equable, and the other accelerated or retarded accor- 


ding to a given Ratio. For Example, if the Right 
Line AB, moves uniformly along the Line AN, ſo 


that the End A. therefore deſcribes equal Spaces i 


» 


equal Times; and, in the mean time, the ſaid Line 


AB ſo increaſes, that the Increments thereof genera- 
ted in equal Times, be proportional to the whole in- 
that is, if AB in going forward to c 4d, 
be encreaſed by the Increment d, and in an equal 
Time when it is come to CD, the Increment there- 


creaſing Line 


of is Dp, and Dp to de, is as do is to AB, that is, 


if the Increments generated in equal Times are always 
proportional to the Wholes; or, if the Line AB 


moving the contrary Way, diminiſhes in a conſtant 
Ratio, ſo that while it goes thro? the equal Spaces, 


portionals to AB, FA. Then the End of the Line 
increaſing or decreaſing in the ſaid Manner, deſcribes 


the Loparithimcal Curve: For ſince A B: do : 2 


de: Dp:: DC: J %, it ſhall be. (by Compoſition 


of Ratio) as AB: de:: de: DO:: DC: Fe. and 
ſoon.1 8 e 


By thefe two Motions, viz: the one equable, and 


2 * P 


the other proportionally accelerated or retarded, the 


Lord Neper laid down the Origin of Logarithms, 


and call'd the Logarithm of the Sine of any Arc, That 
Number which neareſt defines a Line that tqually en- 
creaſes, while, in the mean time, the Lint expreſſing 
the whole Sine Jeter mn decreaſes to that Sine. 
It is manife | the 
mick, Curve, that all Numbers at equal Diſtances are 
continually proportional. It is alſo plain, that if there be 
ür Numbers A B, C D, IK, * ſuch, that the Diſ- 


_ tance 


from this Defcription of the Logarith- 
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Ae is three times greater than Ac, e f will be the third 
Term of the Series, if cd be the firſt; and there ſhall 
be two mean Proportionals between AB and e, and 
between AB, and LM, there will be nine mean Pro- 

portionals. 5 „„ 
And if the Extremities of the Lines B44 DF F 
H, c. be joined by Right Lines, there will be a new 
Polygon made, conſiſting of more, but ſhorter Sides 
than the laſt. 1 3 
If, again, the Diſtances Ac, cC, Ce, e E, c. be 
ſuppoſed to be biſected, and mean Proportionals be- 


tween every two of the Terms, be conceived to be 


put at thoſe middle Diſtances; then there will ariſe 


another Series of Proportionals, containing double 
the Number of Terms from Unity than the former 


does; but the Differences of the Perms will be leſs; 
and if the Extremities of the I erms be joined, the 
Number of the Sides of the Polygon will be augmen- 
ted according to the Number of Lerms; and the Sides 
thereof will be leſſer, becauſe of the Diminution of 


the Diſtances of the Terms from each other. 
Now in this new Series, the Diſtances AL, AC, 


Sc. will determine the Orders or Places of the 


Terms; viz. if AL be five times greater than AC, 
and CD be the fourth Term of the Series from Unity, 


then LM will be the twentieth Term from Unity. 

If in this Manner mean Proportionals be continu « 
ally placed between every two Terms, the Number 
of Terms at laſt will be made ſo great, as alſo the 


Number of the Sides of the Polygon, as to be greater 


than any given Number, or to be infinite; and ever 
Side of the Polygon ſo leſſened, as to become leſs 
than any given Right Line; and conſequently the Po- 


lygon will be changed into a Curve-lin'd Figure; for 


any Curve-lin'd Figure may be conceived as a Poly- 

on, whoſe Sides are infinitely {mall and infinite in 
Number. „ 

A Curve deſcribed after this Manner, is called Lo- 


1 5 garithmical; in which, if Numbers de repreſented by 
7 


Right Lines ſtanding at Right Angles ta the Axis A 
the Portion of the Axis intercepted between any Num- 


ber and Unity, ſhews the Place or Order that that. 


Number obtains in the Series of Geometrical Propor- 


tionals, diſtant from each other by equal Inter h: 
"OL 


fp hoy K te. xo ans oo... 


Of LOGARITHMS: 


For Example, if AL be five times greater than A C, 
and there are a thouſand Terms in continual Propor- 


tion from Unity to LM; then will there be two 
Hundred Terms of the ſame Series from Unity to 


CD, or CD ſhall be the two hundredth Term of the 


Series from Unity; and let the Number of Terms 


from AB to LM be ſuppoſed what it will; then the 
Number of Terms from A B to CD, will be one 


fifth Part of that Number. 


The Logarithmical Curve may alſo be conceived 
to be deſcribed by two Motions, one of which is 
equable, and the other accelerated or retarded accor- 


ding to a given Ratio. For Example, if the Right 
Line AB, moves uniformly along the Line AN , ſo 
that the End A therefore deſcribes equal Spaces in 
equal Times; and, in the mean time, the ſaid Line 
AB fo increaſes, that the Increments thereof genera- 
ted in equal Times, be proportional to the whole in- 


creaſing Line, that is, if AB in going forward to c d, 


be encreaſed by the Increment od, and in an equal 
Time when it is come to CD, the Increment there- 
of is Dp, and Dp to dc, is as do is to AB, that is, 
if the Increments generated in equal Times are always 
proportional to the Wholes; or, if the Line AB 
moving the contrary Way, diminifhes in a conſtant 


Ratio, ſo that while it goes thro? the equal Spaces, 


the Decrements AB TFA; TA - IS, are Pro- 

portionals to AB, FA. Then the End of the Line 

increaſing or decreaſing in the ſaid Manner, deſcribes 

the Logarithmcal Curve: For ſince A B: 4o:: 

de: Dp: : DO: F, it ſhall be (by Compoſition 

of Ratio) as AB: de:: de: DO:: DC: Fe. and 
on. 


the other proportionally accelerated or retarded, the 
Lord Neper laid down the Origin of Logarithms, 
and call's the Logarithm of the Sine of any Arc, That 
Number which neareſt defines a Line that equally en- 
creaſes, while, in the mean time, the Line expreſſing 
the whole Sine Vr en, decreaſet to that Sine. 

It is manifeſt from this Defcription of the Logarith- 
mick Curve, that all Numbers at equal Diſtances are 
continually proportional. It is alſo plain, that if there be 
four Numbers A B, C D, IK, * ſuch, that the Diſ- 

? tance 
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tance between the firſt and ſecond, be equal to the 
Diſtance between the third and the fourth: Let the 


' Diſtance from the ſecond to the third be what it will, 


theſe Numbers will be proportional. For becauſe 
the Diſtances AC, IL, are equal, AB ſhall be to the In- 


crement D 5, as IK is to the Increment MT. Where- 


fore (by Compoſition) AB: DC:: IK: ML. And 


a" 


contrariwiſę, if four Numbers be proportional, the 
Diftance hetween the firſt and the ſecond, ſhall be 


equal to the Diſtance between the third and the fourth. 


2 The Diſtancebetween any two Numbers, is called 
the Logarithm of the Ratio of thoſe Numbers, and | 


indeed doth not meaſure the Ratio itſelf, but the Num- 
ber of Terms in a given Series of Geometrical Pro- 


5 portionals Ren from one Number to another, 


and defines the Number of equal Ratio's by the Com- 
poſition whereof the Ratio of Numbers are known. 

If the Diſtance between any two Numbers be dou- 
ble to the Diſtance between two other Numbers, then 


the Ratio of the two former Numbers ſhall be the 
Duplicate of the Ratio of the two latter. For let the 
Diſtance I L between the Numbers I K, L M, be 


double to the Diſtance Ac, between the Numbers 
AB, cd; and ſince IL is biſected in i, we have Ac 
=I/=IL; and the Ratio of IK to lia, is equal to the 


Ratio of AB to c4; and ſo the Ratio of IK to LM, 


the Duplicate of the Ratio of IK to In, (by Def. 10. 


El. 5.) ſhall be the Duplicate of the Ratio of A B to 


In like Manner, if the Diſtance E L be triple of the 
Diſtance AC, then will the Ratio of E F to LM, be 
triplicate of the Ratio of AB to CD: For becauſe 

the Diſtance is triple, there ſhall be three times more 


Proportionals from EF to LM, than there are Terms, 


of the ſame Ratio, from AB to CD; and the Ratio of 
EF to LM, as alſo of AB to CD, is compounded 
of the equal intermediate Ratio's, (by Def. 5. El. 6.) 
And ſo the Ratio of EF to LM, compounded of 


three times a greater Number of Ratio's, ſhall be tri- 
plicate of the Ratio of AB to CD. So likewiſe if 
the Diſtance G L be quadruple of the Diſtance Ac, 
then ſhall the Ratio of GH to LM, be quadruplicate 
of the Ratio of AB to cd. 


The 


S ß ES, 


gage 


— Of LOGARITHMS. 
The Logarithm of any Number, is the Logarithm 
of the Ratio of Unity to that Number, or it is the 
Diſtanee between Unity and that Number And ſo 
Logarithms expreſs the Power, Place, or Order which 
every Number, in a Series of Geometrical Progreſſio- 
nals, obtains from _ For Exainple, if there be 
1000000 proportional Numbers from Unity to the 
Number 10, that is, if the Number 10 be in the 
I0©000000tli Place from Unity; then it will be found, 
by Computation, that in the ſame Series from Unity, 
to 2 there ate 3010300 proportional Terms, that is, 
the Number 2 will ſtand in the 3010300th Places In 
like Manner, from Unity to 3, there will be foun 
4771213 proportional Terms, which Number de- 
tines the Place of the Number 3. The Numbers 
40000000, 3010300, 4771213, ſhall be the Logarithms 
of the Numbers xo, 2, and 3. 3 | 
Ik the firſt Term of the Series from Unity be called 
„ the fecond Term will be 52, the third y3. S. 
And ſince the Number 10 is the 10,000,000th Term of 
the Series, then will y:9900909=10, Allo 5⁰⁴%qe =. 
Alfo 44779213 = 3; and ſo on.. 5 
| Wherefore all Numbers ſhall be ſome Powers of 
that Number which is the firſt from Unity; and the 
Os of the Powers are the Logarithms of the Num- 
=. 55 1 
Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn. The Logarithmof 
Unity ſhall be o, for Unity is not diſtant from itſelf. 
but the Logarithms of Fractions are negative; or de- 
{cending below nothing, tor they go on the contrary 
Way. And ſo if Numbers increaling propottionally 
from Unity, have poſitive Logarithms, or ſuch as are 
affected with the Sign 4; then Fractions or Numbers 
in like Manner decreaſing, will have negative Loga- 
rithms, or fuch as are affected with the Sign —; which 
is true when Logarithms are conſidered as the Diſ- 
tances of Numbers from Unity. 3 
But if Logarithms take their Beginning not from an 
integral Unite, but from a Unite that is in ſome Place 


of Decimal Fractions. For Example, from the Frac- 
T 


tion 80888085; then all Fractions greater than this, 


will have poſitive Logarithms, and thoſe that are leſs, 
| | 22 Will 
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Of LOGARITHMS. 
will have negative Logarithms. But more ſhall be 
ſaid of this hereafter. 75 
Since in the Numbers continually proportional, 


DC, EF, GH, I K, c. the Diſtances CE, EG, 


GI, c. are equal, the Logarithms AC, A E, AG, 


Al, c. of thoſe Numbers ſhall be equidifferent, or 

the Differences of them ſhall be equal: And ſo the 

ee of proportional Numbers are all in an 
arit 


metical Progreſſion; and from hence proceeds 
that common Definition of Logarithms, that Loga- 


rithms are Numbers which, being adjoined to Pro- 


ortions, have equal Differences. 


In the firſt Kind of Logarithms that Neper pub- 
liſhed, the firſt Term of the continual Proportionals, 


was plased 0 far diſtant from Unity, as that 
Term exceeded 


cording to him, equal to 2 5, or the Increment of the 


Number above Unity. As ſuppoſe vn be 1,0000001 
he placed o, oooooo for its Logarithm A ; an 


from hence, by Computation, the Number 10 ſhall 
be the 23025850th Term of the Series, which Num- 
ber therefore is the Logarithm of 10 in this Form of 


Logarithms, and expreſſes its Diſtance from Unity in 
ſuch Parts whereof v or Az is one. 0 D 


But this Poſition is entirely at Pleaſure, for the 


Diſtance of the firſt Term may have any given Ratio 


to the Exceſs thereof above Unity, and according to 
that various Ratio (which may be ſuppoſed at Plea- 
ſure,) that is between v and By, the Increment of 
the firſt Term above Unity, i" the Diſtance of the 


lame from Unity, there will be produced different 


Forms of Logarithms. Es 
This firſt Kind of Logarithms was afterwards 
changed by Neper, into another more convenient one 


 Wherein he put the Number 10 not as the 230258 50th 
Term of the Series, but the 1000,0000th ; and in this 


Form of Logarithms, the firſt Increment » y ſhall be 
to the Diſtance By, or Ax, as Unity, or AB, is to 
the Decimal Fraction o, 4342994, which therefore ex- 

preſſes the Length of the Subtangent AT. Fig. 4. 
After Neper's Death, the excellent Mr. Hezry Briggs, 
by great Pains, made and publiſhed Tables of 3 
| Tithms 


nity. For Example, if v be the 
firſt Term of the Series from Unity AB, the Loga- 
rithm thereof, or the Diſtance Ax, or By, was, ac- 


Of LOGARITHMS. 341 
rithms according to this Form. Now fince in theſe 
Tables, the Logarithm of 10, or the Diſtance there- 
of from Unity, is 1. 0000000, and 1, 10, 100, 1000, 

10000, Fc. are continual Proportionals, they ſhall | 
be equidiſtant. Wherefore the Logarithm ofthe Num- 
ber 100 ſhall be 2,0000000; of 1000, 3,0000000; 
_ the Logarithm of 10000 ſhall be 4,0000000 ; and 
1008. -- on 1 . 
Hence the Logarithms of all Numbers between 1 
and 10, muſt begin with o, or o muſt ſtand in the 
firſt Place to the Left-Hand; for they are leſſer than 
the Logarithm of the Number 10, whoſe Beginning 1 888 S 
is Unity; and the Logarithms of the Numbers be- 53 
tween 10 and 100 begin with Unity; for they are 35 
greater than 1, 000000, and lefs than 2,0000000. 
Alſo the Logarithms between 100 and 1000, begin 
with 2, for they are greater than the Logarithm of 
100, which begins with 2, and leſs than the Loga- 
rithm of a 1000 that begins with 3. In the ſame Man- 
ner it is demonſtrated, that the firſt Figure to the Left- - 
Hand of the Logarithms between 1000 and 10000 
muſt be 3; and the firſt Figure to the Left-Hand of 
the Logarithms between 10000 and 100000, will be 
4; mad oon. 5 1 
Ihe firſt Figure of every Logarithm to the Left- 
Hand, is called the Characteriſtick or Index, becauſe 
it ſhews the higheſt or moſt remote Place of the Num- 
ber from the Place of Unites. For Example, if the 
Index of a Logarithm be 1, then the higheſt or moſt 
remote Place from Unity of the correſpondent Num- 
ber to the Left-Hand, will be the Piace of Tens. If 
the Index be 2, the moſt remote Figure of the corre - 
ſpondent Number ſhall be in the ſecond Place from 
Unity, that is, it ſhall be in the Place of Hundredths ; 
and if the Index of a Logarithm be 3, the laſt Figure 
of the Number anſwering to it, ſhall be in the Place 
of Thouſandths, The Logarithms of all Numbers 5 
that are in Decuple or Subdecuple Progreſſion, only 5 
differ in their Characteriſticks, or Indices, they being 
written in all other Places with the ſame Figures. For 
Example, the Logarithms of the Numbers 17, 170, 
1700, 17000, are the ſame, unleſs in their Indices; for 
ſince 1 is to 17, as 10 to 170, and as 100 to 1700, 
and as 1000 to 17000; therefore the Diſtances be- 
S 3- | tween 
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' tween 1 and 17, between 10 and 170, between 100 


and 1700, and between 1000 and 17000, ſhall be all 


equal. And fo fince the Diſtance between 1 and 1), 


or the Logarithm of the Number 17 is 1.230448g, 


theLogarithmofthe Number 150, will be=2.2304489, 


and the Logarithm of the Number 1700 ſhall be 
3-23044$9, becauſe the Logarithm of the Number 
 100==3.0000000, In like Manner, fince the Loga- 


rithm of the Number x000=3.0000000, the Loga- 
rithm of the Number 17000 ſhall 42304459. us 

48. 6, 745. 
roportionals in the 


Soso alſo the Numbers, 6748. 674, 8. 67,4 
o, 6748. o, 06748, are continual þ 
Ratio of ro to 13 and lo 


their Diſtances from each 6748] 38291751 


other {hall be equal to the 1 7 478 | 2,8291751 


the Number 10, or equal 6,748] 048291751 
to 1,0000000. And ſa fince 0,6 7 4 $|—1,8292751 


the Logarithm of the Num- 0,06 7 4 81—2,8291751 
der 6748 is 3,8291751, ce . 

Logarithms of the other Numbers ſhall be as in the 
Margin; where you may obſerve that the Indices of 
the laſt two Logarithms are only negative, and the 


other Figures poſitive; and ſo when thoſe other Fi- 


gures areto be added, the Indices muſt be ſubſtracted, 


and contrariwiſe. 


po AE, the Sum ſhall be the 
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Of the Arithmetuk of Logarithms in 


whole Numbers, or whole Numbers ad- 


joined to Decimal Fractionc. Fig, 2. 
FxECAUSE, in Multiplication, Unity is 


wo 


> lll the Product, the Diſtance between Unity 
and the Multiplier, ſhall be equal to the 
Diſtance between the Multiplicand and 


the Product; if therefore, the Number GH be to be 
multiplied by the Number E F, the Diſtance between 


GH and the Product muſt be equal to the Diſtance 
AE, or to the Logarithm of the Multiplier; and ſo if 


GL be taken equal to AF, the Number LM fhall be 


the Product, that is, if the Logarithm of the Multi- 
plicand AG be added, the wy tx of the Multi- 


In Diviſion, Unity is to the Diviſor, as the Divi- 


dend is to the Quotient; and ſo the Diſtance between 


the Diviſor and Unity ſhall be equal to the Diſtance 


be to be divided by EF, the Diſtance EA ſhall be 


equal to the Diſtance between LM and the Quotient, 
and ſo if LG be taken equal to EA, the Quotient 


will de at G; that is, if from AL, the Logarithm of 
the Dividend, be taken GL, or AE, the Logarithm of 
the Diviſor, there will remain A G, the Logarithm of 
CREE: Boo fo 15 om 6 STR 
And from hence it appears, that whatſoever Ope- 
rations in common Arithmetick are performed by 
multiplying or dividing of great Numbers, may be 
much eaſier, and more expediently done by the Addi: 
tion or Subſtraction of Logarithms, 


R 


to the Multiplier, as the Multiplicand is to 


arithm of the Pro- 


between the Dividend and the Quotient. So if LM 
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for Example, the Number 7589 be to be mul. 


tipled by 6757. Now, if the Lo- _ 3 
garithms 41 thoſe Numbers be Log. 3. 8801846 
added together, as in the Margine, Log. 3. 8297539 


their Sum will be the Logarithm Log. 7. 7099385. 
dt the Product, whoſe Index 7 | : 
ſhews that there are ſeven Places of Figures, beſides 
Unity, in the Product; and in ſeeking this Loga- 
rithm in Tables, or the neareſt equal to it, I find that the 
Number anſwering thereto, which is leſſer than the 
Product is 51278000, and the Number greater than 
the Product is 51279000, and if the adjoined Diffe- 
rences and proportional Parts be taken, the Numbers 
that muſt be added to the Place of Hundreds and Tens 
in the Product are 87, and that which muſt be added 
in the Place of Unity, will neceſſarily be 3, ſince 
ſeven times nine = 63, and ſo the true Product ſhall 
de 51278873. If the Index of the Logarithm had been 


8 or 9, then the Numbers to be added in the Place of 


Hundredths or Tenths, could not be had from thoſe 
Tables of Logarithms which conſiſt of but 7 Places of 


Figures, beſides the Characteriſtick, and ſo in this Caſe, 


_ the Ulacquian or Briggian Tables ſhould be uſed ; in 
the former of which, the Logarithms are all to ten 
Places of Figures, and in the latter to fourteen. 


If the Number 78956 be to be 


divided by 278, by ſubſtracting the Log. 4. 8954004 
Logarithm of the Diviſor Lem 125 Md 4440448 
the Logarithm of the Dividend, Log. 2. 4513556 


the Logarithm of the Quotient | 
will be had, And to this Logarithm, the Number 282, 


719 anſwers; which therefore ſhall be the Quotient. 


' ' Becauſe Unity, any aſſumed Number, the Square 


thereof, the Cube, the Biquadrate, c. are all con- 


tinual Proportionals, their Diſtances from each other 
ſhall be equal to one another. And ſo it is manifeſt, 
that the Diſtance af the Square from Unity, is dorble 
of the Diſtance of its Root from the ſame: Alſo the 


Diſtance of the Cube, is triple of the Diſtance of its 


Root; and the Diſtance of the Biquadrate, is quadru- 


ple of the Diſtance of Its Root from Unity, c. And 
ſo if the Logarithm of any Number be doubled, we 
ſhall have the Logarithm of its Square; if it be tripled, 
we ſhall have the Logathim of its Cube, and if it be 


qua- 


Of LOGARITH Ms. 
quadrupled, the Logarithm of its Biquadrate. And 
cContrariwiſe, if the Logarithm of any Number be bi- 


ſected, we ſhall have the Logarithm of the Square Root 


thereof: Moreover, a third Part of the faid Loga- 


rithm, will be the Logarithm of the Cube Root of the 
Number; and a fourth Part, the Logarithm of the Bi- 


quadrate Root of that Number. 
Hence, the Extraction of all Roots are eaſily 


5 erformed, by dividing a Logarithm into as many 
arts as there are Units in the Index of the Power. 


So if you want the Square Root of 5, the half of 
o, 69089700 muſt be taken, and then that half o. 349480 
will be the Logarithm of the Square Root of 5, or 


the Logarithmof / 5, to which the Number 2. 23606 


nearly anſwers. 


HAP. III. 
Of the Arithmetick of” Logarithms, when 
the Numbers are Fractious. Fig. 3. 
EN Fractions are to be worked by Lo- 


rouble of adding one Part of a Logarithm, 


do not begin from an integral Unit, but from 


{ome Unit that is the tenth or hundredth Place of Deci- 


mal Fractions: For Example, let PO be 
| | Os I 0000000000 


and from this let the Logarithms begin. Now this Fra- 
ction is ten times more diſtant from Unity to the Left 
Hand, than the Number 10 is diſtant therefrom to the 
Right; for there are x0 proportional Terms in the Ratio 
of 10 to 1, from Unity to PO. And ſo if AB be Uni- 
ty, the Logarithm thereof, according to this Suppoſi- 

tion, will not be o, but OA will be= 10. 0000000; 
for the Diſtance of any Tenth from Unity is 


I. 0000000, whence the Diſtance of the * 10 
| rom 


88 it is neceſſary, for avoiding the 


and ſubſtracting the other, that Logarithms 
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cf Unity be 100, and the Index of the Fraction be FO, 


Of LOGARITHMS. 


from PO will be 11. ooo. Alſo the Diſtance 
of the Number 100 from PO, or its Logarithm, be- 
ginning from PO, ſhall be 12. 000 0000, and the Lo- 


garithm of 1000, or the Diſtance from PO, will\be 


13. 0000000. And thus, the Indices of all Logarithms 


are augmented by the Number 10; and thoſe Frac- 
tions whoſe Indices are — 1, or—2, or —3, Se. are 


now made , 8, or 7, c. 


But if Logarithms begin from the Place of a Frac- 


tion, whoſe Numerator is Unity, and Denominator 

Unity with 100 Cyphers added to it, (which they muſt 
do when Fractions occur that are leſs than PO) than 
that Fraction will be 100 times mare diſtant from 


Unity, than 10 is diſtant from it; and ſo the Loga- 
rithm of Unity will have 100 for the Index thereof, 


And the Logarithm of any Tens will have 101 for 
the Index, that of any Hundreds 102, and ſo on; all the 


Indices being augmented by the Number 100, 


The Logarithms of all Fractions that are greater 
than PO (whereat they begin) will be poſitive. And 
ſince the the Numbers 10, 1, ys, e 7555, Oc. 
are in a contimued Geometrical Progreſſion, they will 
be equally diſtant from each other; and accordingly 
their Logarithms will be equidifferent : And ſo when 
the Logarithm of 10, is 11. 0000000, and the Loga- 
rithm of Unity is 10. 0000000, and the Logarithm of 
the Fraction 5%; will be 9. 0000000, and the Loga- 
rithm of the Fraction s willbe8. oo00000, and in 


like manner, the Index of the Logarithm of ses will 
be 7. Alfo for the ſame Reaſon, if the Index of the 


i gy of Unity be 100, and of 10 be 101, then 
will the Index of the Logarithm of the Fraction „ be 
90, and the Index of the arithm of, 5, will be 98, 


and the Index of Logarithm of the Fraction + 4+ ſhall 


be 9y, c. And theſe Indices ſhew in what Place 


from Unity, the firſt Figure of the Fraction, not be- 


ing a Cypher, muſt be put, For Example, if the In- 


dex be 4, the Diſtance thereof from the Index of Uni- 
ty, (which is 10) v:2. 6, ſhews that the firſt ſignifi ca- 
tive Figure of the Decimal, is in the ſixth Place from 
Unity; and therefore, five Cyphers are to be prefixed 
thereto towards the Left Hand. So alſo it the Index 


Of LOGARIT HMS. 


the firſt Figure thereof ſhall be in the 20th Place from 


Unity, and 19 Cyphers are to be prefixed thereto. 


Now, jet it be required to multiply the Fraction 


GH by the fraction D C. Becauſe Unity is to the 
Multiplier, as the Multiplicand is the Product; the 
Diſtance between Unity and the Multiplier ſhall be 
equal to the Diſtance between the Multiplicand and 


the Product. Therefore, if there be taken GI AC, 
the Product IK ſhall be at I. And accordingly, if 


from OG, the Logarithm of the Multiplicand, there 
be taken GI or AC, there will remain OI, the Lo- 
garithm of the Product. But AC A- OC, which 
taken from O G, there will remain OG OC 
OA=O1, that is, if the Logarithm of the Multiplier 
and Multiplicand be added together, and from the 
Sum be taken the Logarithm ot Unity, (which is al- 
ways expreſſed by 10 or 100 with Cyphers) the Lo- 
garithm of the Product will be had. For Example 
by the Fraction o, 060876. Set down 100 for the 
Index of the Logarithm of Unity, and then the Lo- 
garithms of the Fractions will be as in the Margine, 
Which being added together, and the | 
Logarithm of Unity being taken away 97, 8656961 
from the Sum, the Remainder is the 96, 9425041 
Logarithm of the Product, whoſe In- 
dex 94 ſhews that the firſt Figure of the 


Will be ,00000642984. 


In Diviſion, the Diviſor is to Unity, as the Divi- 


dend is to the Quotient; and ſo the Diſtance between 
the Diviſor and Unity |ſhall be equal to the Diſtance 
between the Dividend and the Quotient. And ſo if 
the Fraction IK be to he divided by DC, you mult 
take IG=CA, and the Place of the Quotient ſhall 
be G. But CAS OA - OC, which being added 
to Ol, we have OA OI -O CSO, that is, 
if the Logarithm of Unity be added to the Logarithm 
of the Dividend, and from the Sum be taken the Lo- 
garithm of the Diviſor, there will remain the Loga- 
rithm of the Quotient ; ſo if the Number CD be to 
be divided by IK, you muſt take the Diſtance C S 
IA, and then 8 T will be the Quotient, whoſe 8 

| | | rithm 


let the Decimal Fraction o, 00734 be to be multiplied 


94. 8082002 


Product is in the ſixth Place from Unity, and ſo there 
muſt be five Cyphers prefixed, and then the Product 
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is 8. 6989700, which being multiplied by 6, Eves tae 


Of LOGARIT HMS. 
rithm is OA+OC—OI. Let CDS o. 34), IK 
==0. 00478. Then add the Logarithm FO 


of Unity to the Logarithm of CD, 19. $403295 


that is, put 1 or 10 before the Index 7. 6794279 


thereof, and from that ſubſtract the Lo- 7 1. $609016 


gathim of the Diviſor, and the Remain - 


der will be the Logarithm of the Quotient, whoſe In- 
dex 11. ſhews that the Quotient is between the Num- 
bers 10 and 100; and J ſeek the Number anſwering 
the Logarithm, which I find to be 72, 549. If the 
Logarithm of a Vulgar Fraction, for Example, 4 be 
required, the Logarithm of Unity muſt 


- 


be added to che Logarithm of the Nu- 10. 8450980 


merator 7, or which is all one, you muſt o. 9030900 


put 10 or 100 before the Index thereof, 9. 9426080 
and ſubduct from it the Logarithm of f 
the Denominator 8, and there will remain the Loga- 

rithm of the Vulgar Fraction 3, or the Decimal 


i} if the Powers of any Fraction D C be required, you 
mult aſſume EC, EG, GI, IL, each equal to AC; 
and then EF will be the Square, GH the Cube, and 

IK the Biquadrate of the Number DC; for they are con- 

tinually Proportional from Unity. Beſides, RAE 
2AC=2:AO0O — 20C, whence OE = OA—AE 


= 20 C—OA, that is, the Logarithm of the Square 


is the Double of the Logarithm of the Root, leſs the 
Logarithm of Unity. In like Manner, ſince AG 
3AC=330A—30C, we ſhall have OG=OA— 
AG=30C—20A= the Logarithm of the Cube 
_ ==triplate the Logarithm of the Root, leſs the Dou- 


ble of the Logarithm of Unity For the ſame Rea- 


ſon, becauſe AI=4AC=4O0A—4OC, we have 
_ OI=4O0C—3©OA, which is the Logarithm of the 


Biquadrate. And univerſally, if the Power of a Fracti- 


on be x, and the Logarithm L, then ſhall the Loga- 


rithm of the Power » -O AOA, that is 


if the Logarithm of a Fraction be multiplied by x, and 
from the Product be taken the Logarithm of Unity, 
multiplied by 2 - 1, the Logarithm of the Power 2 


of that Fraction will be had. ” 
For Example, it if is required to find the 6th Power 
of the Fraction 4;==, of the Logarithm of this Fraction 


um- 


O82, 2. 


CCl 
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Number 52. 1938200; and if from 52 the Number 
Jo, which is the Index of the Logarithm of Unity 

drawn into 5, be taken away, the j will be 
the Logarithm of the 6th Power, viz. 2. 1938200, to 
which the Number ,0000000 15625 anſwers. For 
the Index 2 ſhews that 7 Cyphers muſt be put before 
A ( * 

If the 8th Power of the Fraction , oꝶ be requi- 
red, by multiplying the Logarithm by 8, there will 


| be produced 69. 5917600, and ſince 70, which is ſeven 


times the Index of the Logarithm of Unity,cannot be ta- 
ken from 69, unleſs we run into negative Numbers, the 
Index ofthe Logarithm of Unity muſt be ſuppoſed 100, 
and then the Index of the Logarithm of the Fraction 
will be 98. Now this Logarithm drawn into 8 gives 
789. 5917600, and if 700, which is 7 times the Index 
of the Logarithm of Unity be taken from 789, there 
will remain 89. 5917600, the Logarithm of the Sth 
Pover of the Fraction , whoſe correſpondent Num- 
ber is ,0000000000 39062, for fince the Index is 89, 
and the Difference thereof from 100 is 11; the firſt 
ſignificative Figure of the Fraction ſhall be in the 11th 
Place from Unity; and ſo there muſt 10 Cyphers be 
JJJJ;F FD „ 
If the Roots of the Powers of Fractions be deſired, 
for Example, the Square Root of the Fraction EF, be- 
cauſe the Root is a mean Proportional between the 
Fraction and Unity, you muſt biſect AE in C, and 
then CD will be the ſquare Root of the Fraction EF. 


But AC=;AE=22? = and ſo the Loga- 


Eo | 8 
rithm of the Root O A- AC = LS And 
if the Cube Root of the Fraction GH be ſought, this 

ſhall be the firſt of two mean Proportionals between 
Unity and GH; and ſo if A G be divided into three 
equal Parts, the firſt of which is AC; then CD ſhall 
be the Root ſought, and becauſe AC =+ AG = 
— A NE if this be taken from OA, there will 
19 =OC=Logarithm of the Cube 
l Root 


cemain 
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Root of the Fraction GH. So likewiſe the Biqua- 
drate Root of the Fraction IK will be had, by divi- 
ding AI into four equal Parts, for the Root is the 
firſt of three mean Proportinals between Unity 
and the Fraction , and conſequently if A C =; 
AI, then will CD, be the Biquadrate Root of 
the Fraction IK. But 4 Aa Soc 0 
=20A—ACSI22ED 


And univerſally, if the Root of any Power of the 


Fraction LM be required, bw Logaaithm of the Root 
thereof will be SOA 3 42 * that is, if the | 
Number 1 — l be perfix'd to the Index of the Loga- 
rithm, and the Logarithm thus augmented be divided . 
by u, the Quotient will give the Logaritbm of the | 
Root ſought. So if the Cube Root of the Fraction 3 or i f 
1 ſought, you muſt place 3 =#— r (ſince the cube 
Root is required) before the Logarithm thereof, and 3 
there will be had 29, 6989700, a third Part of which 4 
is 9, 8996566, which is equal to the Logarithm of G 
the Cube Root of the Fraction 3, and the Number b 
7937 anſwering to this Logarithm, is the Root ſought. - 
OE nd 25 : 
v 
96 
ta 


CHAP IV. bs 
| Of the Rule and Proportion by Loga- gl 


"8 ( 

 rathms. rec 

ME IS; | of 
E Rule of Proportion ſhews how, by 155 
— having three Numbers given, a fourtn An 


Proportional to them may be found, 
2 z. if the ſecond and third Terms be 
Sd multiplied by one another, and the Pro- rith 

Act divided by the firſt Term, then I An. 
will the Quotient be the fourth Proportional Term fre 


fought. But this fourth Term is much caſier Foun 
Dy 
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by Logarithms; for if the Logarithm of the firſt Term be 
taken from the Sum of the Logarithms of the ſecond 
and third Term, the Number remaining will be the 
Logarithm of the fourth ſought. 


38 and the Number 10. 0000000, which is 


done by ſetting down the Difference between each 
Figure of the Logarithm, and the Figure 9: for then 


if that Arithmetical Complement be added to the Sum 


of the other two Logarithms, and if Unity, which is 


the firſt Figure to the Left Hand, be taken from the 


Ss fourth Term ſought; and ſo by this way, Logarithms 
off the fourth Term is found by only one Addition of 
three Numbers. The Reaſon of this will be manifeſt 

from hence: Let there be three Numbers A, B, C, 
from which the firſt is to be taken from the Sum of 
the ſecond and third. Now this may not only be done 


by the common Way, but likewiſe, if there be any 


other third Number E taken, aud from this there be 
taken A, there will remain . and if the Num- 
bers B, C, and E—A be all added together, and from 
their Sum be taken E, there will remain B4-C—A, 

So if the Number 15 be to be taken from 23, _ 
take the Complement of the Number 15 to 100 85 
which is 85, and add this Number to 23, and 23 


the Sum will be 108, from which 100 being 108 


taken, there remains the Nuulber 8. 


Hence follow ſome Trigonometrical Examples of 


the Rule of Proportion ſolv'd by Logaritùhms. 
Let ABC be a Right-lined Triangle, wherein are 
given, the Angle A 36 Degrees 46“, the Angle B98 
egrees 32, and the Side BC 347g, the Side A C is 
required. Say (by Caſe 1. of Plain Trig.) as the Sine 
of the Angle A is „ e 
to the Sine of the Arith. Comp. S, A. O. 2228938 


Angle B, ſo is BC Log. Sin. B. 9. 9951656 
to AC. And be- Log. BC. 3. 5413296 
cauſe the Loga- Log. AC. X3. 7592890 


rithm Sine of the 


Angle A is the firſt Term of the Analogy, I ſubſticute 
its C 


omplement Arithmetical for the ſame, and * 
an 


r this may be done ſomething eaſier yet, if inſtead 
of the Logarithm of the firſt 'T'erm be taken its Com - 
plement Arithmetical, or the Difference of that Lo- 


Sum, the Remainder will be the Logarithm of the 
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Sines of the Arcs - 1 


Square of the Sine of one half the Angle B 
15 AC—AM 


AC LAM ACN 
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the Logarithm of BC, the Logarithm of 8, B, and 
the ſaid Complement all three together, and reject 


Unity, which is in the firſt Place to the Left Hand, 
and then the Logarithm of the Side A C will be given, 


and the Number anſwering thereto is 5706, 306 equal 


to the Side ſought A C. 


| Let there be a ſpherical Trongy ABC, in which 


are given all the Sides, viz. BC 30 Degrees, 


 AB=24 Degrees 4', and AC=42 Degrees 8 the 
Angle B is required. Let BA be produced to M, ſo 
that BU=BC, then will A M the Difference of the 


Sides BC, BA, be equal to 5 Degrees 56'. Now 


(by Cafe 11. in Oblique-angled Spherical Triangles) 
tay, as the Rectangle under the Sines of the Legs, is 
to the Square of Radius, ſo is the Rectangle under the 


_AC+AM AC—AM 


AC ——— 24 Degrees 2 and 


But 


==18 Degrees 6“; and becauſe the firſt Term of the 
Analogy is the Rectangle under the Sines of AB, BC, 
and ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sine of AB, B C, muſt be taken from 
double the Logarithm of Radius, and what remains 


muſt be added to the Sum of the Logarithm S, of 


| , & 
2 


the Logarithm Sines of each of the Arcs AB, BC, 
were 1\ub 


Log. S, BC Comp. Arith. o. 3010299 firatedfrom + 
 Tog.S, AB Comp. Arith. o. 3898364 the Log. of 


ER ACTA 3 Radius, or if 
Log. 8, . 9. 6098303 the Comple- 
„ è om 15 ments Arith- 
Log. 8, AC: AM 9. 4923083 metical of 

„ — theſe Sines 
2. Log. 8, Angle B. 19. 7930549 be taken, and 


| the Comple - 
ments and the ſaid Sines be all added together; then 
ſhall the Sum be the Logarithm of the Square of the 
Sine of half the Angle B. And fo the half of the Lo- 
. garithm 


to the 


which is the ſame as if 


Of LOGARITHMS. 
2 9. 8965274 is the Logarithm Sine of half the 
ngle B=y1 Degrees 59'. 56“, and the Double of 
this Angle ſhall be 103 Degrees 59”, 52” =B, which 
oo de ⁊ͤ Tm . 


1 2 = = — * \ J, - Gn NF RIF v . | 0 8 7 & | 
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CHAP, v. 


Of the continual Increments of propor- 
tional Quantities, and how to find 
by Logarithms, any Term in a Series 
of Proportional, either increaſing or 
decreaſmg. Fig. 3- Is 
P any where in the Axis of the Logarith- 
metical Curve, there be taken any Num- 
5þ ber of equal Parts 8 V, Yi, 1Q, 7, 


aud at the Points S,V,Y „, c. be raiſed 
* the Perpendiculars 8 T, VX, YZ, QT, 
c. then from the Nature of the Curve ſhall all! 
. theſe Perpendiculars be continually proportional; and 
| therefore alſo the continual Increments X x, Zz, 
II, ſhall be proportional to their Wholes : For ſince 


5 


ST; VX: : v: :: : On, it hall be (by - 
Diviſion of Proportion) S T: Xx:: VX: Z X:: 2 
II, and (by Compoſition of Proportion) VX: X x: 
YZ ZX :: On: H. Hence, if X& be any part 
of any Right Line 8 T, then will Zz be the ſame 
Part of the Right Line VX, and alſo IIæ the ſame 
Part of the Right Line Y Z. For Example; if X x 
be the 25 Part of ST, then will Z 2 = A, VX, and 
II = Z; or which comes to the ſame, we ſhall 
have VX =ST+ 4ST, VZ = VX 2 
VX. Alo A +S TS. | 

Now make, as ST is to VX, ſo is Unity AB to 
NR; then ſhall AN = SV; and ſo each of the 
Right Lines SV, VV, YQ, Sc. ſhall be equal to 
the Logarithm of R N, and A V, the Logarithm of 
the Term VX ſhall be equal to AS + AN = Loga- 
rithm of ST - oi of NR. Alſo AY, 5 

a | 1.0 
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Logarithm of the Term X Z, ſhall be equal to A8 


* 


2 A.N = Logarithm ST + 2 Logarithm NR, and 


AL, the Logarithm' of the Term &II fall beequalto | 


AS AN Logarithm 8 T - 3 Logarithm NR: 
And univerſally, ef the Logarithm of the Number 
NR _ be. multiplied. by a Numbers .expreſling the 
Daene of any Perm from the firſt; and the Product 
be added to rhe Logarithm of the firſt Term, then 
will the Logarithmor „„ 5 graves gRut if a Series 

of Proportionals be deerealing, that is, if the Terms 


diminiſh in a continual Ratio, and QTII be the firſt 


Term; then the Logarithm of any other will be had, 
In multiplying the Logarithm of the Number NR, by 
à Number that exprefſſes the Diſtance of its Term 
from the firſt, and ſubſtracting the Product from the 
Logarithm of the firſt. And if the ſaid Product be 


greater than the Logarithm of the firſt Term, then 


the Logarithms muſt begin from à Unit in ſonie Place 
of Decimal Fractions, as from OP, and then the 
Logarithm of the Number QI will be O. * 
© Now let LM repreſent any Money, or Sum of 


wo 


Money put out to Intereſt, ſo that the Intereſt there- 


of be accounted but at the End of eyery, Year; and 


let K & be the Gain or Intereſt thereof at the End of, 


: the firſt Year, .then will IK be the Sum of the In- 


tereſt and Principal. And again, IK becoming the 


Principal at the End. of the firſt Year, H which is 
proportional te IK, or in a conſtant. Ratio, will bethe 
Gain at the end of the ſecond Vear; and fo HG, at 


pal; and at the end of the third Year F,, proportional to 


G H, will ber the Gain. Now let us ſuppoſe the 


Principal be augmented every Year 25 Part thereof, ſo 
that I K LM + ze LM, GH=IK + A IK, 


EF GH GH, and ſo on. And accord- 
ingly, the Terms LM, IK, GH, EF, &c. continual 
Proportionals, it. is required to find the Amount of 


the Money at the End of any Number of LVears. 
Let LM bea Farthing. Becauſe LM is to IK, as 

1 to 1 + 25, or as 1 to 1.05, as A is to NR, then 
wil NR=1.05, whoſe Logarithm AN. is o. 0211893, 


or more accurately 0.0211892991, it is required 


to find the Amount of a Farthing put out at compound 


ECO 


Intereſt, at the End of 600 Years, multiply AN by 


Money, he woul 


„ 29% — WS Oo 
9 * 
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600, and the Product will be 12. 71 35794 and to this 


Product add the Logarithm of the Fraction ds Dix. 
97.0177288 (for a Farthing is ve Part of a Pound 

and the Sum 109. 7313082 ſhall be the Logarithm of 
the Number ſought ; and ſince the Index 109 exceeds 
the Index of Unity by 9, there ſhall be nine Places of 
Figures above Unity in the correſpondent Number, and 
that Number being ſought in the Tables, will. be found 


greater than 5386500000, and leſs than 5386600000. 
And therefore a Farthing put out at Intereſt 
upon Intereſt, at. 5 per Cent. per Aunum, at the 


End of 600 Years will amount to above 5386500000 


Pounds; which Sum could hardly be made up by all 
the Gold. and Silver that has been dug out of the 


Bowels of the Earth from the beginning of the World 
MD LT Cc TTY OE IT ON TT TTY. 


 LetQTexpound any Sum of Money due to ſomePer- 


ſon at the End or a full Year, Now itis certain, that if 


the Debtor ſhould pay down preſent the whole Sum of 
loſe the yearly Uſury ar Intereſt that 
his Money would ann him; and ſo a leſſer Ne | 
being put out to Intere 7 

together with the Intereſt thereof, be equal to the Sum 
of Money Qn. Nov this preſent Sum of Money, 


1 


„will at the End of one 


which together with the Intereſt thereof is equal to the 


Sum of Mony Q, is called the preſent Worth of the 
Money H. Let AN be the Logarithm of the Ratio 
which the Principal has to the Sum of the Principal ang 
Intereſt, that is, if the Principal be twenty times the 


yearly Intereſt, let AN be the Logarithm of the Num- 
ber 1 + 2 or 1. of, and take Q Y equal to AN; 


then will AY be the Logarithm of the preſent Worth 


of the Money Q. For it is manifeſt, that the Mo- 
ney V put out to Intereſt, will at the End of one 
Year amount to the Money QI, and ſo to have the 
Logarithm of the preſent Worth thereof, or V Z, 
the Logarithm AN, muſt be taken from the Loga- 
rithm 4 , and there will remain the Logarithm AY 
of the preſent Worth, or YZ. But if the Sumn Q 
be not duetill the End of two Years, then the Loga- 
rithm 2 A N muſt be ſubſtracted from the Logarithm 
AQ, and there will remain AV, the Logarithm of 
the preſent Worth, or of the Sum that muſt be paid, 
down preſent for the Money Qll due at the End of 

FEE, Aa 2 „„ 


ear 


I 
2 
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two Years. For it is manifeſt, that the Money VX 
being put out to Intereſt, will at the End of two 


Vears amount to the Sum of Money A By the 


ſame Reaſon, if the Sum Qll, be not due until the 
End of three Years; the Logarithm 3 A N muſt be ſub- 


ſtracted fromthe Logarithm of QI, and the Remainder 
AS, ſhall be the Logarithm of the Number 8 T, or 
ST ſhall be the preſent Worth of the Sum Qn due 


at the three Years end, And univerſally, if the Lo- 


garithm AN be multiplied by the Number of Years, 
at the End of which the Sum QI is due, and the 


Number produced be taken from the Logarithm AQ, 


then will the Logarithm of the preſent Worth of the 
. And from hence it is manifeſt, if 

5386500000 Pounds be due to ſome Society at the 
End of 600 Vears, then would the preſent Worth of 
that vaſt Sum of Money be ſcarcely a Farthing _ 


Sum Qu be ha 


If the proportional Right Lines HG, E F, AB, CD, 
Fig. 4. arc Ordinates to the Axis of the logarithmical 


Curve, and if their Ends F H, DB, be joined by Right 
Lines, which produced meet the Axis in the Points 


P and K, then the Right Lines GP, AK, will be 


always equal. For ſince GH: EE: AB: C Dit will be 
asGH: Fs :; AB: DR. But becauſe ofthe equiangular 
Triangles PGH, H, F, as alſo KAB, BRD, we have 
PG: Hs :: (GH: Fs: AB: DR:. KA: BR. And 


ſince the Conſequents Hs, B R, are equal, the Ante- 


cedents PG, K A, ſhall be alſo equal, W. W. D. 


« If the Right Lines CD, E F, equally acceed to AB, 


GH, ſo that the Point D at laſt may concide with B, 


- * 


and the Point F with H, then the Right Lines DBR 
FHP, which did cut the Curve before, will be changed 
into the Tangents BT, HV. And the Right Lines 


AT, GV, will be always equal to each other, thatis, 
the Portion of the Axis AT, or G V, intercepted be- 
tween the Ordinate and the Tangent, which is called 
the Subrangent, will every where be a conſtant and 


given Length. And this is one of the chief Proper- 


ties of the logarithmical Curve ; for the different 


Species or Forms of thoſe Curves are determined by 
the Subtangents. „ 

I be Logarithms or the Diſtances from Unity of 
the fame Number, in two Logarithmical Curves ot 


different Species, will be proportional to the Subtan- 


gents 


* 


„ . nn, ID ITS 
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gents of their Curves. For let HB D, S NV, Fig. 4, 5. 
Curves, whoſe Subtangents are AT, M X, and let 

AB MN = Unity; alſo DCS, then ſhall 

 ACthe Logarithmof the Number CD, in the Loga- 


rithmical Curve HD be to MQ, the Logarithm of 
the Number Q Y, (or of the ſaid C D,) inthe Curve 


9 Y, as the Subtangent A T is to the Subtangent 

MX. For let there be ſuppoſed an infinite Number 
of mean N Terms between AB, CD, or 

NM, QY, 

mu; and ſince ABG MN, then will 4 mn, as 


alſo Ic u. And becauſe the Number of propor- 


tional Terms in each Figure are equal, they do di- 


vide the Lines AC, MQ, into equal Numbers of 
Parts, the firſt of which A a, Mm, and ſo the ſaid 


Parts ſhall be proportional to their Wholes, that is, 
it will be as Aa: Mm: : AC: MO. And becauſe 


the Triangles TAB, Be“, are ſimilar, (for the Part 
of the Curve B nearly coincides with the Portion of 
the Tangent, ) as alſo the Triangles X MN, Noz, 


we haye Au, or Be: 6e A AB. 
Alſo as zo, or be : No:: MN, or AB: MX. 
Where (by Equality of Proportion) it will be Be: No:: 


TA: MX:: Aa: Mm: : AC: MO; whichwas tobe 


demonſtrated. If AT be _ a, ſince AB; AT:: 
N ee ro Bags ; 
be : Be, then will Be ß. 
Hence, if the Logarithm of a Number extreamly 
near Unity, or but a ſmall matter exceeding it, be 
Gren, then will the Subtangent of the Logarithmical 


urve be had. For the Exceſs bc is to the Le 


rithm Be, as Unity AB is to the Subtangent A 


Or even if there are any two Numbers nearly equal, 


their Nifference ſhall be to the Difference of their Lo- 
garithms, as one of the Numbers is to the Subtangent. 


For Example; if the Increment bc be ,00000 O 


00001 0225F 31945 60259, and Bc or Aa the Loga- 
rithm of the Number @ 0 be ,00000 00000 00000 
44408 92098 50062. Now if a fourth Proportional 
be found to the ſaid Fay Numbers and ok : 2 
4342 819 02251, this Number wall givethe Lengt 
of the 1 AT, which is the Sudtangent of 
the Curve expreſſing Brigg Logarithms. 


Aa 3 af 


in the Ratio of AB to 45, or MN to 
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If a Sum of Money be put out to Intereſt on this 


Condition, That a propotional Part of the yearly Rate 


of Intereſt thereof be accounted every Moment of 
Time, viz. ſo, that at the End of the firſt Moment 
of Time, or indefinity ſmall Particle of a Year, the 


Intereſt gotten thereby be proportional to that Time; 
which being added to the Principal, again begets In- 


tereſt at the End of the ſecond Moment of Time, 
and then the Principal, and this Intereſt become a 


Principal, and ſo on. It is requir'd to find the A- 


mount of that Sum at the Years End, Lets be near- 


ly the Intereſt of Unity, or of one Pound. Then if . 


one whole Year, or 1 gives the Intereſt a, the indefi- 


"nity ſmall Particle of a Year Mm, will give the 
Intereſt M x a, proportional to Ma; and accord- 
ingly, if Unity be expounded by MN, the firſt In- 


crement thereof ſhall be r M KA. This being 


5 ee. let a Logarithmical Curve be ſuppos'd to be 


deſcribed through the Points N, whoſe Axis is 
OMQ. Then in this Curve, if the Portion of the 

Axis MQ expreſſes the Time, the ordinate Q y will 
repreſent the Money proportionally increaſing every 
Moment, to that Time. For if there betaken 2, &c. 
Mm, the Ordinates Ip, &c. fhall be in a Series of 


of continual Proportionals in the Ratio of MN to 


mu, that is, they increaſe in the ſame Ratio as the 
V... Ly 

Again, let the Ret Line N touch the Loga- 
rithmical Curve in N, and the Subtangent thereof 
MX fhall be conſtant and invariable, and the ſmall 
Triangle Non ſhall be ſimilar to the Triangle XMN. 
But ft has been prov'd, that the Increment » 0 = M 
XA Nox a; and ſo ao: No:: NON A: No:: 4: 


1. But as 20 is to No, fo ſhall NM be to MX. 
Wherefore it ſhall be be as a is to 1, ſo is NM, or 1, 


to MX = == Subtangent. . 
Ncv if the nearly Rate of Intereſt be 2 part of the 


20. | 


Becauſe in different Forms of Logarithms, the 
Logarithms of the ſame Number, are proportionalto 
the Subtangents of their Curves : If MQ expect 
; . 5 the 
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the Time of a whole Vear, or het then ſhall OY 

ind O. f 752 ear's End. And 
to fin \, ſay, as or 20 1s to o. 43429444, 

(which Number expounds the Subtangent of Ihe Lo- 


be the Amount of the Money at the 


garithmical Curve expreſſing Brigg's Logarithms ) 


10 is one Year or Unity to a Briggian Logarithm, 


anſwering to the Number Q V. This Logarithm will 


| bejfound o. 0217147, and the Number anſwering to 


the ſame is 1.05127 =Q Y, whole Increment above 


Unity, or the Principal, exceeds the yearly Intereſt 
oF but a ſmall matter. And ſo if the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the proportional 

_ yearly Intereſt, which is added to the Principal 100 
at the end of each Particle of the Year, will amount 


6 + Pence. 855 | ee 


And if ſuch a Rate of Intereſt be requir'd, that 
every Moment a Part of it continually proportional 


to the encreaſing Principal be added to the Principal, 


ſo that at the Year's End an Increment be produc'd 
that ſhall be any given Part of the Principal, for 
Example, the 20 Part, ſay, as the Logarithm of the 
Number 1.05 is to 1; that is, as 0.0211893 is to 1, 
ſo is the Subtangent 0. 432944 to == 20. 49, and 


then will a= 535 =.0488. For if ſuch a Part of 


the Rate of Intereſt .o 488 be ſuppoſed as anſwers to 


a Moment, that is, having the ſame Ratio to. 0488 
as a Moment has to a Lear, and it be made as 
Unity is to that Part of the Rate of Intereſt, ſo is the 
Principal to the Momentaneous Increment thereof; 
then will the Money continually increaſing in that 
manner be augmented at the Years end the 2 Part 


thereof. 
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ion of his Calculations will appear. In 


any Loparithmical Curve HB, let there be three 


this is, let their Di 
to the ſaid Ordinates ; and then the Differences of 


by Differences and proportional Parts. But if AB 
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CHAP. VI. 


; Of the Method by which My. Briggs 


| N ted his | Logar ithms » and the 
Demonſtration thereof. 


LTH O' Mr. Briggs has no where de- 
ſcrib'd the Logarithmical Curve, yet it is 
Avery certain that from the Uſe and Con- 
| templation thereof, the Manner and Rea- 


2 2 — 
IAN , 
t“ . 


Ordinates AB, ab, 9 s, nearly equal to one another; 
terences have a very ſmall Ratio 


their Logarithms will be proportional to the Diffe- 
rences of the Ordinates. For ſince the Ordinates are 
nearly equal to one another, they will be very nig 
to each other, and ſo the Part of the Curve Be, in- 
tercepted by them, will almoſt concide with a ſtraight 
Line; for it is certain, that the Ordinates may be ſo 
near to each other, that the Difference between the 
Part of the Curve and the Right Line ſubtending it, 
may have to that Subtence, a Ratio leſs than any 


given Ratio. Therefore the Triangles Be, Bre, 


may be taken for Right-lin'd, and will be equiangu- 
lar. Wherefore, as Lr: c:: Br: Be :: Ag: Aa; 


that is, the Exceſſes of the Ordinates or Lines above 
the leaſt, ſnall be proportional to the Differences of 


thicir Logarithms. And from hence appears the Rea- 
ſon of the Correction of Numbers and Logarithms 


be 


Of LOGARITHMS. 


be Unity, the Logarithms of Numbers ſhall be pro- 
portional to the Differences of the Numbers. 
If a mean Proportional be found between 1 and 
10% or which is the ſame thing, if the Square Root of 10 
be extracted, this Root or Number will be in the mid- 
dle Place between Unity and the Number 10, and the 
Logarithm thereof ſhall be 3 of the Logarithm of 10, 
and ſo will be given. If again, between the Number be- 


fore found, and Unity, there be found a mean Propor- 
tional, which may be done in extracting the Square Root 


of the faid Number, this Number or Root will be twice 
nearer to Unity thanthe former, and its Logarithm will 
be one half of the Logarithm of that, or one fourthof 


the Logarithm of 10. And if in this Manner, the 
Square Root be continually extracted, and the 
Logarithms biſe&ed, you will at laſt get a Number 
whoſe Diſtance from Unity ſhall be leſs than the 


De 


—— 


1 00000 00000 00000. 


And after Mr. Briggs had made 54 Extractions of the 
Square Root, he found the Number 1. 00000 00000 


00000 12781 91493 20032 3442, and its Logarithm 


Was o. 00000 OOOOO 00000,05FFI 11512 31257 82702. 


Suppoſe this Logarithm to be to equal Ag or Br, and 


let 7 be the Number found by extracting the Square 


Root ; then will the Exceſs of this Number above 


Unity, viz. 75==,00000 00000 00000. 12781 91493 


20032 34. * 5 | 
Now by means of theſe Numbers the Logarithms 


of all other Numbers may be found in the following 
Manner: Between the given Number (whoſe Lo- 


garithm is to be found) and Unity, find ſo many 


mean Proportionals, (as above), till at laſt a Number 


begotten ſo little excceding Unity, that there be x 5 Cy- 


phers next after it, and a ike Number of ſignificative 


Figures after thoſe. Let this Number be 4, and let 


the ſignificative Figures with the Cyphers prefixed be- 
J 


fore them denote the Difference bc. Then ſay 


A 
the Difference rs is to the Difference bc, ſo is Br = 
Cen Logarithm, to Bc, or A a, the Logarithm of tho 
Number ab; which therefore is given. And it this 
Logarithm be continually doubled, the ſame Number 


of 


part of the Logarithm of 10. 
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of Times as there were Extractions of the Square 


Root, you will at laſt have the Logarithm of the 
Number ſought. . Alſo by this Way may the Subtan- 


z 
- 


gent of the Logarithmical Curve be found, vi. in 


laying, As rg: By:: AB, or Unity: AT, the Subtangent, 


Which therefore will be found to be o. 43429 44819 
O25; by which may be found the Logarithms of 
other Numbers; to wit, if any Number NM be given 
afterwards as alſo its Logarithm, and the Logarithm of 
another Number ſufficiently near to NM be ſought, ſay, 
As NM is to the Subtangent XM, ſo is 20 the Di- 
ſtance of the Numbers to No the Diſtance of the Lo- 


garithms. Now, if NM be Unity = AB, the Lo- 


garithms will be had by multiplying the ſmall Diffe- 
rences bc by the conſtant Subtangent A J. 


By this Way may be ſound the Logarithms of 2,4, 


and 7, and by theſe the Logarithms of 4, 8, 16, 32, 
; 64, Wc. 9, 27, 81, 243, Sc. as alſo 77 49, 343, 


c. And if from the Logarithm of 10 be taken the 


Logarithm of 2, there will remain the Logarithm or 
F, ſo there will be given the Logarithms of 25, 125, 
VVV 


The Logarithms of Numbers compounded of the 


aforeſaid Numbers, iz. 6, 12, 14, IF, 18, 20, 21, 
224, 28, ec. are eaſily had by adding togerher the Lo- 
garithms of the component Numbers. OS 


But fince it was very tedious and laborious to 
find the Logarithms of the Prime Numbers, and 
not eaſy to compute Logarithms by Interpolation, by 
firſt, ſecond and third, Oc. Bae therefore 
the great Men, Sir Iſaac Newton, Mercator, Gregory, 


Wallis, and laſtly, Dr. Hally, have publiſhed inflate 


converging Series, by which the Logarithms of 
Numbers to any Number of Places may be had more 
expediently and truer : Concerning which Series 


Dr. Hally has written a learned Tract, in the Philoſo- 
phical Tranſattions, wherein he has demonſtrated thoſe 

Series after a new Way. and ſhews how to compute 

the Logarithms by them. But I think it may be more 
proper here.to add a new Series, by means of which 


may be found cafily and expeditiouſly the Logarithms 


of large Numbers. 


Let z be an odd Number, whoſe Logarithm is 
tought ; then ſhall the Numbers 2 — 1 and & ＋ 1 be 
| | | even 


F LOGARIT HMS. 
even, and accordingly their Logarithms, and tte 
Difference of the Logarithms will be had, which let 
be called y: Therefore, alſo the Logarithm of a 
Number, which is a Geomerrical Mean between 
2 — land 2 - 1 will be given, :2. equal to the 
half Sum of the Logarithms. Now the Series 


VV 5 
zee L520. 
| ſhall be equal to the Logarithm of the Ratio 


to the Number 2. 


I the Number exceeds 1000, the firſt Term of the 


Series L 


to 13 or 14 Places of Figures, and the ſecond Term 
will give the Logarithm to 20 Places of Figures. 


But if z be greater than 10000, the firſt Term will 


-  exhibite the Logarithm to 18 Places of Figures; and 
1d this Series is of great Uſe in filling up the Loga- 


rithms of the Chiliads omitted by Briggs. For Ex- 


ple; It is required to find the Logarithm of 20001. 
The Logarithm of 20000 is the ſame as the Loga- 
rithm of 2 with the Index 4 prefix'd to it; and 


: the Difference of the Logarithms of 20000 and 


2.0002, is the > ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 
1d. O. 00004. 34272 7687. And if this Diffe- 


e be divided by 42, Or 80004, th 2 Qudtient 48 


ſhall be 0. 00000 00005 42813 
And if the Logarithm of the 4. 30105 17093 02416 
Geometrical Mea be added 4. 30105 17098 45230 


5 e ee the Sum will 5 
be the Logarithm of 20001. Wherefore it is mani- 


feſt, that to have the Logarithm to 14 Places of Fi- 
gure, there is no Neceſſity of continuing out the Quo- 


tient beyond ſix Places of Figures. But if you have 
a Mind to have the Logarithm to 10 Places of Fi- 
gures only, as they are in Ulagq's Tables, the two 
firſt Figures of the Quotient are enough. And it the 


Logarithms of the Numbers above 20000 are is be 
| | ound 


which the Geometrical Mean between the Numbers 


2 — 1 and 2+ 1, has to the Arithmetical Mean, viz. 


= iS ſufficient for producing the Logarithm 
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found by this Way, the Labour of doing then witt 


moſtly conſiſt in Ling down the Numbers. Noe, 
This Series is eaſily deduced from that found out by 


Dr. Hally; and thoſe who have a mind to be inform'd 
more in this Matter, let them conſult is above- 


nam'd Treatiſe. 
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